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FOREWORD TO THE 


THIRD (Russian) EDITION 


THIS BOOK CONTAINS 320 unconventional problems in algebra, arithmetic, 
elementary number theory, and trigonometry. Most of these problems first 
appeared in competitive examinations sponsored by the School 
Mathematical Society of the Moscow State University and in the 
Mathematical Olympiads) held in Moscow. The book is designed for 
students having a mathematical background at the high school level;’ very 
many of the problems are within reach of seventh and eighth grade students 
of outstanding ability. Solutions are given for all the problems. The 
solutions for the more difficult problems are especially detailed. 

The third (Russian) edition differs from the second chiefly in the 
elimination of errors detected in the second edition. Therefore, the preface 
to the second edition is retained. 


¥ The level of academic attainment referred to as “high school level” is the American 
ninth to twelfth grades. The USSR equivalent is seventh to tenth grades. This means that 
this material is introduced about two years earlier in the Russian schools. Since Russian 
children begin their first grade studies about a year later than do American children, the 
actual age disparity is not as much as two years [Editor]. 


PREFACE TO THE 


SECOND (Russian) EDITION 


THE PRESENT VOLUME, which constitutes the first part of a collection, 
contains 320 problems involving principally algebra and arithmetic, 
although several of the problems are of a type meant only to encourage the 
development of logical thought (see, for example, problems 1—8). 

The problems are grouped into twelve separate sections. The last four 
sections (Complex Numbers, Some Problems from Number Theory, 
Inequalities, Numerical Sequences and Series) contain important theoretical 
material, and they may well serve as study topics for school mathematical 
societies or for the Society on Elementary Mathematics at the pedagogical 
institutes. In this respect the supplementary references given in various 
sections will also prove useful. All the other sections [especially Alterations 
of Digits in Integers and Solutions of Equations in Integers (Diophantine 
equations)| should yield material profitable for use in mathematics clubs 
and societies. 


Of the twelve sections, only four (Miscellaneous Problems in Algebra, 
Polynomial Algebra, Complex Numbers, Inequalities) concern algebra; the 
remaining sections deal with arithmetic and number theory. A special effort 
has been made to play down problems (particularly those in algebra) 
involving detailed manipulative matter. This was done to avoid duplicating 
material in the excellent Problem Book in Algebra, by V. A. Kretchmar 
(Government Technical Publishing House, Moscow 1950). On the other 
hand, an effort has been made to render much of the book attainable to 
eighth grade, and even seventh grade, students. 

More than three years have passed since the appearance of the first 
edition of this book. During this period the original authors received a great 
many written and oral communications with respect to it, and these have 
been seriously considered in the reworking of the material and in deciding 
which features were worth retaining and emphasizing and which aspects 
were weak. As a result, the book has undergone considerable revision. 
About sixty problems that were in the first edition have been omitted— 
some appeared to be too difficult, or were insufficiently interesting, and 
others did not fit into the new structure of the book. Approximately 120 
new problems have been added. The placing of each problem into a suitable 
section has been restudied; the sections have been repositioned; all the 
solutions have been reworked (several were replaced by simplified or better 
solutions); and alternative solutions have been provided for some of the 
problems. Hints have been given for every problem, and those problems 
which to the authors appear of greater difficulty have been starred(*). 
Sections 3, 5, 6, 9, and 10 have undergone such significant changes that 
they may be considered as having been completely rewritten. Sections 1, 2, 
4, 7, and 11 have been revised radically, and only Sections 8 and 12 have 
had relatively minor alterations. 

The first edition of the book was prepared by I. M. Yaglom in 
collaboration with G. M. Adelson-Vel’sky (who contributed the section on 
alteration of digits in integers and also a number of problems to other 
sections, particularly to the section on Diophantine equations). An 
important contribution was made to the first edition by E. E. Balash (who 
contributed the section on numerical sequences and series) and Y. I. 
Khorgin (who made the principal contribution to the section on 
inequalities). Solutions for other problems were written by various directors 


of the School Mathematical Society of the Moscow State University. About 
20 problems were taken from manuscripts of the late D. O. Shklarsky. 

The rewriting of the book for the second edition was done by I. M. 
Yaglom, who made extensive use of the material of the first edition. 

In conclusion, the author wishes to thank A. M. Yaglom, whose advice 
was of invaluable assistance while the book was being written and who 
initiated the rewriting of the section on complex numbers. The author is 
also indebted to the editor, A. Z. Rivkin, whose indefatigable labors on the 
first and second editions made possible many improvements, and to all the 
readers who made valuable suggestions, especially I. V. Volkova, L. I. 
Golovina, R. S. Guter, G. Lozanovsky, I. A. Laurya, Y. B. Rutitsky, A. S. 
Sokolin, and I. Y. Tanatar. 


I. M. Yaglom 


EDITOR’S FOREWORD TO THE 


ENGLISH EDITION 


One of the important facets of science education in the USSR has been 
their series of mathematical competitive examinations held for students of 
high ability in the secondary schools. Those contests, which are being 
emulated increasingly in our own educational system, culminate each year 
in the Soviet Union in their Mathematical Olympiads held at Moscow 
University, preliminary qualifying and elimination examinations having 
been held nationwide throughout the academic year. 

This book, compiled over a twenty-year period, is a collection of the 
most interesting and instructive problems posed at these competitions and 
in other examination centers of the USSR, plus additional problems and 
material developed for use by the School Mathematics Study Societies. 
Perhaps the greatest compliment which can be paid to the problems created 
for this purpose by leading Soviet mathematicians (or taken and adapted 
from the literature) has been the extent to which the problems have been 
used in our own contests and examinations. 


Soviet students and teachers have had available in published form the 
problems, and their solutions, given in such examinations, but this material 
has not generally been available in the United States. A few of these 
problems have been translated and published in such American journals as 
The American Mathematical Monthly of The Mathematical Association of 
America, and problems of similar scope appear as regular features of 
Several American journals. Except for some compilations from these 
sources, little exists by way of problems which deal with real and active 
mathematics instead of the fringe and recreational aspects of the science or 
with conventional textbook exercises. 

This translation and revision of the Third Revised and Augmented 
Edition of the Olympiad Problem Book should therefore fill a very definite 
need in American schools and colleges. It contains 320 problems—a few of 
them merely recreational and thought-provoking, but most of them 
seriously engaged with solid and important mathematical theory, albeit the 
preparational background is assumed to be elementary. The problems are 
from algebra, arithmetic, trigonometry, and number theory, and all of them 
emphasize the creative aspects of these subjects. The material coordinates 
beautifully with the new concepts which are being emphasized in American 
schools, since the “unconventional” designation attributed to the problems 
by the original authors means that they stress originality of thought rather 
than mere manipulative ability and introduce the necessity for finding new 
methods of attack. 

In this respect I am reminded of the observation made by some forgotten 
character in some forgotten novel who opined that the ultimate test of an 
educative effort lay not nearly so much in what sort of questions the 
students could finally answer as in what sort of questions they could finally 
be asked! 

Complete solutions to all problems are given; in many cases, alternate 
solutions are detailed from different points of view. Although most of the 
problems presuppose only high school mathematics, they are not in any 
sense easy: some are of uncommon difficulty and will challenge the 
ingenuity of any research mathematician. On the other hand, many of the 
problems will yield readily to a normally bright high school student willing 
to use his head. Where more advanced concepts are employed, the concepts 
are discussed in the section preceding the problems, which gives the 


volume the aspect of a textbook as well as a problem book. The solutions to 
more advanced problems are given in considerable detail. 

Hence this book can be put to use in a variety of ways for students of 
ability in high schools and colleges. In particular, it lends itself 
exceptionally well to use in the various Institutes for high school 
mathematics teachers. It is certainly required reading for teachers dealing 
with the gifted student and advanced placement classes. It will furnish them 
with an invaluable fund for supplementary teaching material, for self-study, 
and for acquiring depth in elementary mathematics. 

Except for the elimination of the few misprints and errors found in the 
original, and some recasting of a few proofs which did not appear to jell 
when translated literally, the translation is a faithful one: it was felt that the 
volume would lose something by too much tampering. (For this reason the 
original foreword and preface have also been retained). Thus the temptation 
to radically alter or simplify any understandable solution was resisted (as, 
for example, in the sections on number theory and inequalities, where 
congruence arithmetic would certainly have supplied some neater and more 
direct proofs). Some notations which differ in minor respects from the 
standard American notations have been retained (as, for example, ¢c* 
instead of C?). These will cause no difficulty. 

All references made in the text to books not available in English 
translation have been retained; no one can know when translations of some 
of those volumes will appear. Whenever an English translation was known 
to exist, the translated edition is referred to. 

The translation was made from the Third (Russian) Edition of Selected 
Problems and Theorems of Elementary Mathematics, which 1s the title 
under which the original volume appeared in the Soviet Union. Mr. John 
Maykovich, instructor at the University of Santa Clara, was the translator, 
and he was assisted by Mrs. Alvin (Myra) White, who translated fifty 
pages. The writing out, revising, editing, annotating, and checking against 
the original Russian were by my own hand. 

Thanks are due the following persons for their assistance in reading 
portions of the translation, pointing out errors, and making valuable 
suggestions: Professor George Polya of Stanford University,’ Professor 
Abraham Hillman of the University of Santa Clara, and Professor Robert 
Rosenbaum of Wesleyan University. 


I shall be very grateful to readers who are kind enough to point out 
errors, misprints, misleading statements of problems, and incorrect or 
obscure proofs found in this edition. 


January 1962 Irving Sussman 


* 1 would also like to call attention to Professor Polya’s new book Mathematical 
Discovery (Wiley) which contains elementary problems and valuable textual discussion of 
approaches to, and techniques of, problem solving. 
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FROM THE AUTHORS 


THE THREE VOLUMES that make up the present collection of problems are the 
commencement of a series of books based on material gathered by the 
School Mathematics Society of the Moscow State University over a twenty- 
year period. The text consists of problems and theorems, most of which 
have been presented during meetings of the various sections of the School 
Mathematical Society of the M.S.U. as well as in the Mathematical 
Olympiads held in Moscow. (The numbers of the problems given in the 
Olympiads are listed on p. 5). 

These volumes are directed to students, teachers, and directors of school 
mathematical societies and societies on elementary mathematics of the 
pedagogical institutes. The first volume (Part I) contains problems in 
arithmetic, algebra, and number theory. The second volume is devoted to 
problems in plane geometry, and the third to problems in solid geometry. 

In contrast to the majority of problem books intended for high school 
students, these books are designed not only to reinforce the student’s formal 
knowledge, but also to acquaint him with methods and ideas new to him 
and to develop his predilection for, and ability in, original thinking. Here, 
there are few problems whose solutions require mere formal mastery of 
school mathematics. Also, there are few problems intended for the 
superficially “clever” or adroit student—that is, problems involving 
artificial methods for solving equations or systems of equations of higher 


degree. On the other hand, these books do contain many problems 
demanding originality and non-standardized formulations. 

In the selection of problems, emphasis has been given to those aspects of 
elementary mathematics which are pertinent to contemporary mathematical 
developments and new directions. Several groups of problems are worked 
out in detail in the section on answers and hints, especially when individual 
problems involve more mature mathematics (for instance, elementary 
number theory and inequalities). Some of the problems have been taken 
from classics of the mathematical literature and from articles published in 
recent mathematical journals. 

In view of the unconventional nature of the problems, they may prove 
difficult for students accustomed to conventional high school exercises. 
Nevertheless, the School Mathematical Society of the M.S.U. and the 
directors of the Moscow Mathematical Olympiads believe that such 
problems are not beyond the persevering student. 

It is recommended that the suggestions for using this book be read before 
the problems are undertaken. 

Parts I and II of this work were compiled by I. M. Yaglom, and Part III 
was done principally by N. N. Chentzov. In addition to the listed authors, 
many directors of the School Mathematical Society of the M.S.U. 
contributed; their names are listed in the Preface to each volume. Some 
forty problems were taken from the manuscripts of D. O. Shklarsky, who 
worked with the School Mathematical Society from 1936 to 1941, and who 
was killed in action on the military front in 1942. In view of the very great 
influence which D. O. Shklarsky exerted through his work with the Society, 
and in particular upon the contents of this volume, it is appropriate to place 
his name first in authorship of it. 

The authors will be grateful to readers who send them new, and possibly 
better, solutions to the problems or new problems suitable for inclusion in 
such a book as this. 


SUGGESTIONS FOR USING 
THIS BOOK 


THIS BOOK CONTAINS (1) statements of problems, (2) solutions, (3) answers 
and hints for solving the problems. For more effective use of the book, the 
answers and hints appear at the end. 

The starred problems are more difficult, in the opinion of the authors, 
than the others; the few double-starred problems are the most difficult. 
(Naturally, there will be differences of opinion as to which problems are 
more difficult than others.) 

For most of the problems the authors recommend that the reader first 
attempt a solution without recourse to the hints. If this attempt is 
unsuccesful, the hint can be referred to, which should aid in arriving at a 
solution. If, then, the reader cannot solve a problem, he can (of course) read 
the solution; but if he appears to be successful in finding a solution, he 
should compare his answer with that given in the answers and hints section. 
If his answer disagrees with that given, he should try to determine his 
possible mistake and correct it. If the answers agree, he should compare his 
solution with that given in the solutions section. If several solutions are 
given in the answers section, the reader will profit by comparing the various 
solutions. 


These suggestions are perhaps not as pertinent to the starred problems as 
they are to the others. For the starred problems it might prove advisable for 
the reader to read the hint before attempting the problem. For the double- 
starred problems it is recommended that the hints be consulted first. These 
problems may profitably be considered as theoretical developments and 
their solutions read as textual material. Also, each of the double-starred 
problems might be considered as a topic for a special report, or paper, to be 
given before a mathematics club. Before attempting one of the more 
difficult problems, the reader should solve and analyze the simpler 
neighboring problems. 

Some solutions involve techniques not ordinarily found in the high 
school curriculum. With each such problem this information is given in 
small type. 

The problems are, in general, independent of each other; only rarely does 
the solution of one problem involve the results of another. Some exception 
is made in the final four sections, where the problems are more closely 
allied. 


NUMERICAL REFERENCE TO 
THE 


PROBLEMS GIVEN IN THE 


MOSCOW MATHEMATICAL 
OLYMPIADS 


THE OLYMPIAD MATHEMATICAL COMPETITION for seventh to tenth grade 
students consists of two examinations. The first (Type I question) is for 
elimination purposes; the second (Type II question) is for the finalists. 


Olympiads 


For 7th-8th Grade Students 


48 110(a) 
64(a), 110(b), 152(a) 78&(b), 83 
76, 198 30 


125 
71(a),, 201(a) 5, 91a), 140 
39 9, 11, 92(b), 117(a) 

141 (a) 


7b)! 
8. 542 15 


For 9th-10th Grade Students 
-- 134(d), 176 
56 


168 43. 165, 217 


80, 113 
75, 172, 177(a), 214 
, 64(b), 173 
20, 131, 192(a) 
71(b), 197, 200 
190(a) 124(a) 
169 9, 11, 88, 117(b) 
82, 171 90(b) 
7(b) 
1938 1943 





For sixty teams. 
Problems given to eighth to ninth grade students. 
Problems given only to tenth grade students. 


? 
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INTRODUCTORY PROBLEMS 


1. Every living person has shaken hands with a certain number of other 
persons. Prove that a count of the number of people who have shaken hands 
an odd number of times must yield an even number. 

2. In chess, is it possible for the knight to go (by allowable moves) from 
the lower left-hand corner of the board to the upper right-hand corner and in 
the process to light exactly once on each square? 





Figure 1 


3. (a) WN rings having different outer diameters are slipped onto an 
upright peg, the largest ring on the bottom, to form a pyramid (Figure 1). 
We wish to transfer all the rings, one at a time, to a second peg, but we have 
a third (auxiliary) peg at our disposal. During the transfers it is not 
permitted to place a larger ring on a smaller one. What is the smallest 
number, k, of moves necessary to complete the transfer to peg number 2?7 

(b)* A brain-teaser called the game of Chinese Rings is constructed 
as follows: n rings of the same size are each connected to a plate by a series 
of wires, all of which are the same length (see Figure 2). A thin, doubled 
rod is slipped through the rings in such a way that all the wires are inside 
the U -opening of the rod. (The wires are free to slide in holes in the plate, 
as shown.) The problem consists of removing all the rings from the rod. 
What is the least number of moves necessary to do this? 


SETRLER A! NS = 


Figure 2 










4. (a) Weare given 80 coins of the same denomination; we know that 
one of them is counterfeit and that it is lighter than the others. Locate the 
counterfeit coin by using four weighings on a pan balance. 

(b) It is known that there is one counterfeit coin in a collection of n 
similar coins. What is the least number of weight trials necessary to identify 
the counterfeit? 

5. Twenty metal blocks are of the same size and external appearance; 
some are aluminum, and the rest are duraluminum, which is heavier. Using 
at most eleven weighings on a pan balance, how can we determine how 
many blocks are aluminum? 


6. (a)* Among twelve similar coins there is one counterfeit. It is not 
known whether the counterfeit coin is lighter or heavier than a genuine one 
(all genuine coins weigh the same). Using three weighings on a pan 


balance, how can the counterfeit be identified and in the process determined 
to be lighter or heavier than a genuine coin? 

(b)** There is one counterfeit coin among 1000 similar coins. It is 
not known whether the counterfeit coin is lighter or heavier than a genuine 
one. What is the least number of weighings, on a pan balance, necessary to 
locate the counterfeit and to determine whether it 1s light or heavy? 


Remark: Using the conditions of problem (a) it is possible to locate, in 
three weighings, one counterfeit out of thirteen coins, but we cannnot 
determine whether it is light or heavy. For fourteen coins, four weighings 
are necessary. 

It would be interesting to determine the least number of weighings 
necessary to locate one counterfeit out of 1000 coins if we are relieved of 
the necessity of determining whether it is light or heavy. 


7. (a) A traveler having no money, but owning a gold chain having 
seven links, is accepted at an inn on the condition that he pay one link per 
day for his stay. If the traveler is to pay daily, but may take change in the 
form of links previously paid, and if he remains seven days, what is the 
least number of links that must be cut out of the chain? (Note: A link may 
be taken from any part of the chain.) 

(b) A chain consists of 2000 links. What is the least number of links 
that must be disengaged from the chain in order that any specified number 
of links, from 1 to 2000, may be gathered together from the parts of the 
chain thus formed? 


8. Two-hundred students are positioned in 10 rows, each containing 20 
students. From each of the 20 columns thus formed the shortest student is 
selected, and the tallest of these 20 (short) students is tagged A. These 
students now return to their initial places. Next the tallest student in each 
row is selected, and from these 10 (tall) students the shortest is tagged B. 
Which of the two tagged students is the taller (if they are different people)? 


9. Given thirteen gears, each weighing an integral number of grams. It is 
known that any twelve of them may be placed on a pan balance, six on each 
pan, in such a way that the scale will be in equilibrium. Prove that all the 
gears must be of equal weight. 


10. Refer to the following number triangle. 
Each number is the sum of three numbers of the previous row: the number 
immediately above it and the numbers immediately to the right and left of 
that one. If no number appears in one or more of these locations, the 
number zero is used. Prove that every row, beginning with the third row, 
contains at least one even number. 


_ Oonw = 
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11. Twelve squares are laid out in a circular pattern [as on the 
circumference of a circle]. Four different colored chips, red, yellow, green, 
blue, are placed on four consecutive squares. A chip may be moved in 
either a clockwise or a counterclockwise direction over four other squares 
to a fifth square, provided that the fifth square is not occupied by a chip. 
After a certain number of moves the same four squares will again be 
occupied by chips. How many permutations (rearrangements) of the four 
chips are possible as a result of this process? 


12. An island is inhabited by five men and a pet monkey. One afternoon 
the men gathered a large pile of coconuts, which they proposed to divide 
equally among themselves the next morning. During the night one of the 
men awoke and decided to help himself to his share of the nuts. In dividing 
them into five equal parts he found that there was one nut left over. This 
one he gave to the monkey. He then hid his one-fifth share, leaving the rest 
in a single pile. Later during the night another man awoke with the same 
idea in mind. He went to the pile, divided it into five equal parts, and found 
that there was one coconut left over. This he gave to the monkey, and then 
he hid his one-fifth share, restoring the rest to one pile. During the same 
night each of the other three men arose, one at a time, and in ignorance of 
what had happened previously, went to the pile, and followed the same 
procedure. Each time one coconut was left over, and it was given to the 
monkey. The next morning all five men went to the diminished nut pile and 
divided it into five equal parts, finding that one nut remained over. What is 
the least number of coconuts the original pile could have contained? 


13. Two brothers sold a herd of sheep which they owned. For each 
sheep they received as many rubles as the number of sheep originally in the 
herd. The money was then divided in the following manner. First, the older 
brother took ten rubles, then the younger brother took ten rubles, after 
which the older brother took another ten rubles, and so on. At the end of the 
division the younger brother, whose turn it was, found that there were fewer 
than ten rubles left, so he took what remained. To make the division just, 
the older brother gave the younger his penknife. How much was the 
penknife worth? 


14.* (a) On which of the two days of the week, Saturday or Sunday, 
does New Year’s Day fall more often? 
(b) On which day of the week does the thirtieth of the month most 
often fall? 


t This is sometimes referred to as the Tower of Hanoi problem [Editor]. 


ALTERATIONS OF DIGITS IN 
INTEGERS 


15. Which integers have the following property? If the final digit is 
deleted, the integer is divisible by the new number. 


16. (a) Find all integers with initial digit 6 which have the following 
property, that if this initial digit is deleted, the resulting number is reduced 
to » its original value. 

(b) Prove that there does not exist any integer with the property 
that if its first digit is deleted, the resulting number is yy the original 
number. 


17.* An integer is reduced to 4 its value when a certain one of its digits 
is deleted, and the resulting number is again divisible by 9. 
(a) Prove that division of this resulting integer by 9 results in 
deleting an additional digit. 
(b) Find all integers satisfying the conditions of the problem. 


18. (a) Find all integers having the property that when the third digit is 
deleted the resulting number divides the original one. 
(b)* Find all integers with the property that when the second digit 
is deleted the resulting number divides the original one. 


19. (a) Find the smallest integer whose first digit is 1 and which has 
the property that if this digit is transferred to the end of the number the 
number is tripled. Find all such integers. 

(b) With what digits is it possible to begin a (nonzero) integer such 
that the integer will be tripled upon the transfer of the initial digit to the 
end? Find all such integers. 


20. Prove that there does not exist a natural number which, upon 
transfer of its initial digit to the end, is increased five, six, or eight times. 


21. Prove that there does not exist an integer which is doubled when the 
initial digit is transferred to the end. 


22. (a) Prove that there does not exist an integer which becomes either 
seven times or nine times as great when the initial digit is transferred to the 
end. 

(b) Prove that no integer becomes four times as great when its 
initial digit is transferred to the end. 


23. Find the least integer whose first digit is seven and which is reduced 
to 4 its original value when its first digit is tranferred to the end. Find all 
such integers. 


24. (a) We say one integer is the “inversion” of another if it consists of 
the same digits written in reverse order. Prove that there exists no natural 
number whose inversion is two, three, five, seven, or eight times that 
number. 

(b) Find all integers whose inversions are four or nine times the 
original number. 


25. (a) Find a six-digit number which is multiplied by a factor of 6 if the 
final three digits are removed and placed (without changing their order) at 
the beginning. 


(b) Prove that there cannot exist an eight-digit number which is 
increased by a factor of 6 when the final four digits are removed and placed 
(without changing their order) at the beginning. 


26. Find a six-digit number whose product by 2, 3, 4, 5, or 6 contains 
the same digits as did the original number (in different order, of course). 


THE DIVISIBILITY OF 
INTEGERS 


27. Prove that for every integer n-: 
(a) n> —nis divisible by 3; 
(b) n> —n is divisible by 5; 
(c) n’—nis divisible by 7; 
(d) n!! —nis divisible by 11; 
(e) n'3—nis divisible by 13. 


Note: Observe that n°? — n is not necessarily divisible by 9 (for example, 
2° —2 = 510 is not divisible by 9). 
Problems (a-e) are special cases of a general theorem; see problem 240. 


28. Prove the following: 
(a) 3°" — 2° is divisible by 35, for every positive integer n; 


(b) n° —5n> + 4n is divisible by 120, for every integer n; 
(c)* for all integers m and n, mn(m®°° — n%°) is divisible by the 
number 56,786,730. 


29. Prove that n? + 3n + 5 is never divisible by 121 for any positive 
integer n. 


30. Prove that the expression 
m> + 3m4n — 5m3n2 — 15m2n? + 4mn* + 12n° 


cannot have the value 33, regardless of what integers are substituted for m 
and n. 


31. What remainders can result when the 100th power of an integer is 
divided by 125? 


32. Prove that if an integer 7 is relatively prime to 10, the 101st power 
of n ends with the same three digits as does n. (For example, 1233!°! ends 
with the digits 233, and 37!°! ends with the digits 037.) 


33. Find a three-digit number all of whose integral powers end with the 
same three digits as does the original number. 


34. Let N be an even number not divisible by 10. What digit will be in 
the tens place of the number N°, and what digit will be in the hundreds 
place of N29? 

35. Prove that the sum 


where nv is an arbitrary integer and k is odd, is divisible by 1 +2+3+---+ 
n. 


36. Give acriterion that a number be divisible by 11. 


37. The number 123456789(10)(11)(12)(13)(14) is written in the base 
15— that is, the number is equal (in the base 10) to 


14 + (13): 15 + (12) 157+ (11): 153 +--+ +2- 15% +15), 
What is the remainder upon dividing the number by 7? 

38. Prove that 1, 3, and 9 are the only numbers K having the property 
that if K divides a number N, it also divides every number obtained by 
permuting the digits of NV. (For K = 1, the condition given 1s trivial; for K = 
3, or 9, the condition follows from the wellknown fact that a number is 


divisible by 3, or 9, if and only if the sum of its digits 1s divisible by 3, or 
9.) 


39. Prove that 27,1958 — 10,8878 + 10,1528 is exactly divisible by 
26,460. 


40. Prove that 11!°— 1 is divisible by 100. 
41. Prove that 2222°°>° + 5555722 is divisible by 7. 


42. Prove thas a number consisting of 3” identical digits is divisible by 
3”. (For example, the number 222 is divisible by 3, the number 


777,777,777, is divisible by 9, and so on). 
43. Find the remainder upon dividing the following number by 7: 


1010 + 19010) +. -- + 19010"), 


44. (a) Find the final digit of the numbers 9°) and 2°), 
(b) Find the final two digits of the numbers 2°”? and 3%”. 
(c)* Find the final two digits of the number 1404), 


45. (a) What is the final digit of the number 
GG) 


(where the 7th power is taken 1000 times)? What are the final two digits? 
(b) What is the final digit of the number 


ew) 


’ 


7 


which contains 1001 sevens, as does the number given in problem (a), but 
with the exponents used differently? What are the final two digits of this 
number? 


46.* Determine the final five digits of the number 


e.7 


9 


N=9 


which contains 1001 nines, positioned as shown. 


47.* Find the last 1000 digits of the number 
N= le 504507 + 50? eee 50". 


48. How many zeros terminate the number which is the product of all 
the integers from 1| to 100, inclusive? 


Here we may use the following well-known notation: 
1:2°3:-4---(—-1)n=n! 


(called factorial n). The problem can then be stated more succinctly: How 
many zeros are at the end of 100!? 


49. (a) Prove that the product of n consecutive integers 1s divisible by 

n}. 

(b) Prove thatifa+b+---+k sn, then the fraction 

n! 
a\b!---k! 

is an integer. 

(c) Prove that (!)! is divisible by n!@~ D!, 

(d)* Prove that the product of the m integers of an arithmetic 
progression of n terms, where the common difference is relatively prime to 
n}, is divisible by n!. 


Note: Problem 49 (d) is a generalization of 49 (a). 


50. Is the number, c%,, of combinations of 1000 elements, taken 500 at a 
time, divisible by 7?7 


51. (a) Find all numbers 1 between 1 and 100 having the property that 
(n — 1)! is not divisible by n. 
(b) Find all numbers 7 between | and 100 having the property that 
(n — 1)! is not divisible by n7?. 


a2." Find all integers n which are divisible by all integers not 
exceeding Ya . 


53. (a) Prove that the sum of the squares of five consecutive integers 
cannot be the square of any integer. 
(b) Prove that the sum of even powers of three consecutive 
numbers cannot be an even power of any integer. 
(c) Prove that the sum of the same even power of nine consecutive 
integers, the first of which exceeds 1, cannot be any integral power of any 
integer. 


54. (a) Let A and B be two distinct seven-digit numbers, each of which 
contains all the digits from | to 7. Prove that A is not divisible by B. 
(b) Using all the digits from 1 to 9, make up three, three-digit 
numbers which are related in the ratio 1: 2: 3. 


55. Which integers can have squares that end with four identical digits? 


56. Prove that if two adjacent sides of a rectangle and its diagonal can 
be expressed in integers, then the area of the rectangle is divisible by 12. 
57. Prove that if all the coefficients of the quadratic equation 
ax? + bx +c =0 


are odd integers, then the roots of the equation cannot be rational. 


58. Prove that if the sum of the fractions 
1 1 l 


mn Rt+1 R+2 





(where n is a positive integer) is put in decimal form, it forms a 
nonterminating decimal of deferred periodicity. 


59. 


Prove that the following numbers (where m and n are natural 
numbers) cannot be integers: 








l 
—+—> ee 
gr 3 
b) N= — +—— 
(b) n+] atm 
©) egg rr aad 


60.** (a) Prove that if p is a prime number greater than 3, then the 
numerator of the (reduced) fraction 





l 1 1 
1+ — —_— eee 
ie ees 
is divisible by p*. For example, 
1 1 1 2 
‘ry ry tT Es. 
the numerator of which is 57. 
(b) Prove that if p is a prime number exceeding 3, then the 
numerator of the (reduced) fraction which is the sum 
1 1 1 
ee ee ee Se eee 
+o t ot + Gp 
is divisible by p. For example, 
1 l 1 205 
+ Poet Bt aia 


has a numerator which is divisible by 5. 
61. Prove that the expression 


a® + 2a 
a‘ +3a?+1, 
where a is any positive integer, is a fraction in lowest terms. 


62.* Let a1, 49, ° 


-+, a, be n distinct integers. Show that the product of 
all the fractions of form + = “5 , where » = & > J, is an integer. 





63. Prove that all numbers made up as follows, 
10001, 100010001, 1000100010001, - - - 


(three zeros between the ones), are composite numbers. 


64. (a) Divide a!?8 — !?8 by 


(a ae b)(a?+ b*)(a4 die b*)(a® As b8)(a!° a b1)(q3? ae b>*)(q% ae 5%) 


1 gk +1 


(b) Divide a2 ' — 6?""' by 


k+1 k 
2 ). 


65. Prove that any two numbers of the following sequence are relatively 
prime: 


(a + b)(a2 + b?)(a* + b4y(a8 + BS) (a2 + BY? + 


De Dea Oa De oe aah oe 


Remark: The result obtained here proves that there is an infinite number 
of primes (see also problems 159 and). 


66. Prove that if one of the numbers 2” — 1 and 2” + 1 is prime, where n > 
2, then the other number is composite. 


67. (a) Prove that if p and 8p — 1 are both prime, then 8p + 1 is 
composite. 
(b) Prove that if p and 8p* + 1 are both prime, then 8p* — 1 is also 
prime. 


68. Prove that the square of every prime number greater than 3 yields a 
remainder of 1 when divided by 12. 


69. Prove that if three prime numbers, all greater than 3, form an 
arithmetic progression, then the common difference of the progression is 
divisible by 6. 


70.* (a) Ten primes, each less than 3000, form an arithmetic 
progression. Find these prime numbers. 
(b) Prove that there do not exist eleven primes, all less than 20,000, 
which can form an arithmetic progression. 


71. (a) Prove that, given five consecutive positive integers, it is always 
possible to find one which 1s relatively prime to all the rest. 

(b) Prove that among sixteen consecutive integers it is always 
possible to find one which 1s relatively prime to all the rest. 


¥ For a discussion of the general concepts involved in the solution of the majority of the 
problems in this section, see the book by B. B. Dynkin and V. A. Uspensky, Mathematical 
Conversations, Issue 6, Section 2, “Problems in Number Theory,” Library of the USSR 
Mathematical Society. 


T More “standard” notations for this are C(1000, 500) or C23? or (*$8). However, retention 
of the notation used in the original will cause no difficulty [Editor]. 

t Deferred periodicity means that the periodic portion is preceded by one or more 
nonrepeating digits. The criterion is whether the denominator of the (reduced) fraction has 
a common factor with 10 [Editor]. 


SOME PROBLEMS FROM 
ARITHMETIC 


72. The integer A consists of 666 threes, and the integer B has 666 sixes. 
What digits appear in the product A - B? 


73. What quotient and what remainder are obtained when the number 
consisting of 1001 sevens is divided by the number 1001? 


74. Find the least square which commences with six twos. 


75. Prove that if the number a is given by the decimal 0.999..., where 
there are at least 100 nines, then V@ also has 100 nines at the beginning. 


76. Adjoin to the digits 523... three more digits such that the resulting 
six-digit number is divisible by 7, 8, and 9. 


77. Find a four-digit number which, on division by 131, yields a 
remainder of 112, and on division by 132 yields a remainder of 98. 


78. (a) Prove that the sum of all the n-digit integers (n > 2) is equal to 
49499---95500---0. 
(m — 3) nines (n — 2) zeros 
(For example, the sum of all three-digit numbers is equal to 494,550, and 
the sum of all six-digit numbers 1s 494,999,550,000.) 


(b) Find the sum of all the four-digit even numbers which can be 
written using 0, 1, 2, 3, 4, 5 (and where digits can be repeated in a number). 


79. How many of each of the ten digits are needed in order to write out 
all the integers from | to 100,000,000 inclusive? 


80. All the integers beginning with 1 are written successively (that is, 
1234567891011121314- - -). What digit occupies the 206,788th position? 


81. Does the number 0.1234567891011121314- - -, which is obtained by 
writing successively all the integers, represent a rational number (that is, is 
it a periodic decimal)? 


82. We are given 27 weights which weigh, respectively, I*, 27, 37, - - -, 
27° units. Group these weights into three sets of equal weight. 


83. A regular polygon is cut from a piece of cardboard. A pin is put 
through the center to serve as an axis about which the polygon can revolve. 
Find the least number of sides which the polygon can have in order that 
revolution through an angle of 253 degrees will put it into coincidence with 
its original position. 


84. Using all the digits from 1 to 9, make up three, three-digit numbers 
such that their product will be: 
(a) least; (b) greatest. 


85. The sum of a certain number of consecutive positive integers is 
1000. Find these integers. 


86. (a) Prove that any number which is not a power of 2 can be 
represented as the sum of at least two consecutive positive integers, but that 
such a representation 1s impossible for powers of 2. 

(b) Prove that any composite odd number can be represented as a 
sum of some number of consecutive odd numbers, but that no prime 
number can be represented in this form. Which even numbers can be 
represented as the sum of consecutive odd numbers? 

(c) Prove that every power of a natural number n (n > 1) can be 
represented as the sum of 7 positive odd numbers. 


87. Prove that the product of four consecutive integers is one less than a 
perfect square. 


88. Given 4n positive integers such that if any four distinct integers are 
taken, it is possible to form a proportion from them. Prove that at least n of 
the given numbers are identical. 


89.* Take four arbitrary natural numbers, A, B, C, and D. Prove that if 
we use them to find the four numbers 4,, B,, C,, and D,, which are equal, 
respectively, to the differences between A and B, B and C, C and D, D and A 
(taking the positive difference each time), and then we repeat this process 
with A,, B,, C; and Dj, to obtain four other numbers 4,, B,, C>, and D,, and 
so on, we eventually must obtain four zeros. 

For example, if we begin with the numbers 32, 1, 110, 7, we obtain the 
following pattern: 


32, l, 110, 7, 
31, 109, 103, 25, 
78, 6, 78, 6, 
72, 72, 72, 72, 

0, 0, 0, 0. 


90.* (a) Rearrange the integers from 1 to 100 in such an order that no 
eleven of them appear in the rearrangement (adjacently or otherwise) in 
either ascending or descending order. 

(b) Prove that no matter what rearrangement is made with the 
integers from 1 to 101 it will always be possible to choose eleven of them 


which appear (adjacently or otherwise) in the arrangement in either an 
ascending or a descending order. 


91. (a) From the first 200 natural numbers, 101 of them are arbitrarily 
chosen. Prove that among the numbers chosen there exists a pair of 
numbers such that one of them is divisible by the other. 

(b) From the first 200 natural numbers select a set of 100 numbers 
such that no one of them is divisible by any other. 

(c) Prove that if one of 100 numbers taken from the first 200 
natural numbers is less than 16, then one of those 100 numbers is divisible 
by another. 


92. (a) Prove that, given any 52 integers, there exist two of them 
whose sum, or else whose difference, is divisible by 100. 

(b) Prove that out of any 100 integers, none divisible by 100, it is 

always possible to find two or more integers whose sum 1s divisible by 100. 


93.* A chess master who has eleven weeks to prepare for a tournament 
decides to play at least one game every day, but in order not to tire himself 
he agrees to play not more than twelve games during any one week. Prove 
that there exists a succession of days during which the master will have 
played exactly twenty games. 


94. Let N be an arbitrary natural number. Prove that there exists a 
multiple of N which contains only the digits 0 and 1. Moreover, if N is 
relatively prime to 10 (that is, is not divisible by 2 or 5), then some multiple 
of N consists entirely of ones. (If N is not relatively prime to 10, then, of 
course, there exists no number of form 11 - - - 1 which is divisible by N.) 


95.* Given the sequence of numbers 
Oe Te Tel) 3555.83 13521, 34.55, 8954 2 


where each number, beginning with the third, is the sum of the two 
preceding numbers (this is called a Fibonacci sequence). Does there exist, 
among the first 100,000,001 numbers of this sequence, a number 
terminating with four zeros? 


96.* Let a be an arbitrary irrational number. Clearly, no matter which 


integer mn is chosen, the fraction taken from the sequence 


—=+0, iz =. - ++, and which is closest to a, differs from a by no 


’ ’ 


n n’n 
more than half of 1/n. Prove that there exist n’s such that the fraction closest 
to a differs from a by not more than 0.001( : ) 


n 


97. Let m and n be two relatively prime natural numbers. Prove that if 
the m + n —2 fractions 


m+n Am+n) 38m+n) (m — 1)(m + n) 
m ’ m ’ m a m , 
m+n m+n) Xm+n) (n — 1)(m + n) 
are points on the real-number axis, then precisely one of these fractions lies 
inside each one of the intervals (1, 2), (2, 3), (3, 4),°-° +, (m+n—2,m+n— 


1) (see Figure 3, in which m = 3, n= 4). 
7 
$F ? 5 ¢ 


0 1 2 5 4 5 6 4 
Figure 3 


98.* Let a), ad, a3, °° *, a, be n natural numbers, each less than 1000, 


but where the least common multiple of any two of the numbers exceeds 
1000. Prove that the sum of the reciprocals of these numbers is less than 2. 


99.* The fraction g/p, where p # 5 is an odd prime, is expanded as a 
(periodic) decimal fraction. Prove that if the number of digits appearing in 
the period of the decimal is even, then the arithmetic mean of these digits is 
9/2 (that is, coincides with the arithmetic mean of the digits 0, 1, 2,---, 9 
(this shows that the “greater” and the “lesser” digits of the period appear 
“equally often’). If the number of digits in the period is odd, then the 
arithmetic mean of these digits is different from 9/2. 


100.* Prove that if the numbers of the following sequence are written as 
decimals, 


Sc Se Se a Be ax 
p , p? , p’ ’ , p" , 
(where p is a prime different from 2 or 5, and where a), a>, °°, a, are all 


relatively prime to p), then some (perhaps only one) of the first few decimal 
fractions may contain the same number of digits in their periods, but the 
subsequent decimal fractions of the sequence will all have p times as many 
digits in their periods as has the preceding term. 


For example: $= 0.3; $= 0.4, 44 = 0.370; §f = 0.987654320; 444 
has 27 digits in its period; $38 has 81 digits in its period; and so on. 


Remark: By “the greatest integer in x” we shall mean the greatest integer 
not exceeding x (that is, to the left of x on the number axis if x is not a 
whole number). This concept will be designated by the use of brackets, that 
is, by writing [x]. For example: [2.5] = 2, [2] = 2, [— 2.5] =—3. 


101. Prove the following properties of the greatest integer in a number. 


(1) [x+y] 2 [x] + Ly]. 
(2) [=] = ee where n is an integer. 


(3) (d+ [x+—-]+ ve + [s+ Rat = load. 





102.* Prove that if p and qg are relatively prime natural numbers, then 
Fea Pal “Pe 
q q 
q 3q ous PU | = Sb Me) 
a te ee tl il 


103. (a) Prove that 


eevee teelt]ofE]e[E] +> +E] 


where ¢,, is the number of divisors of the natural number n. [Note: 1 and n 


are always counted as divisors. | 
(b) Prove that 


Si + Set Sst: +s=[4]+75]+4]+ ve. +f =] 
1 2 3 n |, 


where s,, is the sum of the divisors of the integer n. 


104. Does there exist a natural number v such that the fractional part of 
the number (2 + 2 )*, that is, the difference 


(2+V 2 )—[2+V 2 )*], 

exceeds 0.999999? 

105.* (a) Prove that for any natural number n, the integer (2+ VF )*] is 
odd. 

(b) Find the highest power of 2 which divides the integer 

[(la+V 3s )*}. 

106. Prove that if p is an odd prime, it divides the difference 

(2+ V5 7] — 20+ 


107.* Prove that if p is a prime number, the difference 


“(5 


is divisible by p. (cz is the number of combinations of n elements taken p at 
a time, where n is a natural number not less than p.) 
For example, 


11-10-9-8-7 


5 —_— 
Cn = 1-2-3-4-5 


= 462; 


ch -[]= 402-2, 


which is divisible by 5. 


108.* Prove that if the positive numbers a and f/f have the property that 
among the numbers 


[a], [2a], [3a],---; [B], [24]. [34], °°: 


every natural number appears exactly once, then a and f# are irrational 
numbers such that 1/a + 1/6 = 1. Conversely, if a and £ are irrational 
numbers with the property that 1/a + 1/6 = 1, then every natural number NV 
appears precisely once in the sequence 


[a], [2a], [3a], -- +s [6], [241, [34], 


We shall designate by (a) the whole number nearest a. If a lies exactly 
between two integers, then (a) will be defined to be the larger integer. For 
example: (2.8) = 3; (4) =4; (3.5) = 4. 
109.* Prove that in the equality 
yt tae eee eer 
(where N is an arbitrary natural number) every fraction may be replaced 
by the nearest whole number: 


v=(B)+(B)+@) e+e 


EQUATIONS HAVING INTEGER 
SOLUTIONS 


110. (a) Find a four-digit number which is an exact square, and such 
that its first two digits are the same and also its last two digits are the same. 
(b) When a certain two-digit number is added to the two-digit 
number having the same digits in reverse order, the sum is a perfect square. 
Find all such two-digit numbers. 


111. Find a four-digit number equal to the square of the sum of the two 
two-digit numbers formed by taking the first two digits and the last two 
digits of the original number. 


112. Find all four-digit numbers which are perfect squares and are 
written: 
(a) with four even integers; 
(b) with four odd integers. 


113. (a) Find all three-digit numbers equal to the sum of the factorials 
of their digits. 
(b) Find all integers equal to the sum of the squares of their digits. 


114. Find all integers equal to: 
(a) the square of the sum of the digits of the number; 
(b) the sum of the digits of the cube of the number. 


115. Solve, in whole numbers, the following equations. 
(a) 1! +2!4+3!4+---+x!=y, 
(6) > Tbe 2h ae pees a 7, 


116. In how many ways can 2” be expressed as the sum of four squares 
of natural numbers? 


117. (a) Prove that the only solution in integers of the equation 
xvt+y+z = 2xyz 
isx=y=z=0. 
(b) Find integers x, y, z, v such that 
x? t+ y? + 22 + y* =2xyzv. 


118.* (a) For what integral values of k is the following equation possible 
(where x, y, z are natural numbers)? 


x2 + +77= kxyz. 


(b) Find (up to numbers less than 1000) all possible triples of 
integers the sum of whose squares is divisible by their product. 


119.** Find (within the first thousand) all possible pairs of relatively 
prime numbers such that the square of one of the integers when increased 
by 125 1s divisible by the other. 


120.* Find four natural numbers such that the square of each of them, 
when added to the sum of the remaining numbers, again yields a perfect 
square. 


121. Find all integer pairs having the property that the sum of the two 
integers is equal to their product. 


122. The sum of the reciprocals of three natural numbers is equal to one. 
What are the numbers? 


123. (a) Solve, in integers (positive and negative), 
1 1 1 
~~ 


= ee 


x y 1 
(b)* Solve, in integers, 
l l l 
— + — = — 
x y 2 
(write a formula which gives all solutions.) 


124. (a) Find all distinct pairs of natural numbers which satisfy the 
equation 


w=y. 
(b) Find all positive rational number pairs, not equal, which 
satisfy the equation 


Cas 


(write a formula which gives all solutions). 


125. Two seventh-grade students were allowed to enter a chess 
tournament otherwise composed of eighth-grade students. Each contestant 
played once against each other contestant. The two seventh graders together 
amassed a total of 8 points, and each eighth grader scored the same number 
of points as his classmates. (In the tournament, a contestant received 1 point 
for a win and § point for a tie.) How many eighth graders participated? 


126. Ninth- and tenth-grade students participated in a tournament. Each 
contestant played each other contestant once. There were ten times as many 
tenth-grade students, but they were able to win only four-and-a-half times 
as many points as ninth graders. How many ninth-grade students 
participated, and how many points did they collect? 


127.* An integral triangle is defined as a triangle whose sides are 
measurable in whole numbers. Find all integral triangles whose perimeter 
equals their area. 


128.* What sides are possible in: 
(a) aright-angled integral triangle; 
(b) an integral triangle containing a 60° angle; 
(c) an integral triangle containing a 120° angle? 
(Write a formula giving all solutions.) 
Remark: It can be shown that an integral triangle cannot have a rational 
angle (that is, an angle whose degree measure is a rational number) other 
than one of 90°, 60°, or 120°. 


129.* Find the lengths of the sides of the smallest integral triangle for 
which: 
(a) one of the angles is twice another; 
(b) one of the angles is five times another; 
(c) one angle is six times another. 


130.** Prove that if the legs of right-angle triangle are expressible as the 
squares of integers, the hypotenuse cannot be an integer. 


EVALUATING SUMS AND 
PRODUCTS 


131. Prove that 
(n+I1)(n + 2)(n+ 3) --Qn—-—1)2n=2"-1-3-5---Qn-—3)Qn-1). 


132. Calculate the following sums. 








@) 12723 a ee 

(b) mae ae sae eee 
Taaa + yaan + Ta56 

() eR cm cs) ae 


133. Prove that 


1:-2+2:34+3-4+ ++» +n(n4+1)= n(n + 1)(n + 2) 


1-2-34+2-3-44+ 3-4-5 + --- + n(n + 1)(n +2) 
_ n(n + 1Xn + 2Xn + 3) 
(b) 4 
(c) 
1-2-3---p+2-3---p(pt+1)+-:: +nm+1) 
uae Pity epps=g) = he tops e. 


pt+l 
for any p. 


134. Calculate the following sums. 

(a) 17 +2? 437+-++ +77: 

(b) 134+234+33+---+7°; 

(c) T6244 3e ee yt 

(d) 13+334+53+---+(2n-3)3. 
135. Prove the identity 
a+b1l+ea+e1l+ayl+6)+d1+ayl+d\(14+c) 

+--+ +11 + aX1+ d)---(1 + 2) 
=(1+a\1+6\1+c)---1+)-1 


Investigate the case in which a=b=c=:--=1. 


136. Calculate the following. 
(a). delish 22 ier Sie nats 
(b) Casi t+ Casa + Cass + o0+ + Core, 


137. Prove that 


1 1 1 1 1 
a a oe ae a a a a 
logs N r log; N " log, N ° 102100 N 1OZ 100: N : 


where 100! is the product 1-2-3- - -100. 


138. Given n positive numbers aj, a5, °- , a,. Find the sum of all the 
fractions 


1 
Ae, (Ak, + Gey )(Qu, + Ok, + Akg) ** (Au, + Oey + +++ + Gey), 


where the set k,, k>, - - :, k, of indices runs through all possible permutations 
of 1, 2,---, (of which there are n!). 


139. Simplify the following expressions. 


“ (1 +3)(2 +5)(2 + ait q)-(1+ ml 


(b) cos acos 2a cos 4a--- cos 2”a. 





140. How many digits are there in the integer 2! after it has been 
“multiplied out”? 
141. (a) Prove that 
Pn a a one 
6 ~10Y2 ~2 4 6 100 ~ 10. 
(b) Prove that 
en ee 


2°46 100 ~ 12. 


Remark: The result of problem (b) is evidently a refinement of that of 
problem (a). 





142. Prove that 


2100 a 2100 
0Yv2 ~~" * 70 





(C%, 1s the number of combinations of one-hundred elements taken fifty at a 
time.) 


143. Which is larger, 99” + 100” or 101” (where 7 is a natural number)? 
144. Which is larger, 100° or 300! ? 


145. Prove that, for any natural number n, the following is true: 


2<(1+—) <3 
n ° 


146. Which is larger, (1.000001)!002- or 2? 


147. Which is larger, 1000! or 1001999? 


148. Prove that for any integer n > 6 
(4) > a> is) 


149.* Prove that if m > n (where m, n are natural numbers): 


(a) (1 + -\ > (1 + ail 


For example, 


1 \? 9 l 1.‘ 64 10 l 
(1+) = 7 = 27) and (1+ =) = 77 = 25 > 25 


For example, 


(+B) = Paa$, na (14 4)'= BE aol coh 
From problem (a) it follows that in the sequence of numbers (1 + 1/2), 
(1+ 1/3)°,---,(1 + 1/n)", - ++, each is greater than that preceding. Since, on 
the other hand, no member of the sequence exceeds 3 (see problem 145), it 
follows that if n — oo, the magnitude of (1 + 1/n)” approaches some definite 
limit (which is evidently a number between 2 and 3). This limiting number 
is designated by e. It is equal, approximately, to 2.718281828459045-: - -. 
Analogously, problem 149 (b) shows that in the sequence (1 + 1/2)°, (1 + 
1/3)*, (1 + 1/4, +--+, 1 + Im)" +1, - + + every number is less than that 
preceding. Since every number of the sequence exceeds 1, the magnitude (1 
+ 1/ny’*! where n increases without bound, tends toward some limiting 
number. The numbers of the second sequence then become successively 
closer and closer to the numbers of the first [that is, the ratios (1 + 1/n)"*!: 


(1 + 1/n)” = 1 + I/n become closer and closer to 1]. Hence, the limiting 
number must, in the second case, also be equal to e. This number, e, plays a 
very important role in higher mathematics, and is encountered in a wide 
variety of problems (see, for example, problems 156 and 159). 


150. Prove that, for any integer n, the following inequality holds, 


(BY <a <a(2) 


’ 


where e = 2.71828: - - is the limit of (1 + 1/n)" as n > ~, 

This result is an extension of the result of problem 148. It follows, in 
particular, that for any two numbers, a, and a, such that a, < e < a, (for 
example, for a, = 2.7 and ay = 2.8; for a, = 2.71 and a, = 2.72; for a, = 
2.718 and ay = 2.719, and so on) for all integers n which are “large enough” 
(greater than some integer NV, where the magnitude of N depends on what a, 
we consider), the following inequality holds: 


n \* n \* 
(Se) >> (Sy) 

Thus, the number e is that limitig number which separates the numbers a 
for which (n/a)”" exceeds, or “dominates,” n! from those numbers a for 
which the (n/a)” are “dominated” by n!. (The existence of such a limiting 
number follows from problem 148.) 

Actually, (n/a,)" <n! for every n exceeding 6 [if a, > e, and if n > 6, in 


view of problem 150, n! > (n/e)"]. Further, from the results of problems 145 
and 149, it follows that, for n 2 3, the following inequalities hold: 


( ~)" (n+ 1)” 
"az>e>il+—_—) -:—_—_ 
n n” 


n®t! > (n+1)*, 


a y— n+1 
“n> wYn+l1; 





consequently, for 2 3, n =3, +m» diminishes as n increases. It is readily seen that if n 
becomes very large, 3/4 approaches as close to unity as we wish. It follows, for example, 
that log '*}“ 76 — gnoe, for sufficiently large k, can be made as small as we wish. Let us 





now select an N such that the inequality VN < e/a, holds. Then for n > N the 


approximation 3%. < e/a; is still more improved, and from problem 150 it follows that 
Mees) tay 
Pee Se 
\ + n ai . 
The inequality of problem 150 admits a great deal of precision. It is 


possible to show that for sufficiently large n the number n! is approximated 
by CW (ne, where C is a constant equal to v2: 


—— t 
ni zw Zan (=)" 
e 


[more precisely, it is possible to prove that if n increases without bound, ratio 


Ban (nje)* 


tends to unity. (See the book by A. M. Yaglom and E. M. Yaglom, Non-elementary 
Problems Treated by Elementary Means, Library of the Mathematical Society, Volume 5)]. 


151. Prove that 


1 


k+i co Jka Dk4 Jeo... sd 
cat? aoe +n 


tS ee ee 
< (1+ =) ae 


(n and & are arbitrary integers). 
Remark: A particular consequence of problem 151 is the following: 





im EME HH tet I 
ine n**! ~ k+l. 
(See also problem 316.) 


152. Prove that for all integers n > 1: 














1 3 
a) @ “eet wee ee ee. 
1 1 1 
) er < eee —_————— 
(b) ml * eae” Md 


153.* (a) Calculate the whole part of the number 


l 1 1 i 
Lt Et VST VITO 


(b) Calculate the sum 
a + ae Soe + 1 4- a 1 
V/10,000 ' 1/10,001 ' 7/10,002 V 1,000,000 


to within a tolerance (allowable error) of 1/50. 


154.* Find the whole part of the number 
oe 4 2 a. 2 + +++ + l 
Ys" ¥5 V6 ¥1,000,000 


155. (a) Determine the sum 
1 1 1 1 
10° + i= + 122 * *** * 000 
to a tolerance of 0.006. 
(b) Determine the sum 


1 4.4.41 1 
io. * in * Tar * °°’ * Yooo 


to a tolerance of 0.000000015. 


156. Prove that the sum 


1 1 1 1 
1+ 5 +3 + 4 5 + ~ 
is greater than any previously selected number N, if n is taken sufficiently 
great. 
Remark: The calculation of this sum can be made very precise. It is 
possible to show that the sum 


Boh eR este Sess _— 
2 3 4 n 


9 


for large n, is very close to the value of log n (this logarithm taken to the base e = 2.718: - 
-). In every case, it can be shown that for any n the difference 
1 1 


2 ert gag ed we (== % n 
2° 3 n s 


does not exceed unity (see the reference following problem 150 to the book by A. M. 
Yaglom and E. M. Yaglom). 


157. Prove that if in the summation 


1 1 1 1 
l+—4+e4+—Hte-+— 
2 t 3° 4 n 

we throw out every term which contains the digit 9 in its denominator, then 


the sum of the remaining terms, for any 7, will be less than 80. 


158. (a) Prove that, for any n, the following holds: 


1 1 1 l 1 
l+7+o+ 56 +o tT t ose 


(b) Prove that for all n 


1 1 1 1 3 
Ete Gg ees 
It is evident that the inequality of problem (b) is a refinement of problem 
(a). An even more precise bound in given by problem 233. That problem 
shows that the sum 


Lopate poe 
4 9 n* 
is less than 22/6 = 1.6449340668: - - (but for any number less than n~/6, for instance for N 


= 1.64 or for N = 1.644934, it is possible to find an n such that the sum 


4 es 
4 9 Sere | = 
will exceed N). 
159.* Consider the sum 
1 l 1 1 1 1 1 1 1 
eg hg ee a as ae ag 


9 


in which the denominators run through the prime numbers from 2 to some 
prime number p. Prove that this sum becomes greater than any preassigned 
number JN, provided the prime p is taken sufficiently great. 

Remark: The summation of the series in this problem can be found with 
great accuracy. For large p, the sum 


a ee ie a ee a 
2 3 5 z p 
differs relatively little from log log p (where the logarithms are taken to the base e = 2.718: 


--), and the differences 


142-4 t42424... 4-192 

-ca ee p oS P 
never exceed 15 (refer to the book by A. M. Yaglom and E. M. Yaglom). Comparison of 
the results of this problem with those of problems 157 and 158 emphasizes that among the 
prime numbers may be found arbitrarily large integers (this problem reaffirms that there are 
infinitely many). It is possible, for example, to say that the primes are “more numerous” in 
the sequence of natural numbers than either squares or numbers failing to contain the digit 
9, inasmuch as the sum of the reciprocals of all the squares, as well as the sum of all those 
reciprocals of whole numbers not containing the digit 9, are bounded (by 1} and by 80, 
respectively), whereas the sum of the reciprocals of all the primes becomes arbitrarily 
great. 


t The approximation given for n! is usually referred to as Stirling s formula [Editor]. 


MISCELLANEOUS PROBLEMS 
FROM ALGEBRA 


160. Ifa+b5+c=0, what does the following expression equal? 
(A=* 4 54445" a b dim 
a b c b—ec c—@ a-—b 








161. Prove that ifa+b+c=0, then 
a+b? +c3 = 3abce. 


162. Factor the following: 
(a) a2+h>+0 -3abe; 
(b) (at+b+cp-a2-b- 3. 


163. Rationalize the denominator: 


l 
VatVb+Vc 
164. Prove that 
(a +b + c)333 — 333 — 9333 _ (333 
is divisible by 
(a+b+cPp-a@-B-. 
165. Factor the following expression: 
a ere 1. 
166. Prove that the polynomial 
0000 4 BOSS TTT He oa g ae eet AL ag 
is divisible by 
ke Seta oe D. 

167. Using the result of problem 162 (a), find the general formula for 

the solution of the cubic equation 
x3+ px+q=0. 


Remark: This result enables us to solve any equation of the third degree. 
Let 


x3 + Ax? + Bx+C=0 


be any cubic equation (the coefficient of x? is taken as 1, since in any other case we can 
divide through by the coefficient of x), We make the substitution 


a= Vr dg, 
and we obtain 
pt 3q7t3eytG+A*?+2cy+c?)+Biyt+co)+C=0, 
or 


y+ 3c + Ay? + (3c? + 24c + B)y t+ (c? + Ac? + Bo + C)=0. 


From this, if we set c = — A/3 (that is, x = y — A/3), we arrive at 


3A2 2A? A? A? AB 7 
oi teeta ey +e)=0- 


which has the same forms as that of the given problem: 
y+py+q=0, 


where 


3 
2At_ AB 


A? d 
ie Wah and g= os 


168. Solve the equation 


Va _ V at+x=x. 
169.* Find the real roots of the equation 
tant ipo met [terme (024) 
x + 2ax + 16 Q@Q+adast+x 6 O0<a a 


170. (a) Find the real roots of the equation 


c+ 2e+ Vx + oe +2V x 4+ 23x =x 
Re 


{n radicals} 


(all roots are considered positive). 
(b) Solve the equation 


1 “a 
1 =x 
1+ ; 
1+ > 
eee 
x 


(In the expression on the left the fraction designation is repeated n times.) 


171. Find the real roots of the equation 


Vx+3—4V¥x—14+Vx+8-6Yx-1=1 : 


(All square roots are to be taken as positive.) 


172. Solve the equation 
jx+1|/—|x|+3|x%-—1|—2|x-—2|=x+2 © 


173. A system of two second-degree equations 


(x—a?+y =1 
has, in general, four solutions. For what values of a is the number of 
solutions of this system decreased to three or to two? 


174. (a) Solve the system of equations 
a +y=a', 
x+ay=l1. 
For what values of a does this system fail to have solutions, and for what 


values of a are there infinitely many solutions? 
(b) Answer the above question for the system 


= +y=a', 
xtay=l. 
(c) Answer the above question for the system 
ax+y+z=l1, 
x+ayv+z=da, 
x+z+az=a'. 
175. Find the conditions which must be: satisfied by the numbers @, a, 


43, A4, such that the following system of six equations in four unknowns has 
a solution: 


X, + X= @a@;, 
Xi + %s = Qs, 
X tm = a@a,, 
Xe + X3 = @:0;, 
Xe t+ X= @:,, 
Xs + X= AyQ,. 


Find the values of the unknowns x1, x, x3, X4, 


176. How many real solutions has the following system? 


{ z+y=2, 
xy—z2?=1. 


177. (a) How many roots has the following equation? 


sin x = = 
100 * 


(b) How many roots has the following equation? 
sin x = log x. 


(Note: log x = log) x.) 


178.* Prove that if x; and x, are roots of the equation x* — 6x + 1 = 0, 
then x? + xf is, for any natural number 7, an integer not divisible by 5. 


179. Is it possible for the expression 


La 24... 4 999 4 1000\2 — 
(a taete +a’ tary =4@i + at + +++ + die + aioe 
+ 2a; dy + 2a, Az + 2dgg9, 41990 


(where some of the numbers a1, a, * * *, Agq9, Aj999 are positive and the test 


are negative) to contain the same number of positive and negative terms in 


aja;? 


Investigate the analogous problem for the expression 


ae 2 
(a, + ay +++ + + Aggg9t 410,000)": 


180. Prove that any integral power of the number Y2 —1 can be 
expressed in the form “~N—W/N—1, where AN is an integer (for 


example: (V2 —1'=3-2Y%2 =V9 —- Y 8, and (vo — 
1)=5%2 —7=VY00 -—V49- 

181. Prove that the number 99,999 + 111,111vz cannot be written in the 
form (A+B V 3 ‘Zl where A and B are integers. 


182. Prove that 3% cannot be represented in the form p + gVr , where p, 
q, r are rational numbers. 


183. (a) Which of the following two expressions is greater? 
2.00000000004 . 
(1.00000000004)? + 2.00000000004 ’ 
2.00000000002 
(1.00000000002)? + 2.00000000002 ~ 
(b) Leta>b>0. Which of the following is greater? 
l+a+a?+---+a*"' ; 
l+a+a*+---+a* ’ 
1+b+bt+--- +5" 
1+b+8 +--+ 


184. Given n numbers a), a>, + *, a,. Find the number x such that the 
sum 
G20) + @aa) tea) 
has the least possible value. 


185. (a) Given four distinct numbers a, < ay < a3 < ay. Put these 


numbers in such an order, a;., a di (i,, i, 13, ig beg some rear- 


1? iy? a 


13? 
rangement of 1,2,3,4) that the sum 
® = (a, —4;,)" + (a, — a) + @,—4;,)° + G@,- 4, 


has the least possible value. 


(b)* Given n real distinct numbers aj, a>, °° *, a,. Put these 


numbers in such an order a;,, d;,, °°, a; that the sum 
nN 


P= (a, —a;,)? + (Gj,-4a, + HG. -a, P+ (aq -—4;,,) 
1 2} 2 3 n-1 n n 1 


has the least possible value. 


186. (a) Prove that, regardless of what numbers aj, a5, °° °, a, bj, bo, * 


n? 
+, 5, are taken, the following relation always holds: 


Vit Re Vit H+--- + VGtH 
=>V (Gi + ae ts Han) + (O, +O. + +++ +O,) 


Under what conditions does the equality hold? 

(b) A pyramid is called a right pyramid if, when a circle is 
inscribed in its base, the altitude of the pyramid falls on the center of the 
circle. Prove that a right pyramid has less lateral surface area than any other 
pyramid of the same altitude and base area and having the same perimeter. 

Remark: The inequality of problem (a) is a special case of what is called 
the Inequality of Minkowski (see problem 308). 


187.* Prove that for any real numbers aj, a>, ° - :, a, the following 
inequality holds: 


V ai + (1 — a;)? + V a3 + (1 — as)* _ 


4 eee +Va@_4.+(1—a,t+Va+(1—a,'2 m= 


For what values of the numbers is the left member equal to the right 
member? 





188. Prove that if the numbers x, and x, do not exceed | in absolute 
value, then 


x (+ 
Vi-a+ Vi-as2y1-(2t#) 
For what numbers x, and x, does the equality hold? 


189. Which is greater, cos (sin x) or sin (cos x)? 


190. Prove, without using logarithm tables, that: 








(a) : + = 
log.x logszx 
(b) - + : 








> 
log: x logr2 
191. Prove that if a and f are acute angles, with a < /, then 
(a) a-sina<f-sin pf; 
(b) tana-—a<tanfp-—f. 


192.* Prove that if a and # are acute angles and a < f, then 





tana tan 8 
<~-——.,, 
a ie} 


193. Find the relationship between arcsin [cos (arcsin x)] and arccos [sin 
(arccos x)]. 


194. Prove that for arbitrary coefficients a3, 39, °° *, a>, a), the sum 
cos 32x + a3; Cos 31x + a39 Cos 30x ++ ++ + ay COS 2x + a\COS xX 
cannot take on only positive values for all x. 


195. Let some of the numbers a, a>, -- -, a, be +1 and the rest 
be —1. Prove that 


2 sin (a Pi eee, SEE oes ees 4s 





2 4 ” li 
= aj 2+ay2+aV2+ e+ + aaV 2 | 
For example, let aj =a) =---:a,=1: 
| me eee 45° 
asin(1+> +4 ++ pr) = 20s oni 


= (/24+V24-4V2. 


THE ALGEBRA OF 
POLYNOMIALS 


196. Find the sum of the coefficients of the polynomial obtained after 
expanding and collecting the terms of the product 


(1 — 3x + 3x7)"3(1 + 3x — 3x2), 
197. Which of the expressions, 
(1 +2 — x3)!000 op (| — x2 + x3) 1000, 


will have the larger coefficient for x*° after expansion and collecting of 
terms? 


198. Prove that in the product 


(Lx tx% =F 4 = 999 + x09) + x + 2 + +99 + 100), 


after multiplying and collecting terms, there does not appear a term in x of 
odd degree. 


199. Find the coefficient of x°° in the following polynomials: 
(a) (1 a 5) 008 ae x(1 3 x)? ze x(1 is x) BS gg te 1000. 
(6) Cea) Oy + 3 xy? eee 100001 x). 


200.* Find the coefficient of x? upon the expansion and collecting of 
terms in the expression 


(((x — 2)? — 2)? — 2)*# — --- — 2). 
| EES SE - Pees 5" 
n times 


201. Find the remainders upon dividing the polynomial x + x3 + x? + x?/ 
4 81 4 243 
(a) byx— I; 
(b) by x7-1. 
202. An unknown polynomial yields a remainder of 2 upon division by 


x — 1, and a remainder of 1 upon division by x — 2. What remainder is 
obtained if this polynomial is divided by (x — 1)(x — 2)? 


203. If the polynomial x!9>! — 1 is divided by xt + x3 + 2x7 +x+1,a 
quotient and remainder are obtained. Find the coefficient of x!4 in the 
quotient. 


204. Find an equation with integral coefficients whose roots include the 
numbers 


(adV2+V3, 
(b) Y2+ #3. 


205. Prove that if a and f are the roots of the equation 


x? + px+1=0, 


and if y and # are the roots of the equation 

x*+qx+1=0, 
then 

(a — y\(B — y(a+ dB +0) = 4° -p?- 
206. Let a and £ be the roots of the equation 

x* + px+q=0, 
and y and o be the roots of the equation 

x2+Pxt+O=0. 
Express the product 

(a— y)(P— ya —d)(P — 0) 

in terms of the coefficients of the given equations. 


207. Given the two polynomials 
x7 +ax+1=0, 
x+x+a=0. 


Determine all values of the coefficient a for which these equations have at 
least one common root. 


208. Find an integer a such that (x — a)(x — 10) + 1 can be written as a 
product (x + b)(x + c) of two factors with integers b and c. 


209. Find (nonzero) distinct integers a, b, and c such that the following 
fourth-degree polynomial with integral coefficients, can be written as the 
product of two other polynomials with integral coefficients: 


MeH— Me Deer 


210. For what integers a), a5, ---, a,, where these are all distinct, are the 


n? 
following polynomials with integral coefficients expressible as the product 


of two polynomials with integral coefficients? 
(a) (x — ay)(X — an)(x — a3)° ++ (x—a,)— 1; 
(b) (@— ay)(x — a(x — a3) ** (x ,) +1. 
211.* Prove that if the integers a,, a>, °°, a, are all distinct, then the 
polynomial 
(x — ay)°r— ay)? ++ (2 +1 


cannot be written as a product of two other polynomials with integral 
coefficients. 


212. Prove that if the polynomial 
PO) HG Pay et ae x Pa, 


with integral coefficients, takes on the value 7 for four integral values of x, 
then it cannot have the value 14 for any integral value of x. 


213. Prove that if the polynomial 


4 2 


yk! PG ag Pak ee Or + dg Xx + a7, 


of seventh degree, with integral coefficients, has for seven integral values of 
x the value +1 or —1, then it cannot be factored as the product of two 
polynomials with integral coefficients. 


214. Prove that if the polynomial 


PO) Ot a Pe has 4 td, 


with integral coefficients, has odd values for x = 0 and x = 1, then the 
equation P(x) = 0 cannot have integral roots. 


215.* Prove that if the polynomial 


P(x) = agx” + ayx™ | +-+-++a, x +a, 


with integral coefficients, is equal in absolute value to | for two integers x = 
p and x =q (p> q), and if the equation P(x) = 0 has rational roots a, then p 


— q is equal to 1 or 2, and a= ae 


216.* Prove that neither of the following polynomials can be written as 
a product of two polynomials with integral coefficients: 


2tt2 1 paamme + 42218 + 6x22'6 + Bx2?14 
+ +++ + 2218x* + 2220x? + 2222; 


(b) x750 + 249 + 248 40-42 44-1, 


217. Prove that if the product of two polynomials with integral 
coefficients is a polynomial with even coefficients, not all of which are 
divisible by 4, then in one of the polynomials all coefficients must be even, 
and in the other not all coefficients will be even. 


218. Prove that all the rational roots of the polynomial 


POA Pax hax? fees. ass 
with integral coefficients and with leading coefficient 1, are integers. 


219.* Prove that there does not exist a polynomial 


PO)=ax' tax" eRe i, 


such that P(0), P(1), P(2), - - - are all prime numbers. 

Remark: The proposition stated in this problem was first proven by the 
mathematician L. Euler. Also credited to him are polynomials whose values 
for many consecutive integers are prime numbers. For example, for the 
polynomial P(x) = x? — 79x + 1601, the 80 numbers P(0) = 1, P(1) = 1523, 
P(2), P(3), -: + P(79) are all primes. 


220. Prove that if the polynomial 


PQ) =x" + Ay 1+ Ay -2 +-- SP Ay og tA, 


assumes integral values for all integral values for x, then it is possible to 
represent it as a sum of polynomials 


P(x) =1, P(x) =x, P(x) = aa See, Pale) 
ae AE ERE Sele 8 ed) 


1-2-3--+” . 


having the same property [in view of problem 49(a)] and having integral 
coefficients. 


221. (a) Prove that if the nth degree polynomial P(x) has integral values 
for x = 0, 1, 2,---,, then it has integral values for all integral values of x 

(b) Prove that if a polynomial P(x) of degree n has integral values 
for n + 1 successive integers x, then it is integral valued for all integers x. 

(c) Prove that if the polynomial P(x) of degree n has integral 
values for x = 0, 1, 4, 9, 16, - - -, n?, then it has integral values for all 
integers x which are perfect squares (but this does not necessarily follow for 
all integers x). 


Give an example of a polynomial which assumes integral values for all 
integers x which are perfect squares, but which for some other value of x 
yields a rational (not whole) number. 


COMPLEX NUMBERS 


In many of the problems in this section the following formulas are useful. 


(1) The formula for the product of complex numbers in trigonometric from: 
(cosa+isin a)(cos f +i sin f) = cos(a+ B)+isin(a + f). 
(2) De Moivre’s formula: 


(cos a+isin a)” = cos na+isinna 


(Where 7 is a natural number), which is an n-fold application of the previous 
formula. 


(3) The formula for the roots of complex numbers: 
——— a + 360°-k ia a + 360°-k 
¥cosa+itsina = ee +1 — 


(= 0,1, 2, soesn — 1) 5 
Which is an extended form of De Moivre’s theorem. 


In particular, a large role is played in the following problems by the formula for 
the nth rooths of unity, that is, the roots of the nth-degree equation 


x"-1=0, 


Which are given by the following formulas: 


— + isin 


(k =0,1,2,---,n —1) 


9 





V1 = Vcos0 +18in0 = cos 





The following observation will often be useful in solving the problems of this 
section. Let the equation of degree n, 


Mai tas 2 es ae oe a0, 


have the n roots x), X», °° *, X, — 1, X,. Then the left member of the equation is 
divisible by (x — x; )(x — x2) +++ (~—x,); that 1s, 


Maia Res Ae te ae ey) 


If we multiply out the second member of this equation and equate coefficients of 
like powers of x from both members, we obtain the following formulas giving 
relationships between the coefficients on the left and the roots of the equation 
(Vieta’s formulas). 

a = —(a%1 + a2 + +++ + 2n-1 + 2n), 

G2 = Xik2 + Hits + +++ + Ln-itn, 

Gs = —(Zixets + +++ + Ln-2%n-1Fn) , 

On—1 = (—1)"~ Maite: + -an—1 + Like --Sn-2en + +++ + L2ds-++On), 
Qn = (—1)"a122%5--- oy . 


222. (a) Prove that 


cos 5a= cos? a—10 cos? a sin? a+5 cosa sin’ a, 


sin 5a= sin? a— 10 sin? a cos? a +5 sina cos’ a. 


(b) Prove that for integers n 
cos na = cos" a — Ci. cos" a sin? a + Ci. cos" asin‘ a 
— Cicos**asinfa+-+-, 
sin na = Ci cos*"' asin a — Ci cos" asin’ a 
+ Cicos**asin'a—---, 


where the terms designated by - - -, which are readily identified from the given 
terms, are continued while they preserve the sense of the binomial coefficients. 


Remark: Problem (b) is, of course, a generalization of problem (a). 
223. Express tan 6a in terms of tan a. 
224. Prove that if x + = =2cos a, then 


x + = 20s nat 


225. Prove that 
sing + sin(g + a) + sin(g + 2a) + --- + sin(g + na) 


_ (n+la. ( ne) 
n -————— sin (|g + — 
” 2 os 


- & 
sin — 


2 


and that 
cos gy + cos(¢ + &) + cos(¢ + 2a) + --- + cos(¢ + na) 


. (n+ lie ( ne 
a cos | ¢ + D 


sin = 
2 


226. Find the value of 


cos” a+ cos? 2a +--+ + cos? na, 
and of 
sin? a+ sin? 2a+---++ sin? na. 
227. Evaluate 


cos a + Ci cos 2a + Ci cos 3a@ + -+- + Ch' cos ma + cos(n + Lia 
and 
sina + Clsin2a + Cisin3a@ + --- +Cnr'sinna + sin(n + le. 


228. Prove that ifm, n, and p are arbitrary integers, then 


sin ee sin 22 4 gin ee gin SOE +. gin SF cin 282 
p p p p p 


4 ose + gin habe = me oi, LP — Lal =e 
-£, if m + n is divisible by 2p and m — n is not divisible by 2); 


=z E, if m—n is divisible by 2p and m + n is not divisible by 2); 
0, if m+n and m—n are both divisible by 2, or if neither 
is divisible by 2p. 
229. Prove that 


on 4n 6 oni 1 
mad) ed eee 








—— 


a+1°06~C«2 


230. Construct an equation whose roots are the numbers: 























"i ° 2 ‘ 3 : nil 
2 2 2 eee 2 . 
OR ei teed mete” ee 
iG 21 3 nit 
b)cot? , cot? , cot? , +9, Cote -———. . 
Or aa Gad es 2n+1 “ 2n+1 


231. Find the following sums. 


























@ cot? a + cot? ntl + cot? re 
hed 
art as eg : 
Hives + HOS en 
232. Calculate the following products. 
i: ae gis =p ‘a oe posing 


and 


Ts Se. ee - (a — lj 














sin > sin 3 sin 3°: ein = 
(b) IT 2 37 ae niT 
one i Mei a eee 
and 
2n 2n 2n 2n : 


233. Using the results of problems 231 (a) and (b), that for any natural number 
n the sum 


lies between the values 


1 1 \mn 
(1 ree aa pice 


Remark: A particular result which follows from problem 233 is 


22° 3 42 ~ 6 





where the summation on the left is the limit to which 1 + 1/2? +--+ 1/n? tends as 
n— o, 


234. (a) Ona circle which circumscribes an n-sided polygon A, A, -- +: A,, a 
point M is taken. Prove that the sum of the squares of the distances from this point 
to all the vertices of the polygon is a number independent of the position of the 
point M on the circle, and that this sum is equal to 2nR?, where R is the radius of 
the circle. 


(b) Prove that the sum of the squares of the distances from an arbitrary 
point M, taken in the plane of a regular n-sided polygon A, A, -- - A,, to all the 


vertices of the polygon, depends only upon the distance / of the point M from the 


center O of the polygon, and is equal to n(R? + /*), where R is the radius of the 
circle circumscribing the regular n-sided polygon. 
(c) Prove that statement (b) remains correct even when point M does not 
lie in the plane of the n-sided polygon A, A, °°: - A,. 
235. Let M be a point on the circle circumscribing a regular n-sided polygon 
A, A, ++: A, Prove the following. 


(a) If is even, then the sum of the squares of the distances from M to 
the vertices indicated by even-numbered subscripts (for example, A5, 44, and so 
on) is equal to the sum of the squared distances to the vertices having odd 
subscripts. 

(b) If 7 is odd, then the sum of the distances from the point M to the 
vertices of the polygon which are even-numbered is equal to the sum of the 
distances to those which are odd-numbered. 


236. The radius of a circle which circumscribes a regular n-sided polygon A, 
A,:++ A, 1s equal to R. Prove the following. 


(a) The sum of the squares of all the sides and all the diagonals is equal 
to n7R?. 

(b) The sum of all the sides and all the diagonals of the polygon is equal 
ton cot -R. 

(c) The product of all the sides and all the diagonals of the polygon is 
equal to 92/2 Plmin—1) 1/2 , 


237.* Find the sum of the 50th powers of all the sides and all the diagonals of 
the regular 100-sided polygon inscribed in a circle of radius R. 


238.* Prove that in a triangle whose sides have integral length it is not possible 
to find angles differing from 60°, 90°, and 120°, and commensurable with a right 
angle. 


239.* (a) Prove that for any odd integer p > 1 the angle arc cos 7 cannot 


contain a rational number of degrees. 


(b) Prove that an angle arc tan a where p and g are distinct positive 
integers, cannot contain a rational number of degrees. 
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SOME PROBLEMS OF NUMBER 
THEORY 


These problems are concerned with that division of mathematics treating 
properties of integers, Elementary Number Theory. Many of the problems 
in other sections of this book also deal with number theory—particularly 
Sections 3, 4, and 5. Several of the following theorems, stated here as 
problems, play an important role in number theory (see, for example, 
problems 240, 241, 245-247, 249, 253). Clearly, these problems do not 
pretend to explore with any completeness the rich variety of methods and 
ideas that have permeated this discipline, which is at once one of the most 
fruitful and one of the most difficult of all mathematical endeavors. A good 
systematic account of some parts of number theory is given in the book by 
B. B. Dynkin and V. A. Uspensky, Mathematical Conversations, Issue 6, 
Library of the USSR Mathematical Society. There the reader will find 
alternate solutions to some of the problems of this section. An excellent 
condensed treatment is the article by A. Y. Khinchin, “Elementary Number 
Theory,” appearing in the Encyclopedia of Elementary Mathematics, 
Government Technical Publishing House, Moscow, 1951, which contains, 


as an appendix, an extensive bibliography covering the topics touched on in 
the article. 


240. Fermats Theorem. Prove that if p is a prime number, then the 
difference a” — a is, for any integer a, divisible by p. 
Remark: Problems 27 (a)-(d) are special cases of this theorem. 


241. Euler's Theorem. Let N be any natural number and let 7 be the 
number of integers in the sequence 1,2,3, -- -, N— 1 which are relatively 
prime to N. Prove that if a is any integer which is relatively prime to N, then 


a’ — 1 1s divisible by N. 


Remark: If the number JN is prime, then all the integers of the sequence 
are, of course, relatively prime to N; that is, 7 = N — 1. In this case, Euler’s 
theorem assumes the form a! — 1 is divisible by N, if Nis prime. It is clear 
that Fermat’s theorem (problem 240) can be considered a special case of 
Euler’s theorem. 

If N = p”, where p is a prime number, then of the first NV — 1 = p” — 1 
positive integers, those not relatively prime to N = p” will be p, 2p, 3p, °°, 
N-p=(p"~ !—1)p. Therefore, we have r = (p” — 1) — (p™ — 1) =p" -— p™4, 
and Euler’s theorem provides the following corollary: The difference 
ae"-pn-! _ 1, where p is prime and a is not divisible by p, 1s divisible by p”. 

If N = pf'pf?---pf*, where pj, Po, °° *, Py are distinct primes, then the 
number r of prime numbers less than N and relatively prime to N is given 
by the formula 


rem(i-2Xi-Be(-B) 


(See, for example, the article by A. Y. Khinchin, referred to above.) If N = 
p” 1s a power of the prime p, this formula yields 


r= pr(1 -<) =p- p"-} 


9 


which is the result obtained previously. 


242.* According to Euler’s theorem, the difference 2* — 1, where k = 5” 
— 5"! is divisible by 5” (see problem 241, and the remark following it). 
Prove that there exists no k less than 5” — 5”! such that 2* — 1 is divisible 
by 5”. 


243. Let us write, in order, the consecutive powers of the number 2: 2, 
4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048, 4096, - - -. Note that in this 
sequence the final digits periodically repeat with a period of 4: 


24s, ©, 0,245 50, 2,4;.5,0,° > % 


Prove that, if we begin at a suitable point of the sequence, the last ten digits 
of the numbers of the sequence will also repeat periodically. Find the length 
of the period and the number of integers in the sequence for which this 
observed periodicity occurs. 


244.* Prove that there exists some power of 2 whose final 1000 digits 
are all ones and twos. 


245. Wilson’s Theorem. Prove that: if the integer p is prime, then the 
number (p — 1)! + 1 is divisible by p; if p is composite, then (p — 1)! + 1 is 
not divisible by p. 


246.* Let p be a prime number which yields the remainder | upon 
division by 4. Prove that there exists an integer x such that x* + 1 is 
divisible by p. 


247.** Prove the following. 

(a) If each of the two integers A and B can be represented as the 
sum of two squares, then their product A - B can also be represented in this 
manner. 

(b) All prime numbers of form 4n + 1 can be written as the sum of 
two squares, and no number of form 4n + 3 can be so expressed. 

(c) A composite number N can be written as the sum of two 
squares if and only if all its prime factors of form 4” + 3 occur an even 
number of times. 

For example, the numbers 10,000 = 2*-5* and 2430 = 2?-32-5-13 can be 
represented as the sum of the squares of two integers (in the first number 


there are no factors of form 4n + 3, and in the second number there is one 
such factor, 3, which occurs twice); the number 2002 = 2-7-11-13 cannot be 
represented as the sum of two squares (the factors 7 and 11, of form 4n + 3, 
appear once). 


248. Prove that, for any prime p, it is possible to find integers x and y 
such that x? + y? + 1 is divisible by p. 


249.** Prove the following. 

(a) If each of two numbers 4 and B can be written as the sum of 
the squares of four integers, then their product A-B can also be represented 
in this manner. 

(b) Every natural number can be written as the sum of not more 
than four squares. 

example, 35 =25+9+1=574+37+2; 60=494+94+14+1=774+334 
I? + 17; 1000 = 900 + 100 = 307 + 107, and so on. 


250. Prove that no number of the form 4”(8k — 1), where n and k are 
integers, that is, no number belonging to the geometric progressions 
Ty 28, W122, 448) 22%, 
15, 60, 240, 960, --°, 
23,792; 3081412, b*%; 
31, 124, 496, 1984, ---. 


can be a square or the sum of two squares or three squares of integers. 

Remark: It has been shown that every integer which cannot be written in 
form 4”(8k — 1) is representable as the sum of three or fewer squares. 
However, the proof is very complicated. 


251.** Prove that every positive integer can be written as the sum of not 
more than 53 fourth powers of integers. 

Remark: Experimental trials indicate that integers of moderate size are 
representable as the sum of far fewer fourth powers than 53. To the present 
time, no integer has been produced which cannot be given as the sum of 19, 
or fewer, fourth powers. (Of the numbers less than 100, only one—the 


number 79—requires as many as 19 fourth powers; that is four terms of 24 


and 15 units). It has been conjectured that 19 fourth powers suffice for 
every integer, but no proof of this has as yet appeared. The best result in this 
direction has been the proof that every natural number can be written as the 
sum of not more than 21 fourth powers. This is a substantial improvement 
over the proposition given as problem 251, but the proof of it involves 
considerable higher mathematics. 

In problem 239 (b) it was stated that every integer can be written as the 
sum of not more than four squares. It has also been shown that every integer 
can be written as the sum of not more than nine cubes. 

All these propositions are embraced by the following remarkable 
theorem: For every positive integer k there exists a positive integer N 
(depending, of course, on k) such that every integer may be written as the 
sum of not more than N kth powers of positive integers. This theorem has 
been provided with several different proofs, but only recently has a proof 
been given which does not require considerable higher mathematics. In 
1942 the Soviet mathematician U. V. Linnik gave the elementary proof. 
This proof is presented in the popular little book by A. Y. Khinchin, Three 
Pearls of Number Theory, Government Technical Publishing House, 
Moscow, 1949.‘ Although Linnik’s proof is elementary, it is not easy 
reading. Khinchin himself remarks that almost anybody can understand it 
with “only two or three weeks work with pencil and paper.” 


252.** Prove that every positive rational number (in particular, every 
positive integer) can be written as the sum of three cubes of positive 
rational numbers. 

Remark: Not all positive rational numbers can be represented as the sum 
of two cubes of positive rational numbers. Consider, for example, the 


number 1. The equation 
ele) He) 


can be written 
(ng)? = (mq) + (np), 


where m, n, p, and q are integers. But it is known that no solution in 
integers exists for the equation 


e+ypa2 
(a proof of this may be found in most standard texts on number theory). 
253. Prove that there exists an infinite number of prime numbers. 


254. (a) Prove that among the numbers of the arithmetic progressions 3, 
7, 11, 15, 19, 23, -- - and 5,11,17, 23, 29, 35, - - - there are an infinite 


number of primes. 
(b)* Prove that there are an infinite number of primes in the 


arithmetic progression 
Ds 1S; 17, 21,.25,8 


(c)* Prove that there are an infinite number of primes in the arithmetic 
progression 


Li2 3141, 51,61, ">. 


Remark: The following more general theorem holds: /f the first term of 
an infinite arithmetic progression of integers is relatively prime to the 
common difference, the progression contains an infinite number of primes. 
However, the proof of this theorem is quite complicated. (It is interesting 
that an elementary, albeit very difficult, proof of this classical theorem of 
number theory was published for the first time only in 1952 by the Danish 
mathematician Selberg. Prior to this the only known proofs involved higher 
mathematics). 


T An English translation has been published by Graylock Press, Rochester. N. Y., 1952, 
64 pp., $2.00 [Editor]. 
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SOME DISTINCTIVE 
INEQUALITIES 


This section presents several problems relating to inequalities stemming 
from two important inequalities which play a major role in mathematical 
analysis and in geometry. These are the theorem relating arithmetic and 
geometric means (problem 268), and the so-called Cauchy-Buniakowski 
inequality (problem 289). Many problems on inequalities, not related to 
these two but of importance in other applications, appear in other sections 
of this book (see, in particular, Sections 6 and 7). 


A great many interesting inequalities may be found in the Problem Book 
in Algebra, by V. A. Kretchmer, Government Technical Publishing House, 
Moscow, 1950, where an entire chapter is devoted to inequalities. That 
book offers alternative proofs of several of the inequalities presented here. 
There is also much interesting material in the books by P. P. Korovkin, 
Inequalities (Government Technical Publishing House, Moscow, 1951), by 
G. L. Nevyashy, /nequalities (Pedagogical Publishing House, Moscow, 
1947), and particularly that by Hardy, Littlewood, and Polya, /nequalities, 
(Government Technical Publishing House, Moscow, 1949)." 


The initial chapters of the last book may be read by persons not 
acquainted with higher mathematics 


The following problems are not presented in order of increasing 
difficulty. 


The ordering is such that in some instances the result of one problem will 
be useful in solving the next; in other instances problems conceptually 
related are grouped together. The simplest properties of inequalities are 
assumed known. 

In all the problems of this section, small English letters designate real 
numbers. 


Theorems on Arithmetic and Geometric Means and 
Their Applications 


We know, from formal mathematics courses, that the geometric mean of 
two positive numbers a and 5 is less than, or equal to, their arithmetic mean, 


_ 2 , 





(1) 


and the equality holds only if a = b. This is proved as follows. 
If we square both members of the inequality and clear of fractions, we 
arrive at 


dab < (a+b). 
Expanding the right member, transposing 4ab to the right side, and so on, 
we obtain 
0 <a*-2ab+b*=(a-b), 


which clearly is true for all numbers a and 5, since the square of any real 
number is nonnegative. 


Hence, inequality (/) holds for every real number. Moreover, it is evident 
that (a — b)* can be zero only if a = 5; that is, the last inequality reduces to 
the equality only for a = b. Therefore, this criterion must hold also for 
inequality (/). 

Inequality (7) may be rewritten in the following equivalent form, which 
we shall use hereafter: 


2 24 52 
(f+) s=-. (1’) 


If we expand the left member of (/’), clear of fractions and put all terms in 
the right member, we obtain 


0 < 2a” + 2b? — (a* + 2ab + b*) = (a — by’. 


Use of inequalities (7) and (/’) simplifies the solution of the first of the 
problems which follow. These two forms of the inequality are useful in the 
derivation of many generalizations, the most important of which are the 
propositions of problems 268 and 283. 

The arithmetic mean of n positive numbers a), a>, °° *, a, 1s defined by 


the following expression: 


Qi +a2:+-+++ +n 
n 


A;(a) = 


The geometric mean of n positive numbers ay, a5, ° * *, a, is defined as the 
nth root of their product: 


I'(a) = Vaias--Gn 


Finally, the harmonic mean of n positive numbers is the number H(a) 
such that 


1 _iija + l/az + --- + lian 
H(a) n 


(the reciprocal of the harmonic mean of n numbers is the arithmetic mean of 
the numbers inverse to the given ones). In particular, the harmonic mean of 
two numbers a and 6 is determined by the equation 


Loi(t41) 
ec 06 2\a b 


’ 


from which c = 2ab/(a + b). 


255. (a) Prove that, of all rectangles having the same given perimeter P, 
the square encloses the greatest area. 
(b) Prove that, of all rectangles having the same given area S, that 
of smallest perimeter is the square. 


256. Prove that the sum of the legs of a right triangle never exceeds WF 
times the hypotenuse of the triangle. 


257. Prove that for every acute angle a 


tana+cota 2 2. 
258. Prove that if a+ b= 1, where a and b are positive numbers, then 
1\? iy?. 2 
(«+ z] + (b+ ) ea 
Determine for what values of a and b the equality holds. 


259. Prove, given any three positive numbers a, b, and c, the following 
inequality holds: 


(a+ b)(b+c)(c +a) 2 8abe. 
Show that the equality holds only for a= b=c. 


260. For what values of x does the following fraction have the least 
value? 


a + bx* 
x (a and 5 positive). 





261. A butcher has an inaccurate balance scale (its beams are of unequal 
length). Knowing that it is inaccurate, and being an honest merchant, he 
weighs his meat as follows. He takes half of it and places it on one pan, and 
he places the weights on the other pan; then he weighs the other half of the 


meat by reversing this procedure, that is, by removing the weights and 
placing the meat on that pan. Thus, the butcher believes he is giving honest 
weight. Is his assumption correct? 


262. (a) Prove that the geometric mean of two positive numbers is 
equal to the geometric mean of their arithmetic and harmonic means. 
(b) Prove that the harmonic mean of two positive numbers a and b 
does not exceed the geometric mean, and that the equality holds only if a = 
b. 


263.* Prove that the arithmetic mean of three positive numbers is not 
less than their geometric mean, that is, 


b — 
BO ee 


and that the equality holds only ifa=b=c. 


264. Prove that, of all triangles with the same given perimeter, the 
greatest area is enclosed by the equilateral triangle. 


265. Given a three-faced pyramid having a right trihedral angle at the 
vertex. Designate the edges from the vertex by x, y, and z. For what x, y, 
and z is the volume of the pyramid a maximum if it is known that 


hy rea al 


266. Given six positive numbers a), a>, a3, 5), by, b3. Prove that the 
following inequality holds: 


V(a, + bias + bea; + b3)= ¥/a,a203 + ¥/b babs ; 


267. A Special Case of the Theorem Concerning the Arithmetic and 
Geometric Means. Given 2” positive numbers a), a>, °° *, ad;m. Prove the 
inequality 

ym S A,m(a) : 


that is, 


Qa, + @,+ "++ + dom 


WY aa" **dym S om 


and that the equality holds only if all the numbers a), a, - - :, am are equal. 


268.* Theorem of the Arithmetic and Geometric Means for n Numbers. 
Prove that for any n positive numbers a), a5,° °°, a 


P'(a) < Ax(a) 


n 


that 1s, 
n GQ; + @2,++*: +n 
V@12"*'AnS ents toni 
and that the equality holds only if a; =a, =--+:=4a,. 


269. (a) Consider all sets of n positive numbers whose sum is a given 
number k. Prove that the maximum product of the numbers of any such set 
is attained when all the numbers are equal. 


(b) Given n positive numbers a), a, °° *, a,. Prove that 
a + a: +f eee + Gn =n 
ay 7 a, 
270. Prove that for n positive numbers a), a>, °° °, a, the following 
inequality holds, 
H(a) s!@), 
that 1s, 
n 
or Ff Vai an 
( l l 1 ) 
—+—+e5e-e fem 
a, ae an 
and that the equality is obtained only if a, =a, =:-:=a,. 


271. Prove that for two positive numbers a and b 


n+l ~ a+nb 
Jab" < eal 





’ 


and that equality can hold only if a = b. 


272. Prove that for any set of positive numbers a1, a>, °° *, a, 


(a; + a: + --- tay(2+—+ Ke +2) an 
ay a An } 


2 
When does the equality hold? 


273. Prove that for any integer n > 1 
n+ ~)" 
ni <(-—— 
( 2 


274. Prove that the following inequality holds for any four positive 
numbers ay, a>, a3, a4: 


3a; + 4a, \" 
aataiat = (2+ 20s + Sts + Ate) 


275. Prove the following. 


1 1 1 1 2 Cate ti)e 
@i-5 3-5-4 <[S4] 


[n(m+1)]/ 
(b) 1+ 2?- 38- Aen [ET +2 





([a] means “the largest integer in a’). 
276. Let a), a5, °°, a, be positive numbers, and let 
SS Op aa Sais 
Prove that 


(1 + a,X(1 + a@;)-- (ta)Sl+s+S4+o4- +5 


3! 


277. Prove that for every integer n 


VEYE YE VR ont 


278. For which value of x is the product 
(1 —xp(1+x)(1 + 2x) 
a maximum, and what is this value? 


279.*  Inscribe between a given segment of a circle and the arc of the 
circle the rectangle of greatest area. 


280. From a square piece of cardboard measuring 2a on each side a box 
with no top is to be formed by cutting out from each corner a square with 
sides b and bending up the flaps, as shown in Figure 4. For what value of b 
will the box contain the greatest volume? 










Figure 4 


Two Generalizations of the Theorem Concerning Arithmetic and 
Geometric Means 


The power mean of order a of n positive numbers a, a5, °°: - 
defined to be the number 


ay +af+--- ul ia 
n 


Sa(a) = ( 


9 


in particular, if a = 4 is a whole number, we obtain 


aj +a;+---+a, 


ih ee SEs | 
Sa) = / + 


It is easy to see that S,(a) = A(a) and S_,(a) = H(a). 

If a= 0, the expression for S,, is meaningless. On the other hand, it can be 
proved that if a — 0, then S,(a) tends to the geometric mean J(a). 
Therefore, it is convenient to define S)(a) = J(a). (An additional 


justification for this definition is given in problem 282.) The power mean of 
order 2 is referred to as the quadratic mean. 

Inequality (/') (see the remark at the beginning of this section) can now 
be stated as follows: The arithmetic mean of two numbers does not exceed 
their quadratic mean (and the equality holds only if the numbers are equal). 


281.* (a) Prove that the arithmetic mean of n positive numbers does not 
exceed the quadratic mean: 


(Stet te) ai+a;+-:- +a, 
n ae n 


The equality holds only if the numbers are all equal. 
(b) Let k& be any integer greater than 1. Prove that the arithmetic 
mean of n positive numbers does not exceed their power mean of order k: 


tat sas)" ai+a;t+-:- +a. 
n a n 


The equality holds only if all the numbers are equal. 


282. Prove that the power mean of order a of n positive numbers, for a 
> 0, is not less than the geometric mean, and, for a < 0, is not greater than 
the geometric mean (equality holds only if all n numbers are equal.) 

Remark: The theorems of problems 268 and 270 are particular cases of 
this proposition. 


283.* Theorem of Power Means. Prove that if a < f, then the power 
mean of order a does not exceed the power mean of order /: 


(8: vee tas" oe vee tan)" 
n - n 


The equality holds only if aj =a) =--+:=a,. 


284. (a) The sum of three positive numbers is equal to 6. What is the 
smallest value which the sum of their squares can have? What is the 
smallest value which the sum of their cubes can have? 

(b) The sum of the squares of three positive numbers is equal to 
18. What is the smallest possible value for the sum of the cubes of these 
numbers? What is the smallest possible value for the sum of these numbers? 

The symmetric mean of order k of n positive numbers aj, a, °° °, a, 
(where « is a natural number not exceeding n) is defined to be the Ath root 
of the sum of all possible products of these n numbers taken x at a time: 


© fasae---Qe + Q1@2** -Ge-1des1 + ++ + On—k+10n—k42'* ‘On 
2) i gf See Ce 
" 


It is clear that }')(a) = A(a), >),(a) =I (a). 
285. Prove that 
(Su & (Devitt (De-1h* 


286. Theorem of the Symmetric Mean. Prove that if k > /, then 
D(a) S D(a) | 


The equality holds only if aj =a, =--++=a,. 


287. Given that the sum of all six possible pairwise products of four 
numbers is equal to 24. What is the smallest value possible for the sum of 
the four numbers? What is the greatest possible value for the product of the 
numbers? 


288. Leta+Pt+y=z. 
(a) Find the smallest possible value for 


a B E 
tan + tan-5 + tan -; 


(b) Find the largest possible value for 


[ee eee 
a Di al a 


The Cauchy—Buniakowski Inequality 


The following elementary inequality is readily verified: 


a:b: + aebe S “a? + a2 b? + BP 
or, 


(aib: + a2bz)? S (af + a3)(b} + 3) . (1) 
Expanding both sides and collecting all terms on one side we obtain 


(a,b, _ ayb,) 2 0. 


It follows that inequality (7) becomes an equality if 
ay by = aah), 
that is, if 
a _ as 
bobs. 
Inequality (/) yields a significant generalization which is important in 
inequality theory and has useful applications in mathematics and physics.‘ 
289. The Cauchy—Buniakowski Inequality. Prove that for any 2n real 


numbers aj, d>,° °°, a, and bj, b>, -- -, b, the following inequality holds: 


(a,b, + Gaby + +++ + Guba)® S (ai + a3 + -++ + aa OE + OE + +++ + BF) 


The equality holds only if 


a 


Gi, & 
b, ob, 


ieee 
= am 


290. Use the Cauchy—Buniakowski inequality to derive the results of 
problem 272. 


291. Use the Cauchy—Buniakowski inequality to obtain the theorem of 
problem 281 (a). 


292. Prove that ifa+/+y=T/, then 


a 8 r 
tan* — + tan* — + tan*’— 21 
2 2 2 . 
293. Prove for any positive numbers xX), X37, °° °,Xy3.V1,Vo0 °° Va! 


V (Ki + 1) + Ha + I2)® + oes + Kn + Yn)® 
SVaeitate tat Vyltyit ee toh, 


294. Let Q be the sum of all the possible pairwise products of the n 


positive numbers a), a>, °° *, a,, and let P be the sum of their squars. Prove 
that 
n—1 
eT 
295. Prove that, given 2n positive numbers p), Po, °° *, Pps X15 X25. °° *s Xpo 


the following inequality holds: 
(Pits: + PX, + +++ + PuXn)* 
S (Pit fot +++ + Pa Piri + pers + ++ + Pata) 


296. Verify that for any three arbitrary numbers x), x2, x; the following 


inequality holds: 
2 
(+ + an + 5%) < +i + +3 + ax | 


297. Prove that if x), X5,° °°, %,3.¥1,¥o.°°', ¥, are positive numbers, then 


VEN + VI th + V Ean 
me VS Hike Pt kg VIER OM 


298. LetaiGs* ?* Di a oD Ci O&O i * #1, DE 
four sequences of positive numbers. Prove the inequality 
(ayb,e1d, + Gyb2C2dz + +++ + AnOnCndn)' 
S (aj + a} + as + +++ + anybf + BE + O§ + +++ + dn) 
X (Ch + ep test s+ +endi + dp+dy+-+++ +dh) | 


299.* The Cauchy—Buniakowski inequality (problem 289) verifies that 
the relationship 


(ai + a3 + +++ + ay) + bs + +++ + 5) 
(a,b, + Axb, + +++ + Gnbn)* : 
where a), a>, °°, a,; 5), b>, ° «+, b,, are two sequences of positive numbers, 


is greater than or equal to 1 (and is equal to 1 only if = = = = = ds 
‘ 2 a 


Prove that this value is always included between | and the quantity 


1+ (¥ M,M./m,m; 5 V m.m./M,M, y 


- (VM + Vino) 


where M, and m, are, respectively, the greatest and the least of the numbers 


a}, 4,°°*, a,, and M, and my are, respectively, the greatest and least of the 
numbers b,, b5,- - :, b,. In which case does the value exactly equal the 
following? 


1 + (VM mm — Vina, 


Some Additional Inequalities 


300. Chebycheff'’s Inequality. Let a, ao, +--+, a,, and bj, b>, -- +, b, be 
two nonincreasing sequences of numbers. The following inequality holds: 


a, + a2 + cas + ay P b, + bg + --- + b, < a:b; + aebp + + +> + a,b, 


n n n 

the equality holding only if a, =a, =--::=a, and b, =b,=:::=5,. 
Remark: It is possible to show that if a;, a>, °° *, a, 1S a nonincreasing 

sequence of numbers, and if bj, b>, - - -, b, is nondecreasing, then 


Qitaz+---+a@n bi +b2+--- + bp . ibs + debs +--+ + Gnbn 


n n n 
The proof of this proposition is left to the reader. 


301. Let p and g be positive rational numbers for which 
a 
oe 


Prove that for any positive numbers x and y the following inequality holds: 
xy Ss a os 1 
p q 


Remark: For p = q = 2 we obtain the Elementary Theorem of the 
Arithmetic and Geometric Means. 


302. Let a and f be positive rational numbers, where a + f# = 1. Prove 
that for any positive numbers a), a5,° °°, a,; 6b), bo, ° + +, 6, the following 


inequality holds: 
ash? + azbf + --- + azbh S (ai + G2 + +++ + anh, + br + +++ + bP 


Remark: If a = £ = 4, it is readily seen that we obtain the inequality of 
problem 297, which is equivalent to the Cauchy—Buniakowski inequality. 


303. H6élder'’s Inequality. Let p and q be positive rational numbers such 
that 


v|- 
+ 
2|- 
i] 
— 


Prove that for any positive numbers x), x5, °° *, X,3 Vj, Yo °° *s Vy the 
following inequality holds: 

XiVs + X2V2 + +++ + Tan 

S (xf + xd + o> + xe MM yi + VE + ++ + yhlie 

Remark: If p = q = 2, this inequality becomes that of 
Cauchy—Buniakowski (problem 289), which, in turn, is a special case of 
Holder’s inequality. 

304. Let a), a5,°° +, 4,3 by, bo, °°, O33 4, b+, |, be k sequences 
of positive numbers, and a, f,-- :, A be k positive number such that 


Gt press ,=1. 
Prove that 


Cops + It + azbp+ Bf + +++ + asbae ely 
S (a, + a: + Sans + a,)%(b, + db, + ha + bP e+ tle t+ 22 +1,) : 


305. Let a), a, - * *, a, be n positive numbers, and let g be their 
geometric mean (g = %/@,a,---a, )- Prove that 


(1 + a:X1 + a:)---(l+a,.)2 (1+ 9)" | 


306. Prove that if a), a5,° °°, a); by, bo,° °°, by 3b Gare k 
sequences of positive numbers, then, the following holds: 


W/aiay"+ Gn + WO --b, +--+ + VOD 
S$ Va@+h4+-:-+hXa. +b 





307. Let x, y, and z be positive numbers for which 


x+ytz=l. 


Qtr Dre dew 


Prove that 


308. Minkowski’s Inequality. Let ay, a, ° + +, ay); b), bo, °°, by 3 A, 
l,,:**, |, be k sequences of positive numbers. Prove that 


Vaitart---+an+Vbit+bi+--- +h 


tert Vhe hee th 





Remark: The inequality of problem 308 [a generalization of the result of 
problem 186 (a)J can also be written in the form 


So(a) + So(b) + °° + SAD B Sp (at bt+--- +, 


where S> is the quadratic mean of n numbers (see p. 67). 

A more general formulation of Minkowski’s inequality is as follows. If 
a}, 4, °° *, ays by, bo, > + +, 65), b, > + +, 1, are k sequences of positive 
numbers, then 
=Ssat+b+--- +l) ifad1; 


Sx(a) + Sib) + +--+ + sun 
SSat+b+---+l) ifa<l. 
In particular, the inequality of problem 306, which may be written 


ra)+Fb)+--- + FO sTa+b+--- +1) 
or 


So(a) + So(b) + «++ + Soll) S Sola +b+--- +1) 


is a special case of Minkowski’s inequality for a = 0 


+ The last book was originally written in English. It is published by Cambridge 
University Press, revised edition, [Editor]. 


Y That iS, 


® 4 @® coe GON 6 eee 
him (S17 2 7s | = Vaid2-* dn 


a0 n 


See V. E. Levine, “Elementary proof of one theorem of the theory of means,” Math. 
Educa., Issue 3, pp. 177-181. Moscow, 1958. 


This inequality is sometimes referred to, in other texts, as the Cauchy—Schwarz 
inequality [Editor]. 
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DIFFERENCE SEQUENCES AND 
SUMS 


Consider the sequence of numbers 
Uo; Uy, Uy, oe "5 Uns oe e 


The first difference sequence of this sequence is the set of numbers 
(i) 


uy = Ui — Uo; 
u; = us — uw; 
us” = us — uz; 
3 | ee 

u, = Un+i— Un 


The second difference sequence is the difference sequence of the 
previous sequence: 


Analogously, the sequence of differences of kth order, 
ul”, uf, us, ---, uM, is the sequence obtained by working on the (k — 1)st 
sequence of differences, y{*-», ult, u{*-», -- +. For example, if the initial 
sequence of numbers is the arithmetic progression 1, 5, 9, 13, 17, -- -, then 
the first row of differences consists of the numbers 4, 4, 4, 4, -- -, and the 
differences of second order form a sequence of zeros: 0, 0, 0, 0, - - -. If the 
initial sequence is the set of squares of integers, 1, 4, 9, 16, 25, 36, 49, ---, 
then the differences of first order form the sequence of odd numbers: 3, 5, 
7,9, 11, 13, --- the differences of second order form the sequence 2, 2, 2, 2, 
- ++, and the third sequence (differences of third order) consists of zeros. [In 
the examples investigated we quickly arrived at a sequence of zeros, and 
this is related to the general proposition of 309 (b). | 

The sequences of differences of a finite sequence of numbers can be 
conveniently written in triangular array: 


| 


(n) 
Uy 


Here it is apparent that each number is the difference of the two adjacent 
numbers of the row above. For an infinite sequence of numbers the 
triangular (infinite) array has the form 

Uo uy Ue vee Un 


ee ee ee 


ee 


In a fashion analogous to finding the successive sequences of differences 
of a set of numbers we can also define sequences of sums. The sequence of 


sums of first order of the set of numbers uo, u1, Uo, °° *, Uy," °°, Which we 
shall designate by writing #{", @{", a", ---, @,-- -, 1s defined by 


iy) = Uo + th; 


ui) = us + us ; 


II 
= 
" 
: 


The sequence of sums of kth order of the numbers up, uy, °° *, U,, °° *, 18 


obtained from the (A — l)st row of such sums. We shall designate the sums 
of kth order by a), aj", ---, a, °° 

For example, if the initial set is the sequence of ones, 1, 1, 1, 1,---, then 
the sequence of sums of first order consists of two’s: 2, 2, 2, 2, -- -; the 
sequence of sums of second order is 4, 4, 4, 4, - - -; the third sequence is 8, 
8, 8, 8, -- -; and so on. If the initial set is the sequence of natural numbers, 


1, 2, 3, 4, 5, -- +, then each sequence of sums will form an arithmetic 
progression: 
3, 5, 7, 9, +b 13, eee 
8, 12, 16, 20, 24, ess 
20, 28, 36, 44, trey 
and so on. 


Sequences of successive sums of a finite set uo, uy, °°, u, can be 
conveniently displayed in triangular array: 


uo U1 Ue eee Un-1 Un 
-(1) - (1) ~(1) ~(1) 
uo uy Uo bel Ka—1 
~ (2) ~ (2) ~(2) 
rT) uy  hegdee 
ai*-)) gi*—-) 
~(n) 
sad 


Here, each number is the sum of the two adjacent numbers in the row above. If we consider 
an infinite sequence of numbers uo, uy, v2, °° *, Uy, then the triangular array continues 


indefinitely. 
We now consider a related concept, Pascal’ Triangle (or the Arithmetic 
Triangle): 


l 
1 1 
1 2 1 
1 3 3 1 
1 4 6 4 1 


Here, the rows are bordered on each end by ones, and the interior integers are obtained as 
the sum of the two adjacent numbers of the previous row. 


For convenience we shall start the row enumeration of the Pascal triangle 
with the number zero; that is, the number one at the apex of the triangle will 
be thought of as the Oth row; the sequence 1, 1 constitutes the first row, and 
so on. We shall designate the (k + l)st element of the nth row as cs (that is, 
in each row, too, we shall start counting from zero). Using this terminology, 
we have the following format for Pascal’s triangle: 


Ce 


A number of properties of the members in the Pascal triangle have been developed in the 
book by B. B. Dynkin and V. A. Uspensky, Mathematical Conversations, Issue 6, Section 
2, Chapter III, Library of the Mathematical Society. The material contained in the problems 
of this section are closely related to the material in the interesting popular book by A. E. 
Markuskevich, Reflexive Series, Government Technical Publishing House, Moscow, 1950. 


The sequence of numbers obtained by successively substituting, for x in a 
polynomial P(x) = apx* + a,x"! + +--+ a,x + a, the sequence of integers 
1,2, 3, ---, n [that is, the sequence P(l), P(2), - - -, P(n)]| will be called the 
kth order sequence of P(x). A special case of a kth order sequence is the 
sequence 1*, 2% 34 4 .-- nt +--+ [that is, P(x) = x*]. 


309. Let uo, uy}, Uy, ° + *, u, be a sequence of kth order; that is, let u, = 
(a) Prove ne us’ forms a sequence of (k — 1)st order. 


(b) Prove that the (k + l)st difference sequence of this sequence 
consists only of zeros. 


310. Prove that if u,, = agn* + ayn! +---+ a*, then all the numbers of 
the Ath row of the difference sequences ug, U1, U2, °° *, Up, °° *, are equal to 
Aok!. 

311. Prove that: 

(a) 
as* = Chun + Chun, + Citense + +++ + Cittnse; 
(b) 
Prog = =(— 1)'Cittn + (—1)*- \Ciln+1 


5 (—1)*-*Chunss + see + Citas. 


312. Prove that 


Ct = Banna ee A (k > 0) 
where k! = 1:2:3---k. 
313. Prove that 
= Cito + Crus’ + Crus” + «++ + Crug” 


314. Assume that the (k + l)st row of successive differences [differences 
of (A + l)st order] of some seqnence consists of zeros, but that the Ath row 
consists of nonzero numbers. Prove that this sequence is a sequence of 
order k. 

Remark: The theorem represented by this problem is the converse of the 
theorem of problem 309 (b). There we were to prove that the (& + l)st row 
of the differences of a kth order sequence consists of zeros. Here we are to 


prove that if the (A + l)st differences of some sequence consists of zeros, 
then the sequence is of Ath. order. 


315. Find the formula giving the sum of the series 


144244 344---4+774. 


316. (a) Prove that the sum 1* + 2* + 3+---+n* is a polynomial in n 
of degree A+ 1. 


(b) Calculate the coefficients of n**! and of n* of this polynomial. 


317. We say that a sequence of integers is divisible by a number d if 
every number of this sequence is divisible by d. [For example, the sequence 
of numbers n!3 — n is divisible by 13; the sequence of numbers 3°” — 2°” is 


divisible by 35; the sequence of numbers n° — 5n? + 4n is divisible by 120. 
See problems 27 (d), 28 (a), (b)]. 


Let uw, be a Ath order sequence, wu, = ayn“ + a, n*! +--+ + a,, where the 
n q n 0 1 k 


coefficients dg, a1, a7," °°, aé are relatively prime integers. Prove that if the 
sequence u, 1s divisible by an integer d, then d is a divisor of f!. 


318. Calculate (C2)* + (Ch)* + (C2)? + --- + (CRY. 


319. Using the result of problem 313, prove Newton’s binomial formula: 


(a + bY = at + kath + MARD gesye y 0. 4 MAH D---21 


2! k! ; 


320. Consider the sequence 1, A 


7 = ree, =. Construct the 


successive-difference triangle: 


| es 
i 
gt ye 
2 2 
Be 
3 6 3 
i 
4 12 12 4 


Disregard the minus signs of this triangle, and divide through every row by 


the number at the end of that row to obtain 


to| = 


| 


Finally, substitute for each number its reciprocal (that is, replace a/b by 
b/a). 
Prove that this end result gives Pascal’s triangle. 


SOLUTIONS 


1. Consider the total number of handshakes which have been completed 
at any moment. This must be an even number, since every handshake is 
participated in by two people, thus the total number is increased by two. 
The number of handshakes, however, is also the sum of the handshakes 
made by each individual person. Since this sum is an even number, the 
count of the people who have shaken hands an odd number of times must 
be even (otherwise, odd times odd would given an odd contribution to the 
total). 


2. In order to traverse the chessboard, stopping precisely once on each 
square, the knight must move 63 times. At each move the knight goes from 
a square of one color to a square of another color. Thus, in an even number 
of moves the knight is again on a square of the same color as that of the 
square he started from, and in an odd number of moves he is on a square of 
the other color. Therefore, the knight can not arrive at the opposite end of 
the diagonal of the chessboard in 63 moves: the initial and final squares are 
the same color. 


3. (a) Let us denote the minimum number of transfers necessary to 
construct a pyramid consisting of n rings on the second peg (under the 
conditions given by the problem) by k(n). Clearly, k(1) = 1. Further, if n = 2, 
then to transfer the second ring to the second peg, we must first transfer the 
first ring from the second peg to the auxilliary peg; then we place the 
second ring on the second peg and transfer the first (smallest) ring to the 
second peg. Thus, A(2) = 3. If = 3, then to transfer the lowest (largest) ring 
to the second peg, in the necessary arrangement, we must first move the two 
rings already on the second peg to the auxilliary peg. This requires k(2) 


moves, and k(2) moves will be required again to replace the rings on the 
second peg after the largest ring is moved from the first peg to the second 
peg. Thus, 


k(3) = 2k(2) +1 =7. 


In an analogous way find 
k(4) = 2k(3) + 1 = 15; 
k(5) = 2k(4) + 1 =31. 


In general, 
k(n) = 2k(n—1) +1. 


Noting that, for example, (3) = 23 — 1, k(4) = 24 — 1, and so on, we assume 
as an induction hypothesis that k(n — 1) = 2”~!— 1. Then 


k(n) = 2k(n— 1) + 1=2(22"7 1-1) +1=2"-1. 


Thus, by the principle of finite mathematical induction, it follows that k(n) 
= 2” — | for all n. 

(b) Designated by K(n) the least number of moves necessary to remove n 
rings from the rod. From the beginning position it is possible to remove 
either the first ring [see Figure 5(a)] or the second [Figure 5(b)]; 
consequently, K(1) = 1 and K(2) = 2 (for two rings, we first remove the 
second ring, then the first). 

In order to remove the ith ring it is necessary to remove the i — 2 
preceding rings; otherwise the ith ring cannot be moved to the end of the 
rod. On the other hand, if the (7 — 1)st ring is already removed, then the ith 
ring cannot be removed [see Figure 6(a)] (it is evident that if three rings are 
removed, then the fourth cannot be removed). But if the (i — I)st ring is 
removed, then the (7 + 1)st ring can easily be removed [see Figure 6(b) and 
(c)]. 

Now it is not difficult to answer the question posed by the problem. In 
order to remove the last of the n rings it is first necessary to remove the first 
n— 2 rings. This can be done in K(n — 2) moves, after this the final ring can 
be taken off in one more move. It then remains to remove the (n — 1)st ring. 
We will designate by k(n) the number of moves necessary to remove only 


the nth ring, under the condition that all the preceding rings have already 
been taken off. We obtain 





Figure 5 


K(n) = K(n—2)+1+k(n—-1). 


We shall now find an expression for the number k(7). Clearly, in order to 
remove the nth ring from the rod we must put the (” — 1) st ring back on the 
rod. This can be done in k(n — 1) moves [the same number of moves which 
were necessary to remove the (n — 1) st ring from the rod, the moves now 
being done in reverse order]. The mth ring is now easily removed from the 
rod, requiring only one additional move. Finally, the (7 — l)st ring must be 
taken off the rod, for which k(n — 1) more moves are needed. Thus, we 
obtain 


k(n) = 2k(n— 1) +1, 





from which we easily derive 


k(n) =2"-1 


[see the solution to problem (a)]. 
Now the formula which determines K(n) takes the form 


K(n) = K (n— 2) + 277-1, 
But since K(1) = 1 and K(2) = 2, we readily find, for n = 2m(an even 
number) that 
K(n) = K(n — 2) + 2*-' = Kin — 4) + 2""' + 2" 
= K(n — 6) + 2°" + 2*-* + 2° =-::- 
= K(2) + 2*-' + 2*-* + 2"-§ + --- + 2° 


= | ee = 
=2+ ——- =a 2) 


If nm = 2m + 1 (an odd number), 
K(n) = K(n — 2) + 2°-' = Kin — 4) + 2*-! + 2""° 
= K(n — 6) + 2*°*' + 2" *+2**=-::- 


= K(1) + 2°-' — 2*"* + 2° + +--+ +28 
_ grv1— 2? ey. 
=1+ i = 3° 1) 

4. (a) We divide the coins into three groups: two having 27 coins each 
and one having 26 coins. A first weight trial is made by placing a group of 
27 coins on each of the two pans. If the pans do not balance, the counterfeit 
coin is among those in the lighter pan. If the scale is in balance, the 
counterfeit coin is among the 26 un-weighed coins. Therefore, it suffices to 
solve the following problem: To find, by three weight trials, a light 
counterfeit coin among 27 coins (the problem of detecting the counterfeit in 
the group of 26 coins can be reduced to this by simply adding to the set of 
26 coins a genuine coin from the 54 which were weighed). 

For a second weight trial we divide the 27 coins into three groups of nine 
each and place a group of nine coins on each of the two pans. This will 
reveal which group of nine coins contains the counterfeit. The group of nine 
coins containing the counterfeit is then divided into three groups of three 


coins each. A third weight trial will tell which group of three coins contains 
the counterfeit. Finally, a fourth weight trial involving two of the three 
doubtful coins will reveal the counterfeit. 

(b) Let & be a natural number which satisfies the inequalities 3k 2 
n and 3! <n. We shall show that the number k satisfies the conditions of 
the problem. 

First we show that, at most, k weight trials are enough to allow detection 
of the counterfeit coin. We divide the coins into three groups such that in 
each of two equal groups there are 3“! (or fewer) coins and the number of 
coins in the third group does not exceed 3‘! (this is possible for n < 3°). 
The two groups having the same number of coins are placed on the pans of 
the balance; this enables us to determine which group contains the 
counterfeit [see the solution to problem (a)]. If the group containing the 
counterfeit coin contains fewer than 3‘! coins, we add to it enough 
(genuine) coins from the other two groups to give it 3“! coins. This group 
of 3“! coins containing the counterfeit is again divided into three groups, as 
before, and a second weight trial is made, as before. The procedure is 
continued until after, at most, k weight trials we arrive at a group containing 
only one coin-that is, we have located the counterfeit coin. 

It is now necessary to show that é is the minimal number of weight trials 
which will guarantee the detection of the counterfeit coin under all 
circumstances. (Note: We might, under certain circumstances, succeed with 
fewer weight trials. For example, if two coins are chosen at random and 
compared, we might be fortunate enough to have chosen the counterfeit 
coin as one of them. However, this does not give us a procedure by which 
we can be sure, under all possible circumstances, of detecting the 
counterfeit by the required number of weight trials.) 

In each weight trial, as outlined above, the coins are divided into three 
groups, two of which are placed on each of the two pans, and the third 
being the unweighed group. If with an equal number of coins on each pan 
the scale balances, then, of course, the counterfeit is in the third group. If 
the pans are out of balance, we know that the counterfeit is on one of the 
pans, although a prior knowledge as to whether the counterfeit is lighter or 
heavier than the rest is needed to tell us on which of the two pans it lies. 

Let us assume that in an arbitrary sequence of weight trials the result of 
each weighing is /east favorable with respect to enabling us to detect the 


counterfeit coin; that is the counterfeit is always in that group of three 
which contains the largest number of coins. Then upon each weight trial the 
number of coins in the group which contains the counterfeit will not be less 
than 4 the total number of coins (that is, upon division of the coins into 
three groups, one of the groups must contain not fewer than 4 of them). 
Then after & — 1 weight trials the number of coins in the group containing 
the counterfeit will be not less than ed and, since n >3‘!, the counterfeit 
will not be found by 4 — 1 weight trials. 

Remark: It can be shown that the answer to the problem can be expressed 
in the following form: The minimal number of weight trials necessary to 
detect the one counterfeit coin in a collection of n coins is [log; (m — §}) +1, 


where the brackets designate “the largest integer in the number” (see the 
note just prior to problem 101). 


5. One block is placed on each pan (first weight trial). There are two 
possible outcomes: 


On the first weight trial one of the pans is heavier. In this event one of 
the blocks must be aluminum and the other duraluminum. We now place 
both blocks on one pan and weigh them against pairs of remaining blocks 
(those being divided into nine pairs arbitrarily). Any pair of blocks which 
outweighs the first pair must consist of two duraluminum blocks. If the first 
pair is the heavier, then both blocks of the second pair are alminum. If both 
pairs balance, the second pair contains one aluminum and one duraluminum 
block. Thus, for this first event the number of duraluminum blocks can be 
determined by at most ten weight trials. 


On the first weight trial the pans balance. In this event both blocks are 
aluminum or both are duraluminum. As before, we now place both blocks 
on one pan and weigh them against pairs of remaining blocks. Assume that 
the first k pairs of blocks from the nine pairs have the same weight as the 
test blocks, and that the (A + 1)st pair tested have a different weight. (If & = 
9, then all the blocks weigh the same, and so there are no duraluminum 
blocks. The event in which k = 0 falls into the general case.) Suppose, for 
definiteness, that the (k + l)st pair is heavier than the test blocks [the 
reasoning which follows will be quite analogous if the (A + l)st pair is 
lighter]. Then the original two blocks, as well as all those of the first & pairs 


tested, must be aluminum. Therefore, in the 1 + (4+ 1)=A+ 2 weight trials 
already made we have found k + 1 pairs of aluminum blocks. Now we 
compare the two blocks of the (k + 1)st (heavier) pair. [This is the (k + 3)rd 
weight trial.] If both blocks are of the same weight, they must both be 
duraluminum; if they are not of the same weight, one is aluminum and the 
other is duraluminum. In either event we are able, after 4 + 3 weight trials, 
to display a pair of blocks of which one is aluminum and the other 
duraluminum. By using this pair we can determine in, at most, 8 — k weight 
trials how many duraluminum blocks remain among the 20 — 2(k + 2) = 16 
— 2k unweighed ones, using the technique employed in the first event. The 
number of weight trials used in this second event is then equal to k+ 3 + (8 
—k)=11. 


6. (a) Divide the coins into three sets of four coins each. For a first 
weight trial we place a group of four coins on each pan. There are two 
possibilities, which we shall investigate separately: 

(1) The pans balance. 

(2) One pan outweighs the other. 

The pans balance. In this event the counterfeit coin is in the un-weighed 
set, and all eight coins on the scale are genuine. We number the coins of the 
doubtful group 1, 2, 3, 4. We carry out second weight trial by placing coins 
1, 2, and 3 on one pan and placing the other three coins now known to be 
genuine on the other pan. There are two possibilities: 

(A) The pans are in balance. In this event coin 4 is the counterfeit. A 
third weighing, comparing coin 4 with a genuine one, will tell whether it is 
lighter or heavier. 

(B) One pan is heavier. In this event the counterfeit is one of coins 1, 2, 
or 3. If the genuine coins are the heavier, then the counterfeit 1s a light coin, 
and vice-versa. One more weight trial will identify which of coins 1, 2, or 3 
is a light coin, hence counterfeit [see the solution to problem 4(a)]. If the 
pan containing coins 1, 2, and 3 is the heavier, then the counterfeit coin is 
heavier than a genuine one. One weight trial will identify it. 

One pan outweighs the other. In this event all the other coins are genuine. 
Let us designate the coins on the heavier pan by the numbers 1, 2, 3, 4 (if 
one of these coins is false, then it 1s heavier than the others) and the coins 
on the lighter pan by 1’, 2’, 3’, 4’ G@f one of these coins is false, then it is 
lighter than the others). A second weight trial 1s made by placing coins, 1, 


2, and 1’ on one pan and coins 3, 4, and 2’ on the other. Again, there are 
several possibilities: 

(A) The pans balance. In this event the counterfeit coin is either 3’ or 4’ 
(and is lighter than a genuine coin). A third weight trial is made by placing 
coin 3’ on one pan and coin 4’ on the other; the lighter coin will be the 
counterfeit. 


(B) The pan containing coins 1, 2, and 1’ is heavier. In this event coins 
3,4, and l’are genuine; were either coin 3 or coin 4 heavier than the others, 
or were coin 1’ light, then in the second weight trial the pan containing 
coins 3, 4, and 2' would have been heavy, which was not the result for this 
case. Therefore, the counterfeit coin is either coin 1 or coin 2 (and it is a 
heavier coin), or else it is coin 2’ (and it is a lighter coin). A third weight 
trial is made, placing coin | on one pan and coin 2 on the other. If the pans 
balance, then the counterfeit coin is 2’. If the pans fail to balance, then the 
counterfeit coin is on the heavier pan. 


(C) The pan containing coins 3, 4, and 2’ is heavier. Reasoning as 
before, we conclude that coins 1, 2, and 2’ are genuine and that if one of the 
coins 3 or 4 is counterfeit, then it is a heavier coin than the others, and if 
coin 1’ is the counterfeit, then it is lighter. A third weighing is made by 
placing coin 3 on one pan and coin 4 on the other. If the pans balance, then 
the counterfeit is 1’; if, on the other hand, one pan is heavier, then it 
contains the counterfeit coin. 


(b) We shall prove in three stages, (A), (B), (C), that if the number of 


coins is vs, then the counterfeit coin can be detected (and 
3" — 3 


2 
weighings do not necessarily suffice (see the hint to this problem). We shall 
solve first the following related problem, applying relaxed conditions. 


determined to be heavy or light) by 1 weight trials, and if N > , then n 





(A) Suppose we are given N coins, divided into two groups, which we 
shall designate X and Y (we do not exclude the possibility that one of the 
groups contains no coins). We assume that one of the N coins is counterfeit, 
and also that if the counterfeit is in the XY group, then it is lighter than all the 
others, but if it is in group Y then it is heavier than all the others. We must 


show that if N s 3”, then the counterfeit coin can be detected by means of n 


weight trials on a pan balance, and if N >3", then this is not always 
possible. If group Y contains no coins, the problem becomes as follows. 
There is one counterfeit coin among AN coins, and it is lighter than the 
others; to prove: that if N = 3”, then the counterfeit can be found by n 
weight trials on a pan balance, and if N > 3”, then this is not always 
possible; see problem 4(b).] 

The proof will be given by mathematical induction. First we show that if 
N s 3", the counterfeit can always be detected by n weight trials. If n = 1, 
that is if N = 1, 2, or 3, the proposition is quite obvious (except as noted in 
the preceding footnote). For example, if N = 3, then it suffices to compare 
two of the coins from one group. Assume now that it has been shown that if 
N < 3”~!, then the counterfeit coin can be found by n — | weight trials. 
Now let N s 3”. Place on each pan x coins from group X and y coins from 
group Y, where x and y are selected to satisfy the inequalities 


x+y m3”; 


N-2x+y) 8371, 


ee «aed | 
[For NV S$ 3” the inequality N — 2(x + y) S 3”,or r+ y2 ee iS 
compatible with x + ys aoe = 3*-'; that is, it is always possible to 
choose numbers x and y such that 3"! >x+y2 ay. If the pans 


balance, the counterfeit coin is among the N — 2(x + y) coins which were 
not placed on the scale; if one of the pans is heavier, the counterfeit is either 
among the x coins of group X on the lighter pan, or among the y coins of 
group Y on the heavier pan. But according to the induction hypothesis we 
can, in either event, find the counterfeit coin by conducting n — | additional 
weight trials [since both N — 2(x + y) and (x + y) fail to exceed 3”~ !].* This 
proves, by induction, that if NV < 3", then n weight trials suffice for finding 
the counterfeit. 

We now prove that if N > 3”, then the counterfeit cannot, in geneeral, be 
detected by n weight trials. (By “in general” we mean that there simply 
does not exist a sure program which will always locate the false coin in n 
trials. There is always the possibility, for example, that if we select two 
coins at random, one of them might be the counterfeit; but we are not 


concerned with this sort of accidental success.) For this proof we make an 
additional assumption to relax our conditions. We assume that in addition to 
the two sets X and Y of coins, together containing N > 3” coins, we have at 
our disposal a quantity of coins all known to be genuine. We designate this 
last group of coins by Z (how many there are is not important). We shall 
show, by using these auxiliary coins, that the counterfeit cannot, in general, 
be found by 7 weight trials. 

It is easily verified that if m = 1 (that is, if the total number N of coins in 
X and Y exceeds 3), then one weighing will not always suffice to locate the 
counterfeit coin. Assume now that it has been proved that if the number NV 
of coins in groups X and Y exceeds 3” ~ | then it is not, in general, possible 
to detect the counterfeit by n — 1 weight trials. We must show, then, that in 
this event if NV > 3”, the counterfeit cannot always be detected in n weight 
trials. Suppose that in the first weight trial we have placed on the first pan x 
coins from group_X, y coins from group Y, and z coins from auxiliary group 
Z, and that we have put on the other pan x’ coins from group X and y’ coins 
from group Y, so that x + y+z=x'+ y’' (clearly, it would be useless to put 
coins from Z on both pans). Let w be the number of coins of groups _X and Y 
which have been left off the scale (x + x'+ y+ y' + w=WN). Now the scale 
may be in balance, the counterfeit is among those coins not placed on the 
scale. If w exceeds 3” !, then, by our induction hypothesis, n — 1 additional 
weighings will not, in general, suffice to locate the counterfeit there, and we 
will already have used up one weight trial. Thus, on the first weight trial, in 
order to guarantee even the possibility that n trials will suffice, it is 


necessary that w = 3”~!. Hence, on this first trial, 
x pts fy SN 37-1 S37 37-1 = 234 


If the pans do not balance, the imbalance is caused either by a light 
counterfeit in the XY group or by a heavy counterfeit in the Y group. Hence, 
we must deal with either a group of x + y’ coins (if the pan with x + y +z 
coins is lighter) or a group of x’ + y doubtful coins. But according to the 
relation x +y+x'+y!>2-3"~!, the larger of the numbers x + y’ and x’ + y 
exceeds 3”~ '. We must be prepared to deal with this larger number of 
coins, and according to the induction hypothesis n — 1 additional weight 
trials will not always suffice to identify the counterfeit. This induction 
completes the proof of case (A). 


(B) Suppose we are given N coins containing one counterfeit which 
differs in weight from the others, but that we do not know whether the 
counterfeit is lighter or heavier. Assume we have available an extra coin 
which we know to be genuine. We shall show that if 


a= 
Ss —— 
Ns >: 


the counterfeit can always be detected by n weight trials’, the counterfeit 
can be shown to be lighter or heavier than the genuine coins; for n weight 


trials do not, in general, suffice. 


3*—1 
N> 3 


First, let Ns a : 


suffice. Assume that for 





.Ifn = 1 (that is, if N= 1), one weighing will obviously 


ge-! — 1 


s 
=“ 2 


n— | weight trials suffice we shall show that for 


3-1 


Ns 
oh 





n weight trials will suffice. We place on one of the pans x of the N given 
coins together with the extra genuine coin, and we place on the other pan x 
+ 1 coins. There remain N — 2x — | unweighed coins. We choose the 
number x to satisfy the requirement 


2x+1< 37), 


grt — 1 
—. 


It is clear that such an x can always be chosen if Ns (in this case, 


N- vot s 7 _ Sa = 3), If the pans balance, then 


there remain 


N-2x-l1s 


unweighed coins plus a quantity of coins (those on the balance) known to 
be genuine. Therefore, according to case (A) we can find the counterfeit 
coin by making not more than n — | additional weight trials. If the pans do 
not balance, then the x coins on one pan and the x + | coins on the other pan 
form two groups containing a total of 2x + 1 < 3”~! coins, to which we can 
apply the result of problem A just investigated. Therefore, n — 1 further 
weight trials at most, suffice here also. This completes the proof that, under 
the conditions of this case, if 


3-1 — 1 
N= —— 
2 


b 


then n weight trials suffice to identify the counterfeit. 
We now show that if 





then it is not always possible to solve the problem with only n weight trials. 
For n = 1 (that is, for VN > 1) one weighing will not be enough. Once more 
we proceed by induction. Assume that for 


3°11 
No 


it has already been shown that n — 1 weight trials are not enough. We 
investigate the event 





a 

N> 5} ! 

We place on one of the pans x of the N coins and, in addition, z coins known 
to be genuine (here we may assume that we have not just one but many 
genuine coins at our disposal). We place on the other pan x + z coins from 
the given set NV. Let us designate by w the number of coins from N which 
remain off the balance. Inasmuch as the pans may be in balance, the number 


w of coins left off the balance must not exceed = = . if the number does 





exceed this value, then, according to the induction hypothesis, 1 weight 
trials will not suffice to locate the counterfeit. But in this event 2x + z > 3”~ 


1 3* — 1 
or, N> 
( 2 





). If the balance is not in equilibrium, we can apply to 


the coins belonging to groups X and Y, which are made up of the doubtful 
coins and which lie on one or the other of the pans, the results of case (A). 
It follows from the inequality 2x + z > 3” ~ ! that for the unbalanced 
condition of the scale, 1 weight trials do not suffice. 


(C) Having obtained the foregoing preliminary results, we now return to 
the original problem. We shall prove that given N coins, where 


3" 3 
9<N< 23 
Se 


b] 


one of which is counterfeit (but it is not known whether it is lighter or 
heavier than the others), the counterfeit can be detected by n weight trials 
and simultaneously shown to be either light or heavy." 

If we place x coins on each pan, there remain N — 2 x coins not on the 
scale. The number x is selected such that 


2x 31. 


si 
N-2x< lis ‘ 
2 
If the pans balance, then the false coin is among the unweighed ones, of 
which there are 
s-i 
N—-2:3 elie 3 
2 
Moreover, we now have on hand 2x coins known to be genuine, and in view 
of the result obtained in case (B) we are able to find the counterfeit by n — 1 
additional weight trials. If one of the pans outweighs the other, then we can 
apply the result of case A to the coins on the scale, since the total number of 
coins on the two pans is 2x < 3”~!, and n — 1 additional weight trials suffice 
to locate the counterfeit. 
We shall now prove that if 





then n weight trials will not, in general, suffice. For the first weight trial we 
place x coins on each pan, leaving w coins off the scale. If the pans balance, 
then in view of case (B), n — 1 further weight trials will suffice to locate the 
counterfeit and to determine whether it is light or heavy only if w does not 


a-i a * 
exceed 3 " L But in this event 


38-3 Bet 1 2.312 
2 2 2 





24> 


Since 2x is an even number, 2x > 3”~!, and in view of the results of case 
(A), we cannot determine the counterfeit coin with n weight trials if one of 
the pans 1s heavier. 

Thus, we have proved the generalized version of the given problem. Now 
we need note merely that 

37 — 3 3s —3 


—3 = 1082 > 100 > 38 = ——— 


in order to obtain the answer to our specific problem; that is, k = 7. 


7. (a) Ifthe third link is disengaged from the chain, then there are three 
pieces: the single link, a two-link piece, and a four-link piece. On the first 
day the traveler gives the single link to the innkeeper. On the second day he 
gives the innkeeper the two-link piece, receiving the single link back in 
change. On the third day the traveler pays the single link; on the fourth day 
he presents the four link piece, receiving as change the single link and the 
two-link piece. On the fifth day he gives the single link, and on the sixth 
day the single link is returned to him as change for the two link piece. 
Finally, the single link pays for the seventh day’s lodging. Hence, only one 
link need be disengaged from the chain. 

(b) It will be convenient to consider first the following problem. If « 
links are disengaged from an n-link chain, where k is a fixed number, how 
large can n be such that any number of links from | to 7 can be obtained by 
taking one or more of the severed pieces of the chain? To solve this 
problem, we first investigate which links would be most advantageous to 
remove. After removing & single links we can gather from these any number 
of links from 1 to &. But if we want k + 1 links, we must consider the 
remaining pieces of chain and in particular those pieces having & + 1 or 
fewer links. 


Clearly, the most convenient arrangement would be to have a piece of 
chain with exactly 4 + 1 links. Then we could gather any number of links 
from | to 2k + 1. In order to collect 2k + 2 = 2(k + 1) links, we need another 
piece containing 2(4 + 1), or fewer, links. The most convenient situation 
would be to have a piece with exactly 2(k + 1) links; we could then gather 
any number of links from 1 to (24+ 1) +2 (k+ 1) = 4k + 3. The next step 
would be to have available a piece of chain with 44 + 4 = 4(k + 1) links. 
Continuing this reasoning, the most advantageous method of removing 
links from the chain would be to have pieces of the following lengths 
(setting aside the individual severed links): 


k+1,2(k+ 1), 4(k+ 1), 8(k+ 1), - ++, 2k +1). 
Thus, any number of links from 1 to 
n=k+[(kR+1)+ 2k+1)+ 4R+1) +--+: + 2%R+ D] 
=k+(2*'—(kR+1)=2*"kR+1)-1 
can be built up by taking pieces of the chain. 
Thus, if 2k < n< 2**!(k+ 1) -1, then it is possible to make & breaks in 


the chain, but removal of k — 1 links will not suffice to solve the problem. 
In particular, if 


2sas 7, then &=1: 160<n < 383, then k=5; 
8ans 23, then k& = 2; 384<= nz 895, then &=6; 
24sns 63, then k= 3; 896 = n Ss 2047, then k =7. 


64 <= m < 159, then & = 4; 


Therefore, if m = 2000, the least number of links which can be disengaged 
is 7. The conditions of the problem will be satisfied if we select those links 
such that the 8 pieces of chain we obtain (excluding the 7 individual 
severed links) have, respectively, 8, 16, 32, 64, 128, 256, 512, and 977 
links. 


8. Let A be the first of the selected students (that is, the tallest of the 
short), and let B be the second of the selected students (the shortest of the 
tall). If A and B stand in the same row, then B is taller than A, since B is the 


tallest student in that row. If A and B stand in the same column, then again 
B is taller than A, since A is the shortest student in that column. Finally, if A 
and B do not stand in either the same column or the same row, let C be that 
student standing in the same column as does A and in the same row as does 
B. Then B 1s taller than C (since B is the tallest in that row), and C is taller 
than A (since A is the shortest in that column). Hence, again B is taller than 
A; and so in every possible case B 1s taller than A. 


9. First, it follows from the conditions of the problem that each gear 
weighs either an even number of grams or an odd number of grams. The 
reasoning is as follows. Since any set of twelve gears can be divided into 
two groups of equal weight, a set of twelve gears will weigh an even 
number of grams. This total weight remains an even number if one of the 
twelve gears is exchanged with the thirteenth gear. But this is possible only 
if the exchanged gear and the thirteenth gear are both of even weight or 
both of odd weight, and this holds for any of the twelve gears initially 
weighed. Hence, all the gears are of even, or all are of odd, weight. 

Subtract now from the weight of each gear the weight of the lightest gear 
(possibly two or more gears have the same minimum weight; this is 
unimportant). This may be thought of as producing a “new” set of gears, 
and this new set clearly again satisfies the conditions of the problem. (One 
of the gears, and possibly more, must now be thought of as having “zero 
weight’.) It is easily seen that each gear of the new set has even weight 
(counting 0 as an even number), since if all the gears were of odd weight 
initially, then an odd number was subtracted from each individual weight; if 
they were all of even weight initially, then an even number was subtracted 
from each individual weight. 

If now we divide each weight by 2 and think of this as providing a “new” 
set of weights, this new set again satisfies the conditions of the problem. 

Assume now that not all the gears are of the same weight. In this case, 
not all the weights of the second set (obtained by subtracting the weights of 
the lightest gear from each of the original weights) will be zero. If we 
continue to divide by 2, thus obtaining “new” sets satisfying the conditions 
of the problem, we finally arrive at a set of gears of which some are of even 
weight (at least one is of zero weight) and some are of odd weight 
(continued division of an even natural number by 2 finally produces an odd 
number). But such a set satisfying the conditions of the problem has been 


shown to be impossible. This contradiction proves the assertion of the 
problem. 

Remark: The conditions of the problem require that all the gears be of 
integral weight, but the result can be extended to weights which are rational 
numbers. If we multiply each of the weights by the least common multiple 
of all the denominators, we obtain a “new” set of weights, all integers, and 
all of which still satisfy the conditions of the problem, and we go on from 
there. Moreover, if we allow the weights to be irrational numbers, the 
extension can again be made, since irrational numbers can be approximated 
by rational numbers to as close a tolerance as desired. (The reader is invited 
to carry out such a proof, although a rigorous demonstration is by no means 
a simple task.) 


10. Beginning with the third row of the number triangle we write the 
first four numbers of each row, but putting in place of an even number the 
letter e, and in place of an odd number the letter 0: 


686 
0 


S 
oxo ae 8S 8 
® & ®& 


S 
ses |S 8 & 


Note that the fifth row of the array coincides with the first row. But the 
evenness or oddness of the first four numbers of every row of the number 
triangle depends only upon the evenness or oddness of the first four 
numbers of the preceding row. Hence, in the above array any row will 
periodically duplicate itself in the fourth row following. Since an even 
number occurs in each of the first four rows shown above, an even number 
must occur in every subsequent row. 


11. The plan is to number the squares consecutively from 1 to 12, 
starting, say, from the red chip, and continuing on through the chips and 
around the circle, and then to rearrange the squares by putting them in an 
order in which it is possible to move a chip from one square to the next. 


That is, after square 1 we place square 6 (since by the conditions of the 
problem it is possible for a chip to move from square | to square 6, and 
vice-versa), then after square 6 we place square 11 (since a chip may move 
from square 6 to 11), and after square 11 we place square 4, and so on. 
After this rearrangement we have the following order of squares: 


R B Y 


1 -—+ 6+—- 11 + 4+ 9 -——+-2 


| | 


G 


The chips (red, yellow, green, blue, designated R, Y, G, B) are shown 
adjacent to their original positions: R on square 1, Y on 2, G on 3, and B on 
4. The rule by which the chips may now move is simple: A chip may move 
one square in either direction, provided that square is unoccupied. Clearly, 
the only way in which a chip can change places with another is for it to 
move around the rectangle in either direction, but now a chip can neither 
jump over nor occupy the position of another chip. Thus, if chip R moves to 
occupy square 4, then B must occupy square 2, Y must occupy square 3, 
and G must move to square |. If R occupies square 2 then B must occupy 
square 3, Y must move to square 1, and G will occupy square 4. If R 
occupies square 3, then B occupies square 1, Y moves to 4 and G moves to 
square 2. Other than these three rearrangements, no arrangement differing 
from the initial one is possilbe. 


12. First solution. Let n be the number of coconuts each man received 
when the pile of coconuts was divided the next morning. Then 5n + 1 
coconuts were in the final pile. The last man to have raided the pile the 
night before must have taken ot nuts, since prior to that there must have 
been 5- on+1 25n — 9 

4 7 
(penultimate) man to have raided the pile took + 
5. 25n +9 125” + 61 


+1= 
to that the pile contained 4 4 16 coconuts. The 





+1l= coconuts in the pile. The next-to-last 


, Bnt+9 nuts, and prior 


1 125n +61 


man who raided prior to that took ry nuts from a pile of 


4 
55 nth 1 = een + Re. the man before him _ took 
‘ coe duisHrom’ 3 pile-oc Rae + 369 1 1 - Es 2101. 
finally, the first man to have arisen the night before took 


- . eo nuts from the original pile, which contained 
™ 1 3125n + 2101 _ 15625” + 11529 
i i rs 
265” + 265 
= lin + 11+ 1024 


coconuts. Since NV must be an integer, 265(n + 1) must be divisible by 1024. 
The least integral value of n which will make 265(n + 1) divisible by 1024 
is 1023(since 265 and 1024 are relatively prime). Thus, 


N= 15-1023 + 11 + 265 = 15621. 


Second solution. The problem can be solved more readily and with much 
less calculation if we consider the conditions imposed on the total number 
of coconuts. The first condition asserts that the first division of the total 
number of nuts by 5 yields a remainder of 1, that is, for some number /, N = 
5/ + 1. The numbers WN satisfying this condition appear in the sequence of 
natural numbers at intervals five integers apart, and if we know one of the 
numbers, we can find as many more as we wish by adding or subtracting 
multiples of 5. The second condition asserts that k = (4/5) (N — 1) = 4/ (k is 
the number of nuts remaining for the second man’s raid) gives a remainder 
of 1 when divided by 5; that is, k = 5/, + 1, for the suitable /,;. This is 


equivalent to the requirement that / yield a remainder of 4 when divided by 
5, or that N= 5/+ 1 yield a remainder of 21 when divided by 25. Numbers 
satisfying this condition are found in the natural number sequence at 
intervals of 25, and if we know one such number, we can obtain the others 
by adding or subtracting mutliples of 25. The third condition asserts that k, 
= (4/5)(k — 1) = 41, yields a remainder of 1 upon division by 5; this 
condition determines the remainder yielded upon division of /, by 5, or the 


remainders obtained by dividing k and / by 25, or the remainder obtained by 
dividing N by 125. All the conditions together determine the remainder 
obtained by dividing N by 5° = 15, 625. These numbers appear at intervals 
of 15, 625 in the sequence of natural numbers.’ 

We can now calculate the remainder which N yields upon division by 5°, 
but this is not necessary. One number satisfying all the imposed conditions 
is —4, which upon division by 5 yields a quotient of —1 and a remainder of + 
1. If we subtract the number 1 from — 4 and divide the difference by 4/5, 
then divide the result by 5, we again obtain a remainder of 4 - 1. 
Accordingly, upon all further divisions by 5 we will obtain the same 
remainder of + 1. The number — 4 cannot, of course, be the answer to the 
problem, since N has to be a positive integer. But since we do know one 
number which satisfies the conditions of the problem, we can find as many 
others as we wish by adding multiples of 5°. The least positive number 
which we can add to satisfy the given conditions is 5° itself; we obtain — 4 
+ 5° = 15625 — 4= 15, 621. 


13. Let n be the number of sheep in the herd. Then the brothers received 
n rubles for each sheep, and so they received a total of N=n-n =n? rubles. 
Let d represent the digit in the tens place of the number n, and let e be the 
digit in the units place; then n = 10d + e, and 


N= (10d + e)* = 100d? + 20de + e?. 


It follows, from the manner in which the money was divided, and since 
the older brother had one more selection from the money than did his 
brother, that there must have been an odd number of tens in N, plus a 
remaining number less than 10. But 100d? + 20de = 20d(5d + e) is divisible 
by 20 and so contains an even number of tens. Consequently, the number e” 
must contain an odd number of tens. Since e < 10 (being the remainder 
obtained by dividing 1 by 10), the only possible values for e are 1, 4, 9, 16, 
25, 36, 49, 64, or 81. 

Of these numbers, only 16 and 36 contain an odd number of tens, so the 
possibilities for e” are limited to 16 or 36. Both of these numbers end with 
the digit 6, which means that the remainder the younger brother received in 
place of 10 rubles was 6 rubles. Thus, the older brother received 4 rubles 


more than did the younger. To make the division even, the older brother 
would have to give the younger brother 2 rubles. Therefore, the penknife 
was worth 2 rubles. 


14. (a) Our calendar is constructed on the following scheme. Every year 
has 365 days except for leap-years (those years whose identifying number is 
divisible by 4—for example, 1960). The leap-years have 366 days (the extra 
day being February 29). However, there is an exception to this rule: any 
year whose identifying number is divisible by 100 but not by 400 has only 
365 days instead of 366; that is, those are not leap years. For example, the 
years 1800 and 1900 were not leap years; also, 2100 will not be a leap year. 
However, 2000 (being divisible by 400) will be a leap year. The problem 
asks on which of the two days, Saturday or Sunday, New Years Day more 
frequently falls. 

We shall show that any 400-year period of time presents a periodic 
pattern, in the sense that the next 400-year period will exactly duplicate the 
calendars of the previous 400-year period (for example, this month’s 
calender is exactly the same as that of exactly 400 years ago). This interval 
of 400 years contains an integral number of weeks. Leap years have 52 
weeks and 2 days, and other years have 52 weeks and 1 day. In the course 
of four years, of which one is a leap year, there are 4:52 weeks plus 5 days. 
In the course of 400 years there would be an additional 500 days, but 
because three of these years are divisible by 100 but not by 400 (and so are 
not leap years) the 400 years will have only 497 days in addition to 400-52 
weeks; that is, there are an additional 71 weeks. Therefore, the problem can 
be limited to any 400-year period. 

Let us investigate the 400-year period from 1901 to 2301. Every fourth 
year is a leap year (since there is no exception for leap years in this 
interval). In span of 28 years there will be one “extra” week, owing to leap 
years; in addition, there will be an additional 28 days, or 4 weeks, over an 
exact number of weeks. Thus, a 28-year interval yields an integral number 
of weeks: 28-52 + 5 weeks. 

We select a particular New Year’s Day: January 1, 1952, which fell on a 
Tuesday. Since 1952 was a leap year, and a leap year has 2 days over 52 
weeks, January 1, 1953, fell on a Thursday, but january 1, 1954, fell on a 
Friday (1953 not being a leap year), January 1, 1955, fell on a Saturday, and 
so on. January 1, 1951, fell on a Monday, January, 1, 1950, fell on a 


Sunday, and so on. In the 28-year period 1929-1956, inclusive, January 1 
fell exactly four times on each day of the week. This distribution was 
exactly the same for the 28-year period 1901-1928, inclusive. We recall 
that a 28-year period in which every fourth year is a leap year contains an 
integral number of weeks, and, consequently, we repeat the same 
distribution of New Year’s Days over the days of the week as obtained for 
the previous 28-year period. The interval 1901—2096 (inclusive) contains 
196 years, a number divisible by 28 (the year 2000 not providing any 
exception for leap year). In this interval, New Year’s Day will have fallen 
exactly the same number of times on each day of the week. 

Further, January 1, 2097, will fall on the same day of the week as did 
january 1, 1901, January 1, 1929, and so on-it will fall on a Tuesday. Thus, 
New Year’s Day of 2100 will fall on a Friday, and New Year’s Day of 2101 
will fall on a Saturday (2100 is not a leap year). The 28-year period 2101— 
2128 will differ from the 28-year period 19011928 in that the period begins 
not on a Tuesday but on a Saturday. This calls for a corresponding shift in 
the days on which New Year’s Day will fall. However, in the period 1901— 
1928 New Year’s Day fell exactly four times on each day of the week, and 
this will happen also in the period 2101-2128. The 28-year intervals 2129— 
2156 and 2157-2184 will follow the same pattern. The year 2185 begins on 
the same day as did 2101—Saturday; this allows us to find the data for the 
period 2185 to 2201. Simple calculation shows that in the interval from 
2185 to 2200 New Year’s Day will fall twice each on Monday, Wednesday, 
Thursday, Friday, and Saturday, but three times each on Sunday and 
Tuesday. New Year’s Day of 2201 will fall on a Thursday. In the course of 
the 3:28 = 84 years, from 2201 to 2284, New Year’s Day will fall the same 
number of times on each day of the week. New Year’s Day 2285 will fall on 
the same day it will in 2201—Thursday. This allows us to determine the data 
for the period 2285-2300. In this interval January | will fall twice each on 
Monday, Tuesday, Wednesday, Thursday, and Saturday, and three times 
each on Sunday and Friday. Similarly, over these periods in the course of 
which New Year’s Day will fall the same number of times on each day we 
counted 2 + 2 = 4 Mondays, 1 + 3 + 2 = 6 Tuesdays, 1 + 2 +2 =5 
Wednesdays, 1 + 2 + 2 = 5 Thursdays, 6 Fridays, 4 Saturdays, and 6 
Sundays. It follows that New Year’s Day falls more often on Sunday than 
on Saturday. 


(b) Employing methods analogous to those used in problem (a), we can 
show that in the 400-year interval the thirtieth day of the month will fall on 
Sunday 687 times, on Monday 685 times, on Tuesday 685 times, on 
Wednesday 687 times, on Thursday 684 times, on Friday 688 times, and on 
Saturday 684 times. Thus, the thirtieth day of the month falls most often on 
a Friday. 


15. It is clear that if the final digit of an integer is deleted, the integer is 
reduced by a factor of at least 10. If that final digit is zero then, of course, 
the number is reduced by exactly the factor 10, and so all such numbers 
automatically satisfy the conditions of the problem. 

Assume now that if the final digit of a number x is deleted, then the digit 
is reduced by an integral factor exceeding 10, say, by the factor 10 + a(a 2 
1). Let y be the quotient obtained by dividing x by 10, and let z be the 
remainder; that is, x = 10y + z(z Ss 9). If the last digit of x is deleted, then 
the deleted digit is z, and the new number is equal to y. The condition of the 
problem then calls for the equation 


x=(10+a)-y, 


or the equation, 


10y+z=(10 +a), 


from which we obtain 


Z= ay. 


Since z < 10, both a and y must be less than 10. Therefore, except for the 
numbers divisible by 10, the only integers meeting the conditions of the 
problem are two-digit numbers; also, if the final digit is deleted, the original 
integer can be reduced by, at most, a factor of 19111 s 10 + a < 19). It is 
easily shown that only the following two-digit numbers are reduced by a 
factor of 11 when their last digit is deleted: 11, 22, 33, 44, 55, 66, 77, 88, 
99. (If 10 + a = 11, then a = 1; hence z = ay = y, and x = 10y + z = 1ly, 
where y = 1, 2, 3, - - -, 9.) It can be shown, in an analogous way, that the 
only two-digit integers reduced by a factor of 12 upon deletion of the final 
digit are 12, 24, 36, 48 (z = ay = 2y, where only y = 1, 2, 3, 4 are possible, 
since z <10, and x = 12y). The numbers diminished by a factor of 13 are 13, 


26, 39; the numbers diminished by a factor of 14 are 14 and 28. It is evident 
that the only numbers which can be reduced by factors of 15, 16, 17, 18, 19 
are these numbers themselves. 


16. (a) Let the integer sought have £4 + 1 digits. It may be written in the 
form 6-10“ + y, where y is a k-digit number (it may possibly begin with one 
or more zeros). The conditions of the problem are expressed by 


6-10" + y =25y, 


or 
6-10* 


Y Becca “7 as 


a4 


Clearly, it is necessary that k 2 2, since 60 is not divisible exactly by 24 
and y is an integer. For k 2 2 the integer y is equal to 25-10"; that is, y has 
the form 250: - -0, where there are k — 2 zeros. Therefore, all the numbers 
sought are of the form 6250 - - - 0, where there are n zeros and n = 0, 1, 2, 3, 


(b) Solve this problem: Find a number whose first digit 1s a and which 
is reduced by a factor of 35 when its final digit is deleted Proceeding as in 
problem (a), we have the equation 

_ 2-10 
34 ’ 
where y is an integer [see solution of problem (a)]. But the right member of 
this equation cannot possibly be an integer a S$ 9 andk 2 1. 

Remark: Proceeding as we did in problems 16 (a) and (b), we can show 
that an integer beginning with a given digit a can be reduced by an integral 
factor b upon deletion of the digit a only if a < b — I and the (proper) 
fraction 5 can be represented as a finite decimal fraction (that is, all the 
prime factors of b — 1 other than 2 and 5 are factors of a, of sufficient 
multiplicity). For example, no integer can be reduced by a factor of 85 by 
deleting its first digit, since 85 — 1 = 84 includes 3 and 7 among its factors 
and no digit is divisible by both 3 and 7. Again, any number which is 
reduced by a factor of 15 upon deletion of its first digit must commence 
with 7, since 14 has 7 as a factor. A general criterion which will give the 


necessary form of an integer having a known first digit a and which is 
reduced by a factor b upon deletion of the first digit is usually easy to find. 


17. (a) First we show that no integer can be diminished to § its original 
value by deleting a digit standing farther from its beginning than the second 
place. Let the digits of the number N be do, a), a>, °* *, a” (ay #0); that is, 


ay: 10" + ay-10"~!+-+--+a,=N. 


Assume that 2 is an integer, and that it has been obtained by deleting a digit 
past the second position. We have 


aol0*—' + a,10"-* + --- = ~ 


If we multiply this equation by 10 and subtract from it the initial equation 
for N, we obtain 


N 
N < 10" 
co. 


This is a contradiction, since * is a smaller number, and 


N =A 3 
— = e n or Se n=l 


We recall the criterion for divisibility of an integer by 9 (a number is 
divisible by 9 if and only if the sum of its digits is divisible by 9). Now, if NV 
is divisible by 9, as is also the number obtained from N by deleting the first 
digit of N, then this first digit must be 0 or 9 (since it must by itself be 
divisible by 9). Since dy # 0, we must have ay = 9 if N is to meet the 


conditions of the problem. But then the number ‘ has the same number of 
digits as does N, and so Bs cannot be obtained from N by deleting its fiirst 


digit. This contradiction means that the only possible deletion of a digit 
from N in order to meet the conditions given by the problem is that of the 
second digit. Thus, 


|= 


= a,10"“ + a,10""? +---+4, 


N 
9 
multiple of 9, as was dy + a; + ay +++ +a,) either a, = 0 or a, = 9. If we 


Since = must again be divisible by 9 (that is, ag + ay +a3+-+::+a, 18a 


assume that a, = 9, and if we multiply the expansion for a by 10 and 
subtract the expansion for N, we obtain 2 = (a, — 9)-10"-! + «++, and 
since dy S 9, then 


N amt 
9 < 10 


which is impossible. 
Therefore, the conditions of the problem can be met only if the second 
digit of N is zero and if this is the digit deleted. Thus, 


N- N’ = a>-10* = Qo: 10"-! 9 


9 
or 
N — N 0" Qr-t — N n—1 
a — ay‘l + aol = — ay-9-10 . 
Finally, 
pei 


This equation states that to divide * by 9, we merely delete the first digit 
ag. This solves problem (a). 
(b) In solving problem (a) we arrived at the necessary relation 


= N= ay:10"1-9 


9 


from which it follows, upon solving for N, that 


ao: 10*-'-81 


N= 3 


This is the form that NV must have. It is evident that a) cannot be either of 


the digits 8 or 9, inasmuch as the second digit of N is required to be zero. If 
we try successively ag = 1, 2, 3, 4, 5, 6, 7, along with the least necessary 


value of n which will make N an integer, we have the following seven 
numbers, which satisfy the conditions of the problem: 


10, 125; 2025; 30, 375; 405; 50, 625; 6075; 70, 875. 


These numbers, together with all products by 10* (k= 1, 2, 3,-- -) constitute 
all the integers which satisfy the conditions of the problem. 


18.(a) The proposition is equivalent to the assertion that the integer is 
diminished by some factor m when the third digit 1s deleted. Let 


N= ag lO" ap-l0"—) ay 10 sa, 
Then 


10. mBq: 10" + a, 10°-* + ag 10-8 E+ baer 


If m < 10, then subtraction of the first equation from the second yields the 





inequality 10—m N < 10*-', which is impossible, since 
10—m_ 1 
ou > amas 
m 10 , 
and 


AN = ay-10™! + +++ 210" 


10 
If m > 11, then m—W.N< 10"-', which also is impossibile for an 
analogous reason (7#—* > aa). Again, if m = 11, then we must have 


+N < 10*-'; that is, x-* has two digits fewer than N, which is an 


impossibility. 


The only possibility of obtaining a number satisfying the conditions of 
the problem is to let m = 10. Therefore, the conditions require numbers all 
of whose digits, except the first two, are zero. Such integers satisfy the 
requirement and hence describe the numbers sought. 


Remark: It 1s possible to show, by similar reasoning, that the only 
integers which are diminished by an integral factor when the Ath digit, 
where k > 3, is deleted are those having zeros after the first k — 1 digits. 

(b) The requirement that a number N be diminished by an integral 
factor m when its second digit is deleted is expressed as follows: 


N = ay-10" + a,-10""' + @,-10°?= +--+ +a, 


N= ign LOP* p> age IOS 9 2:2F he 
m 


It follows that 
N 


— = N— a,:10" — a,-10*"' + ay-10""' 
m 


9 


or, upon solving for N, 


N — L260 en : (1) 


These equations can be combined to yield 


(9ao + @,)-10""' 


N = ay:10" + a,-10"-' — ay-10""' + 
m—1 


But, on the other hand, we know that N is an (n + 1)-digit number 
beginning with digits ap and ay: 


N = a,-10" + a,-10*"' + a,-10""* + --- + a, 


’ 


where we may assume that not all the digits a5, -- -, a, are zero (otherwise 


the problem leads to investigation of two-digit numbers N; see the solution 
to problem 15). The following inequality must hold: 


(9a, + a,)-10""' 


0 < —a,-10""' + <it= 
m—1 ' 
or, equivalently, 
jie TE oe ye (2) 
ee 


As a consequence, we have the following results. The required numbers 
N are expressed by (1), where 0S a 59,0S a, 39. Since N is an 
integer, and m and m — | are relatively prime, the proper fraction Ss 
can be written as a terminating decimal. When this is done the possible 
values of a, a, and m must satisfy inequalities (2) in addition, it is 
necessary to add to the possible values of N the two-digit numbers obtained 
in the solution of problem 15). There now remains only successive 
investigations of the possible values for ap. 


(1) ap = 1. Here, inequality (2) yields 








1 < Bm —1< 1B; 
9 <2,m—1>4. 
m—1 
Applying the m — 1 successive values 5, 6, 7, - - -, 17, and selecting, each 


time the appropriate value of a,, we obtain 


N = 108; 105; 10,125; 1125; 12,375; 135; 14,625; 
1575; 16,875; 121; 132; 143; 154; 165; 176; 
187; 198; 1625; 195; 192; 180,625; 19,125, 

to each of which we can adjoin an arbitrary number of zeros. 


Proceeding in an analogous may, we obtain the following: 
(2) dg =2: 


N = 2025; 21,375; 225; 23,625; 2425; 25,875; 
231; 242; 253; 264; 275; 286; 297; 2925. 
(3) ag =3: 
N = 30,725; 315; 32,625; 3375; 34,875; 
341; 352; 363; 374; 385; 396. 


(4) ay =4: 
N= 405; 41,625; 4275; 43,875; 451; 462; 473; 484; 495. 
(5) ay = a 


N= 50, 625; 5175; 52, 875; 561; 572; 583; 594. 
(6) ay = 6: 
N= 6075; 61, 875; 671; 682; 693. 
(7) ag =7: 
N= 781; 792. 
(8) ag =8: 
N= 891. 


There is no N for dp = 9. 
In toto, including the results of problem 15, there are 104 values for N. 


An arbitrary number of zeros can be adjoined to each of these. 


19. (a) First solution. Let X be the m-digit number obtained by deleting 


the first digit 1 from the integer sought. That integer is then 10” + _X, and 
the new number is 10X + 1. The condition of the problem yields 


(10” +.X)-3 = 10X+ 1, 


_ 3:10"-1 


- 7 


The last equation provides a condition for finding X: 3-10” = 3000 - - - must 
yield the remainder | upon division by 7. Direct division by 7 shows that 
the least number of zeros necessary after 3 to produce a remainder of | is 5; 
that is, 3-10° = 300, 000 = 7(42, 857) + 1. Thus, the least possible value for 
the integer X is 42, 857, and hence the number sought is 142, 857. 

To find other such numbers, we note that in dividing 3000 -- - by 7 we 
need not stop at the first remainder 1; any quotient obtained for the 
remainder | will serve as an_X. It is readily seen that the other numbers will 
be 


142,857,142,857; ---; 142,857,142, 857- --142,857;--- . 
“— _— —— 
k times 


Second solution. Let x be the second digit of the number sought, let y be 
the third digit, and so on; that is, the number has the form Ixy---zf(the over 
bar denotes a succession of digits rather than a product). The condition of 
the problem states 


lxy-++2t-3 = xy---ztl 


It is at once apparent that ¢ = 7 (in no other case will the product on the 
left yield a final digit 1). Therefore, the tens digit ¢ on the right is 7. But this 
is possible only if z-3 ends in 7 — 2 = 5 (3-z plus a carry-over of 2 must yield 
7); that is, 2 = 5. There is a carry-over of 1. The product, 3 times the 
hundreds digit on the left, plus the 1 carried over, must yield 5; and so on. 
The reader can readily make up an organized format for this process. For 
example, 


1 4 2 8 5 7 42857 
. . . . x3= See aie l 
4—1=3,2-—0=2,8-—2=6,5-—1=4,7-—2=5 


(the calculations are made from right to left). The smallest possible number 
occurs when we reach the digit | on the left, 142, 857. 

If this process is continued, we obtain other numbers satisfying the 
conditions by stopping whenever we have adjoined another | on the left: 


; 142,857,142,857: - -142,857; --- 
Ses = Ae 20g 


k times 


(b) When an integer is tripled, the resulting integer can have the 
same number of digits only if the initial digit of the first number did not 
exceed 3. As we saw in problem (a), the first digit can be 1. We shall show 
now that it cannot be 3. 

If the first digit of the integer sought is 3, we see from the required 
equality 3xy---z-3 = xy---z3 that its second digit (that is, x) must be 9. 
But 3 times any integer beginning with 39 yields an integer having one 
more digit. Hence the first digit of any integer meeting the conditions of the 
problem cannot be 3. 

It is left to the reader to show that the numbers sought may begin with the 
digit 2. The smallest such number is 285, 714; all such numbers are of form 


285,714,285,714- - -285,714 . 
—— —=—— —— 
k times 
The proof is quite similar to that of problem (a). 


20. Since after multiplication by 5 the number of digits remains the 
same, the initial integer must begin with the digit 1. This digit then becomes 
the final digit of the new number, which is not divisible by 5. 


The solutions for the digits 6 and 8 are similar. 


21. First solution. Since the number of digits is not increased after 
multiplication by 2, the first digit of the initial number cannot exceed 4. 
Since after the transfer of the first digit to the end we have an even number 
(twice the original number), the first digit must be even; hence it must be 
either 2 or 4. 

Consider now the number X obtained by deleting the first digit of the 
original number sought. Reasoning as we did for problem 19 (a), we obtain 


(2:10 + X)-2 = 10-X +2, 


that is, 


_ 4:10" —2_ 2-10" —1 


= 8 4 , 
or else 
(4-10” + .X):2 = 10-X + 4, 
that 1s, 
x= 8-10" —4_ 2-10" —1 


8 2 


However, both of these formulas are impossible, since they do not yield 
integers (the numerator is odd for both). 

Second solution. As in the first solution we conclude that the first digit of 
the number sought must be either 2 or 4. We use the notation employed in 
problem 19 (a). We have 


2xy+--2t-2 = xy-+-2t2 
or else 
4xy-+-2t-2 = xy:++2t4 © 


In the first case, ¢ can be only | or 6 (otherwise the product on the left 
cannot end with the digit 2). But if ¢ = 1, then on the left is a number not 
divisible by 4, and on the right is a number divisible by 4 (an integer being 
divisible by 4 if and only if the number composed of its last two digits is 
divisible by 4). If t = 6, then on the left is a number divisible by 4 (product 
of two even numbers), but on the right is a number not divisible by 4 
(ending in 62). 

In the second case, ¢ can be only 2 or 7. If t = 2, then [as in the second 
solution of problem 19(a)], necessarily, z = 1, and it follows that the product 
on the left is divisible by 8 (product of a number divisible by 4, since it ends 
in 12, and 2), but the number on the right is not divisible by 8 (ending in 
124). 

The demonstration for ¢ = 7 is left to the reader. It is quite similar to the 
foregoing solutions. 


22. (a) First solution. A number increased seven-fold upon transfer of 
its first digit to the end must commence with the digit 1 (otherwise the 
larger number would contain more digits than the original). As was done in 
problem 19 (a), we let X be the m-digit integer obtained by deleting the first 
digit, 1, of the number sought. Then, as in the previous problems, 


(1.10" +.X).7=10.X+1, 


which yields 
7-10" — 1 
xX =——— 
3 
But it is obvious that there is no m for which X can be an m-digit number 
(ce hg, 10") 
a 


A similar demostration will prove that there is no number which is 
increased nine-fold by transfer of its initial digit to the end of the number. 


Second solution. We conclude, as in the first solution, that the number 
sought must begin with the digit 1. Using the terminology explained in 
problem 19 (b), we have the following statement of our problem: 


Ixy-++2t-7 = xy---2tl | 


It follows that the product ¢-7 must end with the digit 1, which requires that 
t = 3. Insertion of this digit for ¢ yields [y---23-7=y---z3] . Since 3-7 = 21, 
and the product of of 4 by 7 ends in the succession of digits 31, this 
product has | as a final digit. Consequently, z is also equal to 3. A similar 
procedure shows that each successive digit (from this end forward) is equal 
to 3. However, the initial digit of the number must be 1, which is 
impossible. 

Therefore, there does not exist any integer which increases seven-fold 
upon transfer of its first digit to the end. 

(b) First solution. Inasmuch as the number to be obtained upon 
multiplying the sought integer by 4 must not contain a greater number of 
digits than before, the initial digit cannot exceed 2. Since transfer of the 
initial digit to the end must produce an even number, that digit must be 2. If 


now we designate by X the m-digit number obtained from the number 
sought, upon removing the first digit we obtain 


(2:10 +.X)-4 = 10X+ 2, 


or 
_ 8-10" —2 
——s 
8-10" — 2 


which is an impossibility, since >10™ [see the first solution of 


6 
problem (a)]. 


Second solution. As in the first solution, the first digit of the number 
sought must be 2. Moreover, 


2xy+--2t-4=xy-+-2t2 


and it follows that ¢= 3 or 8 (¢-4 ends in 2). 
If t = 8, then the final two digits on the right form the number 82, and the 
integer is not divisible by 4. If t= 3, then 


2xy-+-z3-4 = xy---2z32 


9 


hence 


2xy-+-z0-4 = xyv-++220 ; 


and 





2xy-+-2°4 = xy+++22 


In the same manner we find that the number 2xy---z has the same property as 
did 2xy---zt. By applying the same reasoning as before we find that, 
necessarily, z = 3. Continuing this line of reasoning, and moving from right 
to left, we find that the tens position of the number must have the digit 3. 
But the initial number must commence with the digit 2. This is obviously 
impossible. 


23. First solution. Let us designate the digits of the integer sought by x, 
y, °°, Z, t. Then proceeding as in problem 19 (a), we obtain 


ee | a 
7xy-° ‘2b = xy---2t7 


9 
or 


xy-+2t7:3 = Txy---at 


It is clear that t = 1; we can determine the digit z (17:3 yields 51; this 
means that z = 5), and, moving from right to left we obtain, successively, 
the digits forming the integer sought. The process ends when we obtain the 
digit 7. It is convenient to display the result in the following form: 


24137931034482758620689655 1 724137931034482758620689655 1 
ee ee er rr re 1 Oe ee eee See een 


(the calculations are made from right to left). Thus, the least integer 
satisfying the conditions of the problem 1s 7, 241, 379, 310, 344, 827, 586, 
206, 896, 551. 
If in the course of these calculations we do not stop when we first obtain 
a 7, we can find additional numbers which satisfy the conditions of the 
problem. All such numbers will be of the form 
7241379310344827586206896551 - - - 724137931034482758620689655 1 
5 Re ae a ES as Sorte ea a pe 
LS: NAAR RTA IER LT EE 
k times 
Second solution. Let 7xyz---? be the integer sought. Division by 3 must 
yield the integer xyz --- ?7. We write this requirement in the form 


7xyz---t|3 
xyz---t7 © 


It is clear that x = 2 is necessary. If we replace x by 2 in the dividend and 
quotient, we can find the next digit of the quotient, and this is also the third 
digit of the dividend; we can then determine the third digit of the quotient, 
which is the fourth digit of the dividend, and so on. The process is complete 
when the final digit of the quotient is 7 and simultaneously the dividend is 


exactly divisible by 3. This dividend is then the number sought and is the 
least integer having the required property. 

The following arrangement is a convenient scheme for carrying out this 
computation (the numbers in the second row are written last): 


724 2 3 7931 0S £48273 8 6 2 
712411 B2A79d311IWUASVMIIA Is 6 2 
41:3 7 Sstos4 8827S BS 2 OG 


GG és Ss ft 
20 26 28 19 16 15 5 21 
63896 & 51 7 


The least integer is found to be 7, 241, 379, 310, 344, 827, 586, 206, 896, 
Sol, 

Third solution. As in the first solution of problem 19 (a), set up the 
formula 


(7-10" + X)-> ~10X+7 


from which 
= 7-10" — 21 


X 99 


The problem then becomes that of finding an integer of form 70, 000, - - - 
which upon division by 29 yields the remainder 21. It is left to the reader to 
verify that the same solution is obtained as before. 


Remark: A similar algorithm may be employed to solve the following 
generalized problem: 

Find the least integer having a given first digit which is diminished to § 
its original size when the first digit is transferred to the end. To make the 
solution possible for integers having 1 or 2 as a first digit, let us agree that a 
zero may be put as the first digit of the quotient (and this is then the second 
digit of the dividend). The only nonzero integers satisfying the requirements 
are (in addition to that produced above): 


1, 034, 482, 758, 620, 689, 655, 172, 413, 793; 
2, 068, 965, 517, 241, 379, 310, 344, 827, 586; 
3, 103, 448, 275, 862, 068, 965, 517, 241, 379; 
4, 137, 931, 034, 482, 758, 620, 689, 655, 172; 
5, 172, 413, 793, 103, 448, 275, 862, 068, 965; 
6, 206, 896, 551, 724, 137, 931, 034, 482, 758; 
8, 275, 862, 068, 965, 517, 241, 379, 310, 344; 
9, 310, 344, 827, 586, 206, 896, 551, 724, 137. 


The same procedure will solve the following problem: 

Find the least integer commencing with a given digit a which is 
decreased by a factor / when the first digit is transferred to the end. 

24. (a) The conditions of the problem may be expressed by the equality 


bs ee Ea idles | 


where a is one of the numbers 2, 3, 5, 6, 7 or 8. 

If a = 5, then x must be 1; otherwise the number on the right will contain 
one digit too many. (The case in which x is 0 may be excluded, since upon 
poe each side by 2 and deleting the final zero we obtain 
y +++ zt =2-tz---y; that is, we arrive at the same problem as for a = 2.) 
But the integer er § is not divisible by 5. Analogous reasoning will 
prove that a cannot be 6 or 8. 

If a = 7, then x again must be 1. In this case, ¢ must be the digit 3, 
otherwise jy---2-7 fails to end with the digit 1. But the equation 
ly «++ 23-7 = al is clearly impossible, since the left number is 
greater than the right number. 

If a = 2, then x cannot exceed 4. Since the integer t2--- yx must be even, x 
is either 2 or 4. If x = 4, the digit ¢ Ce first digit of dy --= 2f-2) can be only 8 
or 9, and neither dy --- 28-2 nor 4y--- 29-2 ends with the digit 4. If x = 2, 
then ¢ (the first digit of 2y--- 2.2) can only be 4 or 5; but neither 2y --- 24-2 
nor 2y --+ 25-2 can end in 2. 

Finally, if z = 3, then x cannot exceed 3. If x = 1, then ¢ must be 7 (¢3 
ends in 1); if x = 2, then ¢ must be 4; if x = 3, then ¢ must be 1. But in the 
first case, fz--- yx 1S certainly greater than xy---z-3, and in the second and 
their cases it is clearly smaller. 

(b) Let xy - - - zt be an integer which is ¢ its inversion. We then have 


xy-s+2be4=tz-++ yx | 


Since xy--- af-4 18 to contain the same number of digits as does xy--- a, 
the digit x can be only 0, 1, or 2. Since #--- yx, must be divisible by 4, it 
follows that x must be even, and so the siily possibilities are x = 0 (if we 
allow 0 to be counted as a digit at the beginning of the integer), or x = 2. 

Suppose x = 0. Then t = 0 or else t= 5. Write oy +++ yt-4= iz--- yO 
we note that ¢ cannot be the digit 5 (regardless wl what digit y is), and so the 
only possibility is t= 0. We can now write y---z-4= z-.- y; that is, ifa 


number meeting the condition of the problem begins with 0, then it also 
ends in 0, and the integer obtained by deleting these two zeros will also 
meet the conditions of the problem. 

It suffices therefore to investigate x = 2, for which 


2y-+-2t-4= jz- tz +++ y2- Since 2:4 = 8, ¢ can be only 8 or 9, but t = 9 can 


immediately be eliminated as a possibility. Thus, ¢ = 8, and we can write 
2y +» 28-4 = Bz---y2 - Since 23-4 > 90, y can be only 0, 1, or 2; also, the 
tens eat of any product of form 7-4 must be odd. Thus, y = 7. Since we 
know the final two digits (12) in the product 21 --- 28-4, we can easily find 
the only two possibilities for the next successive aie z can be only 2 or 7. 
But 21-4 > 82, which means that z = 7. 

Hence, the number must have the form 37---78. We note that the integer 
2178 satisfies the condition of the problem, and hence it is the only such 
four-digit number. We now consider solutions in terms of integers having 
more than four digits. We must have 


2luv -+- rs/8-4 = 87 sr +++ vul2 | 
which may be written 


84-10**? + 312 + uv --- rsO0-4 
= 87-10**? + 12 + sr --- vu00 | 
or 
uv-++rs-4+3=3sr--+ vu. 


Since when the number wv - - - rs is multiplied by 4, and 3 is added, the 
digit 3 is produced as the leading digit of the resulting calculation, the digit 


u must be at least as great as 6, but since 9y--- 75-4 + 3 = 3sr--- 99, must be 


odd, the only possibilities are 9 or 7. We shall investigate both possibilities. 
When u = 9 we have 


Yes 4+3=dsr--- YD, 


from which it follows that s =9(s-4 must terminate in 6; if s = 4, then 
Bir --- is smaller than 9p --- 74-4 + 3), and so 
Qv +++ 79-4 4+ 3 = 397 --+ v9 


That is (for vu = 9), in order for 2iuv---7s78 to meet the conditions of the 
problem, the final digit of gv--- ys must also be 9. In particular, gy --- ys 
must be 9, 99, 999, and so on. We obtain the numbers 


21,978; 219, 978; 2199; 978; --- 


We can easily verify that all such numbers satisfy the conditions of the 
problem.. 
When u = 7 we have. 


dv-+++7rs-44+3=3sr--- 07 . 


Reasoning as we did initially in this problem, we find that s = 1, v= 8, r= 
2; that is, the digit sequence gy--- rs must have the form 7§--- 2]. We can 
easily verify that if the digit pairs 78 and 21 are inserted between 21 as the 
first digit pair, and 78 as the last digit pair, the resulting integer satisfies the 
conditions of the problem: For example, 


21 78 21 78 21 78-4 = 87 12 87 12 87 12. 

But according to the treatment for u = 9 we will also obtain solutions if 
we insert the digit 9 in the appropriate positions. For example, the following 
numbers are solutions: 

0; 2178; 21,978; 219,978; ---, 


2199 --- 978, 2199 --- 9978, +--+. (1) 
—— = 
ktimes (k+1) times 


The insertion of the digit 9 may be made after any sequence 32],provided it is 
also made in the equivalent location counted from the other end of the 
number. Thus, any sequential array of digits of the form 


P\ Pz +++ Pa-iPaPa-1 +++ PoPi , 
where each letter P; is one of the numbers from the display (1). For example 
2, 197, 821, 978, 
2, 199, 782, 178, 219, 978, 
21, 978, 021, 997, 800, 219, 978, 021, 978, 
02, 199, 999, 780. 


(The last number can be considered a solution if we allow zeros at the 
beginning of the number.) 

It may be proven in an analogous way that all integers which are 
increased by a factor of 9 upon reversal of the digits can be obtained by 
sequentially placing together integers of the form 

0; 1089; 10,989; 109,989; ---; 1099 --- 989; 1099 --- 9989; --- 
—— —— 
k times (k + 1) times 


in the same fashion as done for (1). 


25.(a) Let N be the number sought. Designate the number formed by the 
first three digits of N by p, and the number formed by the final three digits 
of N by qg. Then the conditions of the problem yield 


6(1000p + g)=1000g+p (=6N) . 
or 
(1000gq + p) — (1000p + g) = 999(q — p) = 5N; 


that is, NV is divisiable by 999. 

Further, p + g = (1000p + q) — 999p = N — 999p, and it follows that p + q 
also must be divisible by 999. But p and q are each three-digit numbers, and 
obviously neither is 999; consequently, p + g = 999. 

We find, without difficulty, that 


(1000g + p)+(1000p + g) = 1001(p + g) =7N, 


which yields 7N = 999, 999, or N= 142, 857. 

(b) Reasoning as we did in problem (a), and designating by p the integer 
formed by the first four digits of the derived number N, and by gq the integer 
formed by the final four digits of NV, we obtain 


IN = 10, 001(p + g)= 99, 999, 999, 


which fails to yield an integer for N, since 99, 999, 999 is not exactly 
divisible by 7. 


26. Let x be a number satisfying the condition of the problem. Since 6x 
must be, along with x, a six-digit integer, the first digit of x must be 1 (and 
the following digit cannot exceed 6). Hence: 

(1) The leading digits of the numbers x, 2x, 3x, 4x, 5x, and 6x are all 
different and, as a result, must comprise all the digits contained in the 
integer x (each of these digits must appear in the original number x). 

(2) All the digits of x are different. 

None of these digits is O(otherwise one of the above products starts with 
0), and so the final digit of x must be odd (otherwise 5x ends with an 0); 
also, the final digit must differ from 5 (otherwise 2x ends in QO). 
Consequently, the final digits of the numbers x, 2x, 3x, 4x, 5x, and 6x are all 
different, which implies that these digits comprise all the digits appearing in 
x. Therefore, one of these final digits is 1. Since only the number 3x can 
terminate with a | (2x, 4x, 6x being even, 5x having 5 as a final digit, and x 
itself already having | as its first digit), it follows that x must end with the 
digit 7; 2x ends with the digit 4; 3x ends with the digit 1; 4x ends with the 
digit 8; 5x ends with the digit 5; and 6x ends with the digit 2. 

Now, the first digits of these numbers are the individual digits of the digit 
set comprising x; we display them in increasing order, using (asterisks to 
represent unknown digits): 


xl =] 2K OK ok ok Ts 


x2 =72 2K OK ok ok 4, 
x3 =f ok OK ok ok l, 
x4 =5 2K 2K 2k 3k 8, 


x5 = 7 ok 2 3 3 5; 
x6 = 8 HD. 


In this display, not only must each row contain (on the right) all six 
distinct digits 1, 2, 4, 5, 7, and 8, but each column must contain these six 
distinct digits, in some order. Suppose that x-2 and x-5 have the same digit a 
in a certain position, say in the third position (a can have only one of the 
two values not assumed by either the first or the last digit of either of the 
two investigated numbers). Since the difference x-5 — x-2 = x-3 will be a six- 
digit number, either the digit 0 or the digit 9 will stand in its third position 
(since we can take, at most, a unit carry-over into this place for the 
subtraction). But this is an impossibility, since we already know that the 
number x:3 will contain neither an 0 nor a 9 as one of its digits. 

Therefore, in the above display of x-1, x-2,--- the sum of the digits in 
any column is 1 +2+4+5+7+ 8 =27. We can therefore add the right 
member of this display and obtain 


M21 2,999.99 7, 


whence x = 142,857, which is the integer sought. As a check we have: 
x = 142,857 , 4x = 571,428 , 
2x = 285,714 , 5% = 714.289, 
3x = 428,571 , 6x = 857,142 . 


27.(a) By factorization, n? — n =(n—1)n(n + 1). The factors on the right 
represent three consecutive integers, whence one of them 1s divisible by 3. 

(b) m—n=n(n—1)(n+1)\(r? +I). If the integer n terminates with one 
of the digits 0, 1, 4, 5, 6, or 9, then one of the first three factors on the right 
is divisible by 5. If n ends in one of the digits 2, 3, 7 or 8, then n? ends in 4 
or 9, and in this event n? + 1 is divisible by 5. 

(c)n’—n=n(n—1)(nt 1? — nF 1)(n? +n + 1). If 7 is divisible by 7, 
or yields a remainder of 1 or 6 upon division by 7, then one of the first three 
factors on the right is divisible by 7. If n yields a remainder of 2 when 
divided by 7 (that is, n = 7k + 2), then n* yields a remainder of 4 when 
divided by 7 (that is, n* = 49h? + 28k + 4) and so n* +n + 1 is divisible by 
7. Similar reasoning shows that if n = 7k + 4, then again n* + n + 1 is 
divisible by 7. For the remainders 3 or 5, n7 — n + 1 is divisible by 7. 


(d) n!! —n=n(n—-1)(n+ J) (v8 = nd =n = nr? = 1). If nis divisible by 11, 
or yields the remainder 1 or 10 upon division by 11, then one of the first 
three factors 1s divisible by 11. If this remainder is either 2 or 9(n = 11k + 
2), then n? clearly yields a remainder of 4; n4 yields a remainder of 5 = 16 — 
11; n° yields a remainder of 9 = 20 — 11[n®° = n* - n? = (11k + 5)\(11k, + 4)= 
(11k, + 5) (11k, + 4) = 121k,ky + 11(4k, + 5k) + 20], and n® yields a 
remainder of 3 = 25 — 22. It follows, in either case, that n8 + n° + n4 + n? + 
1 is divisible by 11. In the same manner we can easily verify that if one of 
the remainders is +3, +4, or +5 (the only remaining possibilities upon 
division of n by 11), then n® + n° + n* + n + 1 is divisible by 11. 

(ce) n'3 —n=n(n—1) (nF I) (nr? +:1) (n= ? +:1) (n+ re? 4:1). The 
procedure is analogous to that of problem (d). If 7 is divisible by 13, or 
yields upon division by 13 the remainder +1, then one of the first three 
factors is divisible by 13; if n yields the remainder +5, then n* + 1 is 
divisible by 13; if the remainder is +2 or +6, then n+ — n? + 1 is divisible by 
13; if the remainder is +3 or +4, then n+ + n2 + 1 is divisible by 13. 

28. (a) The difference of like even powers of any two numbers is 
divisible by the sum of the bases (one of the factors is this sum). Hence, 3°” 
— 26" = 277" — 87" is divisible by 27 + 8 = 35 

(b) It is readily verified that 

n> — 5n® + 4n = n(n* — 1)(n*? — 4) 
= (nm — 2)(m — 1)n(n + 1)(m + 2) | 


The factorization displays five consecutive integers. One of them must be 
divisible by 5; at least one of them is divisible by 3; at least two of them are 
divisible by 2; and one of these two is divisible by 4. Thus, the product of 
the five consecutive numbers is divisible by 5 - 3 - 2 - 4 = 120 [see the 
solution of problem 27 (a)]. 

(c) Prime factorization of the given number yields 


56, 786, 730 = 2°3:5:7-11-13-31-61. 
We must show that mn(m®? — n®°) is divisible by each of these relatively 


prime numbers. If m and n are both odd, then m® 60 is even; 


consequently, mn(m® — n°") is also even, so it is divisible by 2. Further, it 
follows from problem 27 that if 4 is equal to 3, 5, 7, 11, or 13, and if 7 is not 


— nA 


divisible by k, then the difference n! — 1 must be divisible by k. In 
particular, if neither n nor m is divisible by 3, then m® — 1 = (m3)? — 1 and 
n© — 1 = (n°°)? — 1 are divisible by 3; that is, m® and n° yield the same 
remainder, 1, upon division by 3. Hence, if mn is not divisible by 3, then 
m° — n° is divisible by 3, which means that in all cases mn(m® — n®°) is 
divisible by 3. It can be shown, in the same way, that the difference 
m® — n% — (m'*) — (n)* = (m!'°)6 — (n'y 
= (m®)!9 — (%)!9 = (m)12 — ()12 
is divisible by 5 in the event that neither m nor n 1s divisible by 5, and is 
divisible by 7 if 7 fails to divide either m or n, and the analogous conclusion 
holds for 11 and for 13. Thus, mn(m®® — n°") is divisible by 2:3-5-7-11-13. 
Divisibility of mn(m® — n°) by 31 and by 61 is demonstrated in similar 
fashion (since n>! — n is, for all integral n, divisible by 31, and n°! — n is, 
for all integral n, divisible by 61; problem 240). 
29. We shall use the identity 


n> +3n+5=(n+7)(n—4) = 33. 
If this number is to be divisible by 11, then for the suitable n, (n + 7)(n — 4) 
must be divisible by 11. Since (n + 7) — (n — 4) = 11, either both terms are 
divisible by 11 or neither is. Hence, if (n + 7)(n — 4) is divisible by 11, then 
it is divisible also by 121, and (n + 7) (n — 4) + 33 fails to be divisible by 
121, 
30. The given expression factors to 
(m —2n)(m —n)(m + n)\(m + 2n)(m + 3n). 
If in # 0, no two of these factors are equal. However, the integer 33 can be 
factored only as a product of at most four factors: 
33 = 11):3-1-C 11), 
or 
33 = 11-—3)-1-€ 1). 


If n = 0, the given expression becomes m>, which cannot equal 33 for any 
integral value of m. 


31. Every integer is either divisible by 5 or else can be represented in 
one of the forms 54 + 1, 54 + 2, 5k — 2, or 5k — 1. If the numberis divisible 
by 5, then its 100th power is divisible by 5°? = 125; hence, we need only 
investigate the case for integers not divisible by 5. According to the 
binomial theorem, 


(Sk 1)! = (5h)!00 wee OS Gh) + 100-5k +1 


’ 


where every term except the final one contains 5° as a factor, and so 
numbers of this form leave a remainder of 1 upon division by 125. Also, 
(Sk = 2)'° = (5k) + «-- 


~ oe - (5k). 2° + 100-5k- 29° +2100 





Again, each term, except the final one, contains 125 as a factor. The number 
2100 can be represented in the form 


(5 — 1) = 5% — .. + Oe. ‘5 —50-5+1 
from which the remainder 1 is obtained upon division by 125. 

Therefore, the only two remainders possible when the 100th power of an 
integer is divided by 5 are 0 (if the integer itself is divisible by 5) and 1. 

32. The problem may be characterized as follows. If n is relatively 
prime to 10, then n!°! — n = n(n! — 1) is divisible by 1000; that is, n!°° — 1 
is divisible by 1000. First, it is obvious that if n is an odd integer, then n!° 
— 1 =(n?? + 1) (n> + 1)(n* — 1) is divisible by 8. Further, from the result of 
the preceding problem we know that if n is not divisible by 5, then n!0° — 1 
is divisible by 125. Thus, we see that n!° — 1 is divisible by 8-125 = 1000 if 
n 1s odd and not divisible by 5, and these conditions are satisfied if n is 
relatively prime to 10. 

33. Let N be the integer sought. The condition of the problem requires 
that N* — N end in three zeros, that is, that it be divisible by 1000. Since N” 
— N= NN - 1), and since N and N — 1 are relatively prime, divisibility by 
1000 is possible only if one of these factors is divisible by 8 and the other 
by 125 (neither N nor N — 1 is divisible by 1000, since N is a three-digit 
integer). 


If N is a three-digit integer divisible by 125, then N — 1 is divisible by 8 
only if N = 625 (as we can easily verify), whence N — | = 624. It is also 
easily verified that if NV — 1 is a three-digit integer divisible by 125, then N is 
divisible by 8 only if N— 1 = 375, or N= 376. 

Now, since N*“/ — 1 is (for k 2 2 ) divisible by N — 1, it follows that N* — 
N = N(N¥! — 1) is for all integral k divisible by MN — 1) = N? —- N. 
Therefore, if N2 — N ends in three zeros, then NM“ — N will, for all k = 2, end 
with three zeros; that is, NM“ will end in the same three digits as does N. It 
follows that the numbers 625 and 376 (and only these) satisfy the 
conditions of the problem. 

34. The two final digits of N7° can be found in the following manner. 
The number N?° is divisible by 4 (since N is even); further, N is not 
divisible by 5 (since then it, would be divisible by 10, which denies the 
hypothesis). Hence, N is representable in the form 54 +1 or 5k +2 (see the 
solution of problem 31). The number 


(Sk + 1)*° = (5k)*” + ae 6k) 5 


+ a (ok) + 20-:5k + 1 
yields the remainder 1 when divided by 25, and the number 
(Ske + 2) = (5k) te PP GRY? + 


+ POPS (6k)*-2+20-5k-2! + 2" 


yields the same remainder upon division by 25 as does 
27° = (21°)? = (1024)? = (1025 — 1) . 


that is, 1. Since N7° yields the remainder 1 upon division by 25, it follows 
that the final two digits of this number can be only 01, 26, 51, or 76. In 
asmuch as N° is divisible by 4, the possibilities narrow down to the number 
76 (since a number is divisible by 4 if, and only if, the number formed by 
its final two digits is so divisible). This yields 7 as the digit standing in the 
tens place of N”°, 


We shall now find the final three digits of N°. The number N7° is 
divisible by 8. Further, since N and 5 are relatively prime, it follows that 
N!9 yields the remainder 1 upon division by 125 (see the solution of 
problem 31); that is, N!°° = 125k + 1. But N2 = (125k + 1)? = (125k)? + 
250k + 1 also yields the remainder 1 upon division by 125. Therefore, the 
only possibilities for the final three digits of N*° are 126, 251, 376, 501, 
626, 751, and 876. Since N2°° is divisible by 8, it is clear that N®°9 ends in 
376. Thus, the digit in the hundreds place of N?" is 3. 


Remark: It is easily reasoned that the number N!° must end with the 
digits 376. 
35. The series 1+ 2+3+---++7n is equal to ae Hence, we must 


show that if k is odd, then S, = 1+ 2+ 3*+---+n* is divisible by ee 


We first note that for odd k, a“ + b* is divisible by a + b. Two cases will 
now be examined. 
n is an even integer. Here, the sum S, is divisible by n + 1, since each of 


the sums 
k k 
LE + mt, 2 + (nm — 1k, 3 + (nm — 2)k, «=, (>) +($+ 1) 
is divisible by 


1+n[ =2+(n-1)=34+(n-2)=- 


n n 
rt(F+1)] 
The sum 5S; is divisible also by = since 
1* + (n — 1), 2* + (m = 2), 3* + (m a 3)‘, eat, 


J +(Euy gy» 


are all divisible by =. 





n is an odd integer. Here the sum S, is divisible by a= 1 since 
Lt + mt, 2 + (m — 1k, 3 + (n — 2)k, « (4) +(4) (42) 
’ ’ ’ , 2 2 2 


n+1 


are all divisible by 3 





. Also, S; is divisible by n, since 


1* + (a — 1)*, 2* + (m — 2), 3* + (m — 3), «++, 
w— Th fatty" oo 
(*3) +(4) 
are all divisible by n. 


36. Let N be written in the form 





N=a,,:10°+ a,_, 107!+ 4,510"? +--+ + a@10+ ap. 
(the a, are, of course, the digits of NV). Subtract from N the number 


M =a) — a, + a)— 3 +°** +a, 


(that is, the algebraic sum, taken with alternating signs, of the digits of NV). 
A simple regrouping of terms yields 


N— M=a,(10 + 1) + a,(10* — 1) + a,(10* + 1) 
+ a(10* — 1) +--+ + a,(10 + 1) 


which is divisible by 11 since each term on the right is divisible by 11. [In 
fact, upon division by 11, 10“ = (11 — 1) yields the remainder — 1 if k is odd 
and the remainder | if & is even, as binomial expansion will show.] The 
number JN is divisible by 11 if, and only if, the number / is divisible by 11 
(zero, of course, is considered divisible by all nonzero integers). A criterion, 
then, is as follows: A number WN is divisible by 11 if, and only if, the 
difference of the sum of digits in the odd-number (lst, 3rd, 5th, - - -) 
positions and the sum of digits in the even-number (2nd, 4th, - - -) positions 
is divisible by 11. 

37. The number 15 yields the remainder | upon division by 7; it follows 
that 


152 =(7-2+ 1)(7-2+ 1) =7n, +1 
also yields the remainder 1 upon division by 7, as does 
153 = 152 =(7n, + 1)-(7-2 + 1) = Tn +1. 


It is now easily verified that every power of 15 yields the remainder 1 upon 
division by 7. Now if the sum 1+ 2+3+4+---+14= 105 is subtracted 
from the given number, the difference can, after some simple regrouping 
and factoring, be displayed in the form 


13.15 — 1) + 12(15? — 1) + 11(15* — 1) + --- 
+ 2(15'* — 1) + 1(15'* — 1) 
that 1s, each term is divisible by 7. But since the difference between the 
given number and the (decimal) number 105 (= 7-15) 1s divisible by 7, it 
follows that the given number is also divisible by 7. 

38. Let K be an n-digit integer. In the set of natural numbers containing 
n+ 2 digits and beginning with the digits 10 (that 1s, with numbers of aspect 
10a,a@: --* Gn > this notation indicating the integer 
1-10"*? + a,-10" + @,-10"-' + --+ +a,) there can always be found at least 
one digit which is divisible by the n-digit number K. Suppose this number is 
105,5,--- 5, - Then, to satisfy the conditions of the problem, both the 
numbers 6,6,---5,10 and 6,6,--- 6,01 would have to be divisible by K. Their 
difference is 9, which then also must be divisible by K. Since the only 
divisors of 9 are 1, 3, and 9, these are the only numbers which can satisfy 
the conditions of the problem. 

39. We must show that the number 


N= 27, 1958 — 10,8878 + 10,1528 
is divisible by 26,460 = 27-37-5-7. The proof will be given in two steps: 

(1) N = 27,1958 — (10,8878 — 10,152). Now, 27,195 = 3-5-77-37, and so 
this number is divisible by 5:7 The difference shown in the parentheses is 
divisible by 

10,887 — 10,152 = 735 = 3-5-7? 
(since a*” — b?” is divisible by a — b). Hence, N is divisible by 5-77. 

(2) N =(27,1958 — 10,8878) + 10,1528. Now, 10,152 = 23-33-47 is 
divisible by 27-3°. The difference shown in the parentheses is divisible by 

27,195 — 10,887 = 16,308 = 27-33-1511. 


Thus, N is divisible by 27-3°. 
Since N is divisible by 5-7” and by 27:3°, it follows that N is divisible by 
the product of these (relatively prime) numbers, and this product is 26,460. 
40. Itis readily verified that 


LL — 18 = (11 — 111° + 11° + 11? + --- + 11° + 11+2) 


The second factor of the right number is divisible by 10, since it is the sum 
of ten integers each ending with the digit 1. Inasmuch as both factors on the 
right are divisible by 10, their product is divisible by 100. Therefore, 11!° — 
1 is divisible by 100. Therefore, 11!° — 1 is divisible by 100. 
41. We have 
22225555 + 5555%22 = (2222555 + 455) 
+ (5555**2 = 42222) = (qeees —- 42222) 


Consider the three terms enclosed by parentheses. The first is divisible by 
2222 + 4 = 2226 = 7-318 (since a” + b” is divisible by a + b ifn is odd), and 
so this term is divisible by 7. The second term is also divisible by 7, since it 
is divisible by 5555 — 4 = 5551 = 7-793 (a” — b” is always divisible by a — 
b). The third term may be written 


42222 (43323 _ 1) = 4222264 itll a 1); 


clearly it is divisible by 64 — 1 = 63, and hence by 7. 

42. We use mathematical induction. The number aaa, consisting of three 
identical digits (the overbar indicating, as before, that the integer is given 
by the succession of digits shown), is divisible by 3 (since the sum of these 
digits 1s 3a, which is divisible by 3). Assume that the proposition has been 
proved for any integer consisting of 3” identical digits. The expanded 


integer consisting of 3” *! identical digits can be written in the following 
form: 


Gda-::a aa:::a aa::-a=aa::-a-100--: 0100--- Ol. 
3" times 3" times 3"times 3" times 3* digits 3* digits 


There are two factors on the right. The first factor is divisible by 3”, 
according to the induction hypothesis. The second factor is divisible by 3 


(the sum of its digits being 3). Therefore, the product is divisible by 3”* !. 

43. First note that 10° — 1 = 999 999 is divisible by 7 (in fact, 999 999 = 
7 - 142, 857). It follows that 10” (for any integer N) yields upon division by 
7 the same remainder as does 10’, where r is the remainder obtained by 
division of N by 6, since if VN = 6k + r, then 


10% = 10° = 10%" =10" =10'10 = 1), 


and since 10% — 1 = (10°) — 1 is divisible by 10° — 1, which in turn is 
divisible by 7, then 10% — 10” is divisible by 7. This means that 10’ and 10” 
yield the same remainder upon division by 7.' 

Now, it is readily verified that every integral power of 10 yields a 
remainder of 4 upon division by 6 (that is, 10 = 4 mod 6). The exponents of 
each term of the sum given in the problem are all powers of 10, hence each 
exponent is congruent to 4 modulo 6. This means that we can replace each 
of the ten terms by 10* in order to find the remainder upon division by 7. 
We have 

10‘ + 10' + --- + 10* = 10° 1,000,000 = 7-14,285 + 5. 


- 


10 terms 





Therefore, the remainder is 5. 

44. (a) Any even power of 9 may be expressed in the form and therefore 
ends with the digit 1. Any odd power of 9 can be written as 97” * ! = 9-8” 
and therefore ends with the digit 9. Since 9(9°) is an odd power of 9, it must 
end with the digit 9. 

g** = 81" = 81-81: --- -8l 
ee 
n times 


It is obvious that 16” ends with the digit 6 for all nm 2 1. Hence any power 
of 2 whose exponent is a multiple of 4 (that is, 24”) ends with 6, since 24” = 
16”. Now, 34 — 1 is divisible by 3 + 1 =4, and so 2°) =2 - 20°) which is 
the product of 2 and an integer ending with 6, must end with 2. 

(b) If we find the remainder yielded upon division of 27”? by 100, it will 
be the number formed by the two final digits of 2°°°. We first show, that the 
number 2!9° yields the remainder 1 upon division by 25. In fact, 2!9+ 1 = 
1024 + 1 = 1025 is divisible by 25; and so 27° — 1 = (2! + 1)(2!9 — 1) is 
divisible by 25. Thus, 2!0° — 1= (27°)°° — 1, being divisible by 27° — 1, is 
also divisible by 25, and so upon division by 25 the number 21° yields the 
remainder 1. 

It follows that the final two digits of 2! can be only 01, or 01 + 25 = 
26, or 01 + 50 = 51, or 01 + 75 = 76. Since 2! is divisible by 4, the only 
possibility among these four numbers is 76. Thus, 2?” is the quotient 


obtained by dividing an integer ending in 76 by 2. The only possibilities are 
38 and 88. Since 2°”? is divisible by 4, there remains the one possibility, 88, 
for the final two digits. 

As above, we investigate the remainder obtained upon dividing 3°”? by 
100 We recall that every even power of 9 ends with the digit 1 and that 
every odd power ends with the digit 9 [see the solution to problem (a)]. 
Now consider the remainder obtained upon division of 9° + 1 by 100. We 
have 

9+1=(9+1)-(9 —F +9 -—9+ 1) 
= 10-(9* — 9 + 9 — 9 + 1) 


The numbers 9%, 97, and 1 all end with the digit 1, and the numbers 9? and 9 
end with 9. Thus, 94 + 92 + 1 ends with 3, and 9° + 9 ends with 8, which 
means that the number 9* — 9° + 92 — 9 + 1 must end with 5. Accordingly, 
9° + 1 must yield upon division by 100 the remainder 10-5 = 50. It follows 
that 91° — 1 = (9° + 1)-(9° — 1) is divisible by 100, and since 310% — 1 = 950 
— 1 =(9!9)°9 — | is divisible by 9!° — 1, it follows that 3!9° — 1 is divisible 
by 100. Thus, 31000 ends with the digits 01. But this number is, of course, 
divisible by 3; consequently, the carry-over from the hundreds place of 
31000 to the tens place must be 2 (if it were 0 or 1, then 3!° would not be 
divisible by 3). Therefore, the number 37”? = 3!9°°/3 must end with the 
same two digits as the number 201/3 = 67. 

(c) We must find the remainder, upon division by 100, of the number 
1414") = (7 - 2)(14"). First we find the remainders, upon division by 100, of 
704) and 204°), 

The number 74 — 1 = 2401 — 1 = 2400 is divisible by 100. It follows that 
if n = 4k(k being an integer), then 7” — 1 is divisible by 100 (since 7** — 1 = 
(74) — 1 is divisible by 74 — 1). Now, 14!4 = 2!4-7!4 is divisible by 4; 
consequently, 704") — 1 ig divisible by 100, which means that 704") ends 
with the digits 01. 

In the solution of part (b) it was shown that 27° — 1 is divisible by 25; 
hence, if n = 20k, then 2” — 1 is divisible by 25. We will now find the 
remainder obtained from division of 14!* by 20. Clearly, 14!4 = 2!4-7!4. But 
214 = 4.2! Since 2!* — 1 = (24) — 1 is divisible by 24 — 1 = 16-1 = 15, it 


follows that 4(2!* — 1) is divisible by 20, and consequently 2!4 = 4-2! 
yields upon division by 20 a remainder of 4. Further, 7!4 = 49-7!7. Since 7! 
yields a remainder of 1 upon division by 20 (12 is divisible by 4, whence 
7!2 — | is divisible by 100), it follows that 49-7! yields upon division by 20 
the same remainder as does 49, that is, 9. Similarly, 14!4 = 2!4 - 7!4 yields 
upon division by 20 the same remainder as does the product 4:9 = 36, that 
is, 16; or 14'4 = 20k + 16. It follows that 24") = 916 . 220k yields upon 
division by 25 the same remainder as does 2!° = 65, 536; that is, 204") can 
end only with one of the numbers 11, 36, 61, or 86. Since 2'4") is divisible 
by 4, the final two digits must be 36. 

Therefore, since 7{'4"") ends with the digits 01, and 2('4"”) has as its two 
final digits 36, the product 7¢4") 204") = 1404") ends with 36. 


45. (a) We make use of the fact that the product of two numbers ending 
respectively with the digits a and b will have the same final digit as does the 
product a:b. This provides a simple solution for the problem. We consider 
successively greater powers of 7, keeping track of the final digit only: 77 
ends with the digit 9; 7? = 7-77 with the digit 3; 74 = 7-7> with the digit 1; 
and 77 = 74-73 with the digit 3. 

Moreover, we find that (7’)’ ends with the digit 7 [(7’)* ends with 9; 
(773 ends with 7; (7’)* ends with 1, and, finally, (7’)’ ends with 7]. We 
find, at the next stage, that the number ((7’)’)’ ends with the same digit as 
does 7’ (the digit 3), and the number (((7’)’)’)’ ends again with the digit 7, 
and so on. Continuation of this process must then yield the following rule. 
For an odd number of exponents 7 we obtain a final digit 3, and for an even 
number of exponents we obtain a final digit 7. Since 1000 is an even 
integer, the number sought has 7 as its final digit. 

If an integer ends with a two-digit number 4, and another integer ends 
with a two-digit number B, then the product of the two integers ends with 
the same two-dight number as does the product A-B. This fact allows us to 
find the final two digits for the number mentioned by the problem. We 
easily verify, by the methods used above, that 7’ ends with the two-digit 
number 43, and (7’)’ ends with the same two digits as does 43’, namely 07. 
It follows that in taking successive 7th powers, 7, 7’, (7’)’, - - -, we obtain 


for an odd number of such “raises” a number with final digits 43, and for an 
even number a number with final digits 07. Therefore, the number in which 
we are interested must end with 07. 

(b) In the solution of problem (a) we saw that 7* ends with the digit 1. 
Therefore, 7** = (7*)* also ends with the dight 1, and 7* *", where k is one 
of the numbers 0, 1, 2, or 3, ends with the same digit as does 7’ (since jee 
= 7.7"), Thus, the problem reduces to finding the remainder, modulo 4 
(that is, after division by 4), of the “exponential part” of the given number. 

The power to which 7 is raised is again a power of 7. We must determine 
the remainder obtained by dividing the latter power by 4. Now 7 = 8 — 1, 
and it follows that: 77 = (8 — 1)-(8 — 1) yields upon division by 4 the 
remainder 1; 7? = 77-(8 — 1) yields upon division by 4 the remainder — 1 
(equivalent, upon division by 4, to the remainder 3); and, in general, every 
even power of 7 yields upon division by 4 the remainder 1, and odd powers 
yield the remainder — | (that is, + 3). For the number in question, we are 
concerned with an odd power of 7, since the exponential part is itself a 
power of 7, and, consequently, owing to the conditions of the problem, it is 
of form 7*“*> Therefore, it ends with the same digit as does 7°, that is, with 
the digit 3. 

Since 7* ends with 01, 7 *” ends with the same two-digit number as 
does 7”. Therefore, the given number ends with the same two digits as does 
7°, that is, 43. 

46. Consider the following five numbers: 

CD hee 

2) Z, = 941 = (10 — 1)41 

= 1071 — Cz, -1041-' + --- + CZ,-10-1 
(where the integers not explicitly displayed are obviously divisible by 100). 
Now, Ce = 9, and hence the two final digits of Z, are thesame as the final 
two digits of 9: 10—1= 89. 
Z, = 972 = (10 — 1)*2 


(3) = 1042 — Cz, +1042"! + +++ — CZ,+10? + Cz,-10 —1 : 
Now Z, ends with 89; consequently, C2, = Z, ends with 89, and 
ec ZAZ:—1) _ ae ee 


2 1-2 1-2 


(the dots designating unknown digits) ends with the digit 6. Accordingly, 
the final three digits of the number Z; will be the same as the final three 
digits of the number — 600 + 890 — | = 289. 

(4) 
Z, = 973 = (10 — 1)% 

= 1073 — Cz, -107s-! + «+» + Cz,-10° — C3,-10* + Cz,-10 — 1 
Since Z3 ends with 289, C2, = Z, ends with 289; 


Ct. = Z(Zs—1) _ +++289- ++ +288 
= 7 1-2 
ends with 16, and 
Ch. = ZZ, —1)(Z;— 2) __- +289 + -- +288 - -- -287 
ie 1-2-3 ~ 1-2-3 


ends with the digit 4. Hence, the final four digits of Z, will form the same 


number as do the final four digits of the number 4000 — 1600 + 2890 — 1 = 
5289. 


(5) 2, = 9% = (10 — 1) = 104 — Cz,-104.-! + --- 
= Cz,-10¢ + Cz,:10° — Cz,:10° + Cz,-10—1 - 
Since Z, ends with 5289, Cz, = Z, ends with 5289; 
_ Z2(4—1) _ ++:5289- ---5288 


3 
Cz, = 12 = 2 
ends with 116; 
cy. = AZ = W% — 2) _ -+-5289 - «+ -5288 - + - -5287_ 
ne 1-2-3 = 1-2-3 


ends with 64; and 

PE on Z(Z, — 1(Z, — 22, — 3) _ _++ 5289 - - + +5288 - 5287 - - - 5286 
%4 1-2-3-4 1-9.3.4 

ends with the digit 6. Therefore, Z; ends with the same digit as does the 
number 


— 60, 000 + 64, 000 — 11, 600 + 52, 890 — 1 = 45, 289. 


Further, since the final four digits of the number Z; coincide with the 
final four digits of Z,, it follows that the final five digits of the number Z, = 


75 = (10 — 1)’5 coincide with the final five digits of the number Z; (= 974). 
It can be shown, in exactly the same way, that all the numbers of the 
sequence 

Zs; Ze = 978; Z, = 96; +++; Zyooo = 979%; Zio, = 97100 
end with the same four digits, namely the digits forming the number 45, 
289. Thus, Zo; is the number WN called for by our problem. 
47. Using the formula for the sum of a geometric progression, we find 
5Q!000 om l 501000 — 1 


as 50 — 1 49 


Now 1/49 forms a periodic decimal; it is found (by tedious but 
straightforward division) to have a period of 42 digits: 


y = 0.(020408163265306122448979591836734693877551) 


9 


or, in abbreviated form 


where P expresses the 42 digits written above. 
The multiple of 42 nearest 1000 is 1008 = 24-42. Consequently, 


109108 l 








= 1918 .__- = pp... Pp. 
49 49 
24 times 
Similarly, 
10! — ] 1 l 
M= ——_ = ]09'* .. ——  —— = eee 

FC os Ss 

24 times 


is an integer consisting of 1008 digits, which can be arranged in 24 
repeating groups of 42 digits each (the number M consists not of 1008 digits 
but of 1007, since the number P begins with a zero). 

We construct the difference between the number N in which we are 
interested and the number /: 


51000 , | (ji1000 = l 101008 — 1 5ioo0 ef 10° 
49 ae 49 


Since the difference N — M of two whole numbers is an integer, and 


10!9°° is relatively prime to 49, it follows that 5!°°? — 108 must be divisible 
51000 _ 108 


49 
N—M = 10!°°.x terminates with 1000 zeros. Hence the final 1000 digits of 
N coincide with those of M, namely 

qPP-:--P 

23 times ; 





N-—-M= - 10000 | 


by 49. Hence, the number * = is an integer, and the difference 


where g is a group of 34 digits consisting of the last 34 digits of the number 
P; 


48. The number of zeros at the end of a number indicates how many 
times the number 10 enters as a factor. Now, 10 = 2-5. In the product of all 
the integers from 1 to 100 (that is, in 100!) the factor 2 enters to a higher 
power than does 5. Hence 100! is divisible by 10 as many times as the 
factor 5 appears (and will terminate in this many zeros). Up to and 
including 100, there are 20 integers which are multiples of 5. Four of these 
(25, 50, 75, and 100) are also multiples of 25, that is each contains 5 twice 
as a factor. Therefore, in the number 100! the factor 5 is encountered 24 
times, and so there will be 24 zeros at the end of this integer. 


49. First solution of problems (a) and (6). 

(a). Lett +1,¢+2,---,t+n ben consecutive integers for some 
arbitrary integer ¢. We first determine, for a prime number p, to what degree 
p is a factor in n!, and to what degree this prime enters as a factor in the 
product (¢+ 1)-- + (¢+n). Designate by m, the number of integers in the 
sequence 1, 2, -- -, n for which p is at least a simple factor, by m, the 
number of integers for which p is at least a two fold factor, and so on. Then 
the degree to which p enters as a factor in! is given by m=m,+m,+-°--°-. 

If s,; 1s the number of integers of the sequence ¢+ 1,¢+2,---,t+n 
which are divisible by p,; and s, is the number of integers in this sequence 
which are divisible by p’, and so on, then the degree s to which p enters as a 
factor of (¢+ 1)--- (t+ a) willbe s=s,+5,+--- 


Now, the number of integers in the sequence ¢ + 1, -- -, t+ n which are 
divisible by p is not less than m,, since among the integerst+1,-°--,t+n 
are the numbers ¢ + p, t+ 2p, -- +,t + m,p, and in each interval between ¢ + 
kp tot+(k+ l)p (k=0, 1, 2,- ++, m, — 1) there is at least one integer which 
is divisible by p. Thus, s; 2 m,, and, analogously, s, 2 m,, and so on, and 
so s 2 m. This means that every prime factor of n! enters as a factor of (¢ + 
1)---(¢+n) to a degree not less than it enters as a factor of n!. That 1s, the 
number (f+ 1) --- (t+) is divisible by n! 

(b) The product of the first a factors of n! is, of course, a!. The product of 
the following six consecutive integers of n! is, according to problem (a), 
divisible by b!. The product of the next successive c consecutive integers of 
n! is divisible by c! and so on. Sincea+b+---+K <a, it follows that n! 
is divisible by a!b! --- k!. 

Alternate solution of problems (a) and (b) using the result of problem 
101. Problem (b) will be considered first. The power m to which the prime 
p isa factor of a! is, as we have seen, equal tom =m, +m,+---, where m, 
is the number of integers of the sequence 1, 2, - - -, a of which p 1s at least a 
simple factor; m, is the number of integers of which p” is a factor; and so 
on. The number of integers in this sequence which are multiples of p is 
given by [4] ; the the number of integers which are multiples of p? is given 
by [<] ; and so on, where [+]: [S], --+ are the greatest integers in . ‘2 
* + (see the remark just prior to the statement of problem 101). Thus, 


m= Ee | + | =|. Let p be a prime number; then the degree to which p 


7 n a 
enters as a factor of the numerator is equal to | + fd Tos. The 


degree to which p 1s a factor of the denominator is 


slo [s]+ +B Ge + BIB 


Sincen 2 a+b+---+k, we have (using the result of problem 101, part 1) 


BI) Gh Bl) 


that is, p enters the numerator as a factor to a higher degree than it enters 
the denominator and so the given fraction is an integer. 

The proposition of problem (a) immediately follows. Consider the 
product (t + a)!. According to what has just been proven, 


(+ a)---(¢€+ Dit —1)---1 (a + t)! (¢+1)---(¢+a) 


alt(t#—1)---1 a!t! a! 
is an integer. 

(c) (n!)! is the product of the first n! integers. These n! integers can be 
written as the product of (n — 1)! product sets each containing n! successive 
integers. Each of these sets is, according to the solution of problem (a), 
divisible by n!. 

(d) Designate the integers by a, a+d,a+2d,---,a+(n-—1)d. We 
first show that there exists an integer k such that the product kd yields a 
remainder | when divided by n!. Consider the (n! — 1) numbers d, 2d, 3d, - - 
-, (n! — 1)d. None of these numbers is divisible by n! (since d and n! are, by 
hypothesis, relatively prime). Further, no two products pd and gd, where p 
and q are distinct integers less than n!, can yield the same remainder upon 
division by n! (otherwise pd — qd = (p — q)d would be divisible by n!). 
Hence the n! — | integers all yield different remainders upon division by n!, 
and so, for some k, the remainder | appears upon division by n!, that is, kd 
=r—nl+l. 

If now we designate ka by we have 


ka=A 
k(a+d)=A+kd=(A+1)+r-n!, 
k(a + 2d) = A+ kd = (A +2) + 2r-n!, 
k[a + (n — 1d) => A+ (nu —lDkd =(At+(n—D]+(e—-1))r-n!. 
It follows that 
k"(a + d\a + 2d)---[a+(n — 1)d] 


gives the same remainder upon division by n! as does 
A(A + 1)(4+2)---[4+(n-1)]. 


The latter product is divisible by n!, in view of the result of problem (a); 
also k” is relatively prime to n! (since if Kk 1s not relatively prime to n!, then 
neither is kd). Therefore, n! divides a(a + d)(a + 2d)--- [a+(n-—1)d]. 
50. The number of combinations of 1000 elements taken 500 at a time is 
given by 
1000! 
(500!)* , 





Since 7 is a prime number, the highest power of 7 which is a factor of 1000! 
[see the second solution of problem 49 (b)] is equal to 


1000] . £10007 _ [10007 _ _ 
[7] + [Ae] + [ge] = 2+ +2 164 


The highest power of 7 in 500! is equal to 


| 500 500 
ne feel —— | — + +1=8 
>; +(e] + [se] caren os . 


and so the degree to which 7 enters the denominator of the fraction is 82:2 = 
164. Thus, both numerator and denominator contain the factor 7 exactly the 
same number of times. When 7! is cancelled out of numerator and 
denominator, no multiple of 7 remains in the resulting number. Therefore, 
the integer represented by (7%, is not divisible by 7. 


’ 


51. (a) It 1s readily seen that every prime number satisfies the given 
condition, since p does not appear as a factor in (p — 1)!. Ifn is a composite 
number which can be written as the product of two unequal factors, a and 5, 
then both a and 6 are less than n — 1, and consequently, both appear in the 
composition of (7 — 1)!. This means that (n — 1)! is divisible by ab =n. If n 
is the square of a prime p > 2, then n — 1 = p* — 1 > 2p, which implies that 
both p and 2p enter into the product composition of (m — 1)!. Hence, (n — 1)! 
is divisible by p : 2p = 2p” = 2n. Thus, all the composite numbers except 27 
= 4 may be eliminated. However, 4 satisfies the condition of the problem, as 
well as do all the prime numbers less than 100: 


2, he To MeO M7. AO. 23: 29, Sikes D1 
43; 47,95;-59, 615-07, 71, 733, 19,:83, 89, 97. 


(b) It will be shown that (n — 1)! fails to be divisible by n? in the 
following cases only: n is prime, n is twice a prime, n is the square of a 
prime, 1 = 8,n=9. 

If n is neither a prime number, nor twice a prime, nor the square of a 
prime, nor the numbers 8 or 16, then m may be written as a product a-b 
where a and b are distinct numbers, neither of which is less than 3. Assume 
b >a 2 3. Then the numbers a, b, 2a, 2b, 3a are all less than n — 1; 
moreover, a, b, and 26 are clearly distinct from each other, and at least one 
of the numbers 2a or 3a differs from a, b, and 2b. Hence, in (n — 1)! there 
appear the distinct factors a, b, 2b, 2a or else a, b, 2b, 3a (and possibly all 
of a, b, 2b, 2b and 3a appear separately as factors of that product). In every 
case, (n — 1)! is divisible by a2b* = n?. 

Moreover, if n = p”, where p > 4 is prime, then n — 1 > 4p, and (n — 1)! 
contains as factors all of the numbers p, 2p, 3p, 4p and hence is divisible by 
p* =n’. If n — 2p, then (n — 1)! is not divisible by p?, and so it is not 
divisible by n?; when n = 8 or n= 9, (n — 1)! is not divisible by n? (7! is not 
divisible by 87, nor is 8! divisible by 97); if n = 16, (n — 1)! is divisible by n? 
(since 15! contains as factors the numbers 2, 4 = 27, 6 = 3-2, 8 = 23, 10= 
2:5, 12 = 27-3, 14 = 2:7, and so is divisible by 2'+2+1+3+142+1=9Il = 
167-23). 

Thus, the condition of problem (b) is satisfied by all the numbers which 
satisfy the condition of problem (a), and in addition by the integers 6, 8, 9, 
10, 14, 22, 26, 34, 38, 46, 58, 62, 74, 82, 86, 94, that is, all primes, doubles 
of primes, and the integers 8 and 9. 





52. Assume that the integer 1 is divisible by all numbers ms /n, and 
consider the least common multiple K of all these numbers m. Of course, all 
prime numbers ps Vm are included, as well as powers up to p* s nm but 
p**'> Yn. Assume that there are / primes which are less than vw, and 
designate them by p, p>, ° * *, pj. The least common multiple of all the 
integers less than Vw will be the product K = pf'pf? --- p?!, where k; is the 
integer such that 


piisvUn < pi (§= 1,2, -+-,2) 


From the / inequalities 


Un <p", 


we obtain 
(Mnyi< ph ‘ pee ee pre 
However, 
prvipht 7 pen - ppl ‘se pi! - Pipe +++ pi S K* 


(since pips? --- pt! = K, and, consequently, p,p, +--+ p, S K. Hence, we 
have 


(Un) < Kt | 
Inasmuch as nis divisible by K, we must have K S$ n, whence (7/”)! < n?. 
Therefore, / < 4. Since p, po, * * * pi, are primes less than 


V2,nKA= f ie Un (the fourth prime number is 7), and so n < 49. 


If we examine the integers less than 49, we readily ascertain that only the 
following integers satisfy the conditions of the problem: 


24, 12,8,6,4,3,2.. 
53. (a) Designate five consecutive integers by 
h=2 n= |. nen ln 2, 
Then 
Vn, p=7T>Vn. 


If 5(n* + 2) is a perfect square, then it mush be divisible by 25 (it has the 
prime factor 5, which must appear twice), hence (n* + 2) must be divisible 


by 5. This is possible only if the final digit of 7 is 8 or 3, and no square of 
an integer ends in either of these digits. 


(b) Of three consecutive integers, one is divisible by 3, an-other 
yields a remainder of | upon division by 3, and the third yields remainder of 
2 (or, equivalently, a remainder of — 1). Upon multiplication of two such 
integers, the remainders obtained from division by any number are also 
multiplied; actually, 


(pk + r)(qk +s) = pgk? + pks + qkr + rs = k(pqk + ps + qr) + rs. 


Hence, if a number yields the remainder | upon division by 3, then all of its 
powers yield the remainder 1 upon division by 3; if the remainder is — 1, 
then all of the odd powers of the number will yield the remainder — 1, and 
the even powers will yield the remainder 1. 

Thus, given three even powers of consecutive integers, we have, upon 
division by 3, the remainder 0 for one power and the remainder | for the 
other two. 

Therefore, the sum of even powers of three consective integers yields the 
remainder 2 when divided by 3 (or, equivalently, the remainder — 1); but no 
even power of any integer, as we have just shown, can yield this remainder 
upon division by 3. 

Remark: The even powers referred to in problem (b) need not be the 
same. In problem (c) note that the even powers referred to are all the same. 

(c) As we saw in the solution of problem (a), the sum of even powers 
of three consecutive integers yields a remainder of 2 when divided by 3. It 
follows that the sum of even powers of nine consecutive numbers yield a 
“remainder” of 6 upon division by 3, that is, this sum is divisible by 3. We 
must show that such a sum (wherein the even powers are the same) is not 
divisible by 32 = 9. 

Of nine consective integers, one is divisible by 9, and the others yield 
remainders from 1 to 8. If 2 is the (even) power to which the nine 
consecutive integers are raised, then the sum yields the same remainder 
upon division by 9 as does 


ede ha ore Ae SOD or eer 
or the sum 
2 Ae 7") 


(since 37 and 67 are divisible by 9; 1* and 8 = 64 each yield a remainder 1; 
2? = 4 and 7* = 49 yield remainders of 4; 4* = 16 and 57 = 25 yield 


remainders of 7). 

Now note that 13 = 1, 43 = 64, and 7° = 343 all yield the remainder 1 
upon division by 9. It follows that if k = 3/, then 1* + 44 + 7* = 1/+ 64! = 
343/ yields the same remainder upon division by 9 as does 1/= 1/+ 1/= 3; it 
is not divisible by 9. If k = 3/ + 1, then F + 4 + 7% = 1! + 64/4 + 343-7 
yields the same remainder as does the sum 1-1 + 1:4 + 1-7 = 12; it is not 
divisible by 9. If k= 3/+ 2, then 14 + 44+ 7* = 1/1 + 64/42 + 343/-7? yields 
the same remainder upon division by 9 as does the sum 1-1+1-16+1- 
49 = 66; it is not divisible by 9. 

54. (a) The sum of the digits of each number is 1+2+3+4+5+6+ 
7 = 28. It follows that both numbers yield a remainder of 1 upon division by 
9 (an integer yields the same remainder upon division by 9 as does the sum 
of its digits). But if A/B =n, or A = nB, where n 1s an integer different from 
1, then, since B= 9N + 1, it follows from A = nB = 9M + n that n must yield 
a remainder of | upon division by 9. The least value which n can assume is 
10. However, A/B < 10, inasmuch as A and B are both seven-digit numbers. 

(b) Designate the integers sought by N, 2, 3N. Since an integer yields 
the same remainder upon division by 9 as does the sum of its digits, the sum 
N+2N-+3N must yield the same remainder upon division by 9 as does | + 
2+3+---+9=45 in order to meet the condition imposed by the problem. 
Hence, 6N (and consequently 3N) is divisible by 9. 

Since 3N is to be a three-digit number, the first digit of N cannot exceed 
3. It follows that the last digit of NV cannot be 1, since the integer 2N would 
end with 2 and 3N would end with 3, and then none of these three digits is 
available to begin NV. The integer N cannot terminate with 5, since 2N would 
end with 0. Assume now that the final digit of N is 2; then the final digits of 
2N and 3N are, respectively, 4 and 6. The remaining two digits for 3N can 
be chosen only from 1, 3, 5, 7, 8, and 9. Since the sum of all the digits of 3N 
must be a multiple of 9, the first two digits of 3N are either 3 and 9 or 5 and 
7. By checking all the possibilities, we find that the following three-digit 
numbers satisfy the condition of the problem: 192, 384, 576. Analogously, 
we can investigate the cases for which N terminates with 3, 4, 6, 7, 8, or 9. 
This procedure will produce three additional solutions: 273, 546, 819; 327, 
654, 981; and 219, 438, 657. 

55. A perfect square can terminate in only one of the digits 0, 1, 4, 9, 6, 
or 5. Moreover, the square of an even integer is obviously divisible by 4, 


and the square of an odd integer yields the remainder | upon division by 4 
[since (2k + l)* = 4(k* + k) + 1]. Hence, no square can end with any of the 
pairs 11, 99, 66, or 55, since numbers ending in the digits 11, 99, 66, or 55 
yield upon division by 4 the respective remainders 3, 3, 2, and 3). 

We now investigate which remainders are possible when a perfect square 
is divided by 16. Every integer can be represented in one of the following 
forms: 


8k, 8k+3, 
8k 1, 8kt4. 
8k-r-2, 
The squares of these numbers have the following forms: 
16(4k*) , 16(4k? + 3k) + 9, 
16442 +k)+1, 16(4k? + 4k +1). 


16(4k* + 2k) + 4, 


These forms show that the square of an integer is either divisible by 16 or 
will yield a remainder of 1, 4, or 9 when divided by 16. The possibility of 
ending with | or 9 has been excluded. A number ending with the succession 
of digits 4444 yields a remainder of 12 upon division by 16 and therefore 
must also be eliminated as a possibility for a perfect square. 

Therefore, if a perfect square ends with four identical digits, then these 
digits must be zeros (for example, 1007 = 10, 000). 


56. First solution. We designate the sides of the rectangle by x and yj, 
and the diagonal by z. According to the Pythagorean Theorem, 
e+ya2 


We are to prove that the product xy is divisible by 12. We shall first show 
that xy is divisible by 3, then that it is divisible by 4. Since 


(3k + 1)! = 3(3R* + 2k) +1 


and 
(3k + 2)? = 3(3k? + 4k +1)+1 


the square of every integer which is not a multiple of 3 yields a remainder 
of 1 upon division by 3. Therefore, if neither x nor y is divisible by 3, then 
the sum x* + y* will yield a remainder of 2 when divided by 3 and thus 
cannot be the square of any integer. Hence, a necessary condition for x? + y’ 
to be the square of an integer z is that at least one of x or y be a multiple of 
3, which in turn means that xy is divisible by 3. 

Further, not both x and y can be odd numbers, since if x = 2m + 1 and y = 
2n + 1, then 


x + y?= 4m? +4m+1+ 4n?+4n+1 
= 4m?+n+n*+n)+2 


which cannot be the square of an integer (the square of an odd number is 
odd, and the square of an even number is divisible by 4). If both x and y are 
even, then their product is certainly divisible by 4. Assume then that x is 
even and y is odd. We have x = 2m, y = 2n + 1. The number z? (and hence z) 
is then odd (the sum of even and odd). If we write z = 2p + 1, we have 


(2m)? = (2p + 1)? — (2n + 1)? 
= 4p*+ 4p +1—4n*?—4n—1 | 


or 
m* = p(p + 1)— n(n +1) | 


It follows that m7 is an even number (each term of the above difference is 
the product of two consecutive integers and so is even). Therefore, since m 
is even, x = 2m is divisible by 4, and so the product xy is divisible by 4. 

Second solution. It follows from the formulas of the solution of problem 
128 (a) that the sides x and y of such a rectangle can have lengths 
expressible as x = 2tab, y = t(a* — b*), where ¢, a, b are any integers for 
which a and 5 are relatively prime. [The diagonal length is then the integer 
t(a* + b).] If at least one of the integers a or b is even, then x is divisible by 
4. If both a and 5 are odd, then x is divisible by 2 and y is divisible by 2, 
hence xy is divisible by 4. Further, if either a or 5 is divisible by 3, then x is 
divisible by 3; if neither a nor b is divisible by 3, then: one of them yields a 
remainder of 1 when divided by 3 and the other a remainder of 2, or else 
both yield the same remainder. In both cases y = t(a + b)(a — b) 1s divisible 
by 3. Therefore, in every case the product xy is divisible by 12. 


57. We see from the formula giving the roots of a quadratic equation, 


—b+ Vb — 4ac 
2a 


x= 
that the roots of the given quadratic equation will be rational if, and only if, 
the discriminant b? — 4ac is a perfect square. Let b=2n+1,a=2p+1,c= 
2q + 1. Then we can write: 
b? — 4ac = (2n + 1)? — 4(2p + 1X 2g + 1) 
= 4n* + 4n — 16pq — 8p — 8g — 3 


= )) — 2pq— p-q-1) +5 
[ n(n + 1) 
Since this number is odd 2 is integral, since one of the factors of 


the numerator is necessarily even |. it can be the square of an odd number 


only. Now, every odd number can be written as 44+1, and so the square of 
an odd number has the form 


(4k + 1)? = 16k? + 8k +1= 8(2k? +k) +1 | 


That is, the square of an odd number always yield the remainder 1 upon 
division by 8. Therefore, since b? — 4ac is odd, but yields a remainder of 5 
upon division by 8, it cannot be a perfect square. 


58. We have 
l l l 3n? + 6n +2 


n © S+1 342 n(n + 1)(m + 2) 








The numerator of this fraction is clearly not divisible by 3, but the 
denominator is divisible by 3 (being the product of three consecutive 
integers). Hence, since there is an uncancelled factor in the denominator of 
the reduced fraction which differs from 2 and 5, the decimal representation 
certainly is nonterminating. We shall show that the denominator is not 
relatively prime to 10, hence that the period of the decimal expansion is a 
deferred one. 

Of the two integers n and n + 1, one must be even and the other odd. If n 
is odd, then 3? is odd, and so the numerator of the fraction is odd; hence it 
has no factor 2. If n is even, then n + 2 is divisible by 2, and the 


denominator is divisible by 27. But the numerator is divisible only by 2, 
since if n = 2k, then 


3n2 + 6n +2 = 12k + 12k +2 =2(6k2 + 6K + 1); 


and so the denominator has a factor of 2 not shared with the numerator. 
Therefore, the denominator of the reduced fraction 1s not relatively prime to 
10, and so its representation as a decimal must have deferred periodicity. 


59. (a) and (b). Of the fractions composing the sum 





re oe 
2 m n n+1 n+m 
we select that one whose denominator contains the highest power of 2 as a 
factor; there can be only one such term. Now, if we rewrite each term of the 
sum so as to have as denominator the least common multiple of all the 
denominators, then each of them, save the selected fraction, will acquire the 
factor 2 in its numerator, but the selected fraction will acquire only odd 
factors. Therefore, when the fractions are added in this form, the resulting 
numerator will be the sum of several even numbers and exactly one odd 
number, but the (common) denominator will be even. Hence the numerator 
will be odd and the denominator even, and so the sum cannot be an integer. 
(c) Consider that term of the summation whose denominator contains 


as a factor the highest power (say n) of 3. Since all the denominators are 


odd, no fraction of form —1— can appear as a term of the sum K. If we 


2-3" 
obtain the least common multiple of all the denominators, and express all 
the fractions with this denominator, then each of them, except the selected 
fraction, will acquire a factor 3 in its numerator, but the numerator of the 
selected fraction will not have a factor 3. Consequently, we obtain for K a 
fraction whose denominator is divisible by 3 but whose numerator is not 
divisible by 3. This cannot be an integer. 


60. (a) We consider the sum using denominator (p — 1)! For the 
numerator of the sum we obtain the sum of all possible products of the 
numbers 1, 2,---, p—1, taken p — 2 at a time. Since the denominator (p — 
1)! of the sum is not divisible by p, we need only show that the sum of all 


distinct products of 1,2, ---, p— 1, taken p —2 at a time, is divisible by p”. 


We designate the sum of all possible products of the numbers 1, 2, -- -, 1, 
taken k at a time, by mi: 


We=1+2+3+4+-+: +n, 
7—1-241-34---+1-m4+2-342-44 +--+ +2m 
+3-44+ ---+3-2+45+---+(n—1)-n, 
~=1]-2-3--- “R= n' 
We shall show that if 7 + 1 = p is a prime number, then all the sums 
 B cs0 ge 
are divisible by p and that 7%~" itself is divisible by p?. The assertion of the 
problem will follow directly from the latter statement. 
Consider the polynomial 


P(x) = («— 1)(x-— 2) —-3)-- + &—n). 
If this product is multiplied out, we obtain 
P(x) = x* — Max*"' + Wax** — +--+ + Is 





(by our hypothesis, 7 is even). 
Consider, further, the expression P(x)[x — (n + 1)]. This can be expanded 
in two ways: 


P(x)[x — (n + 1)) =(x* — ax! + Ix? — ++ + In)[x—(n + 1) 


and 
P(x)[x — (n + 1)] = (x — 1x — 2X x — 3) -++ (x — n(x —n —1) 
= (x — 1X{[(x — 1) — 1f(*«— 1) — 2] --- (x — 1) — n}} 
= (x — 1)-P(x — 1) = (x —1)[(x — 1)" — M(x — 1)" 
+ m3(x —1)*-? — ++» + Mi] 


We then have the equality 


(x" — Max"! + xyxt-? — +++ + Mx — (n+ 1] 
= (x — 1)! — mi(x — 1)" + Mix — 1)" — --- + M(x—1). (1) 


If two polynomials are equal for all x, then they are identical — we can 
equate the coefficients of like powers of x from both sides (designating by 
Cr =()) the (m + l)st binomial coefficient), and obtain the following 
system of equations: 

Int+(n+1)=Cont+ lM, 
+ (n+ 1) =Car + Cam +m, 
My + (nm + 1) = Cast + Calls + Coils + Mn 


“eee eee eee eer eee eee eee eee eee 


In + (n + 1)Ma' = Cass + Cats + Carills 
+ Crt + +++ + Cn +m, 
(n+1)Mm=1+M+M+---+On'+Mm. 
The first of these equalities is obvious. From the second, third, - - -, nth, 
we derive 
(n+1)—C.=L(w+1)—-CG41=2,---,m+1)—-GQ=2-1; 
Ne = Con, 
2m, = Ca +1+Cim., 
Sie, = Cosy + Collen + Co-iNe» 


“ee eeeewneeewn eee ree ee eee 


(n — 1)m87! = Ch,, + Com, + Com. + --- + Cum. 


(2) 


Since by assumption 7 + | = p is prime, 
ect PUP — 1p —2)-+- P—-kR+V 
Cari = Cp = 1-2:3---k 
is, for k < p, divisible by p (since the numerator of this fraction is divisible 
by p and the denominator is not). Therefore we see from the first formula of 
(2) that 7, is divisible by p, from the second formula that yy? is divisible 


by p, and so on up to divisibility of mt-' by p. 
Finally, we substitute x = p into the basic equation 
(x — 1X x — 2x — 3)---(*#—p+t+)) 
= xe-1 — m_,x?-* es ,-,x?- ey et ee ee fy aat- 


We obtain 


(p — 1)! = p>! — 1p"? + 1-1. p* 
pa PPt + oes + i p* — Mei p + m=} 


But m3=} =(p—1) . If we cancel (p — 1)! from both sides, factor out p, 
transpose j72~} to the left side, and so on, we obtain 


Wi = P p?-* — My, p?-* + 1p? — +++ + MA) 


from which we find that 77? is divisible by p? (the expression in 
parentheses is, as we have shown above, divisible by p if p >3. 
(b) Using the common denominator [(p — 1)!]*, we arrive at a sum 
A 
((p — 1)! 
where A is the sum of all possible products containing p — 2 distinct factors 
taken from the numbers 1, 2”, 37, - - -, (p — 1)? (or, as characterized before, 
“taken p — 2 at a time’). To show that A 1s divisible by p, we shall consider 
the square of the sum 772—{ [the terminology has the same meaning as in 


problem (a)]. Since the square of a polynomial is equal to the sum of the 
squares of its individual terms plus twice the sum of all possible pairwise 
products of the terms, the sum (7%-%)* consists of the terms of A plus a 
series of numbers (all the possible doubled products). We consider one of 
these doubled products: 


21-2--- (i —1\i + 1)- aie ee (-1IG+)D---(~- DV) 


This may be written in the form 
1-2:3 ---(p—1)1-2--+ G@—-IW + DG —DG +> (P— DV). 
Summing all such terms shows that 
(15-1)? = A + Ap — Dimi 
whence 
= (m3=})t — Ap — ug} 


In view of what has been proved in problem (a), A 1s divisible by P. as was 
to be shown. 


61. The fraction is reducible if, and only if, its reciprocal is reducible. 
a‘ + 3a? +1 did a* +1 

a+2a a*+ 2a 
problem to proving irreducibility for < te. which is reducible if, and only 
if, its reciprocal is reducible. We have 


Hence we may consider This simplifies the 





3 
a+2a _ ree 


a+ ’ a+1 





Continuation of this procedure leads to examination of 1/a, which clearly is 
irreducible for any integer a. 


62. We first show that, for any integer b, the number of differences a; — 
a, which are divisible by 5 is not less than the number of differences k — / 
which are divisible by b. We first determine how many differences a; — a, 


are divisible by b. 
Assume that no of the integers a), a>, °° *, a, are divisible by 5, that n, of 


them yield the remainder | upon division by J, that n, of them yield the 
remainder 2, and so on up to mp, _ ; integers that yield a remainder of b — 1 
when divided by b. Since an integer yields precisely one of the remainders 
0,1, 2,3,---, 5-1 upon division by 5, it is clear that 

Ng + ny + Ny + see ewe + np 1 = . 


The difference a, — a, is divisible by 5 if, and only if, the two terms yield 
the same remainder upon division by b. The number of differences a, — a, 
divisible by b since both terms are divisible by 5 will be designated by 
Cie = Pe ty [clearly, there are 1 + 2 +--+ + (mp — 1) of them]; the 
number of differences a, — a, divisible by 5 since both terms yield a 
n(n, — 1) 
aie Maia 
and so on up to Cy,_, = Mo te) differences a, — a, divisible by 5 
since both terms yield the remainder b — 1 upon division by 5b. It follows 
that the total number of differences a; — a, divisible by 5 is exactly 


remainder of 1 upon division by 5 will be designated by Cy, = 


iB carereihs nNy—1(ms-1 — 1) 


_ Nolo — 1) n(n, — 1) 
ee meen ea 2 


This expression may by rewritten as 


OT ot no t+ mit mts: + m1 = No + My + Me + +++ + Me) 
2 2 


_ mot mi + mit ++ + mi 


i 
2 2 


The following expansion can be made: 


mtmt+nte:: +m 


2 
_ (Mo +m + Me + +++ + Mo-1)* — Zon, — Anon, — +++ — Any-aMo-1 
[ 2 
= 4 Z (Ulm — mt = ni — i) + [ne — m)* — nb — ni) 


tina =e — alt 
= . Li + [(%to — 1)? + (to — m2)® + -°+ + (Mes — M-1)* 
— (nb + ni) — (np + mi) — «++ — (nig + nb.) 
— (b—1Xni + mi t+ --- + ni-,)). 


[Note that in the last term within parentheses, mj, ni, «++, mf_, each appear 
(6 — 1) times.] We transfer to the left member all the terms containing 
squares of n,, and divide both members by 5, obtaining 


S (ni + ni + ni + -+* + m}-)) 





We can show, in the same way, that the number N’ of differences k — / 
(where k and / are integers such that n 2 k >/ 2 1) which are divisible by 6 
is exactly equal to 


Ni x (t= Milt + (to — mi) + +++ + (rh-» — mths)? = * 


where n’, is the number of integers of the sequence 1, 2, 3, - - -, n which 
give a remainder of & upon division by b. 

It follows immediately from the formula just obtained that if 1 = mb (that 
is, if nm is a multiple of b), then the number JN is not less than N’. The 
numbers 9}, 2}, «++, m-, are all equal to m, and consequently the sum of the 
squares of the pairwise differences of the numbers vanishes. It is less 
obvious that if 1 yields the remainder r 40 upon division by 5 (that is, n = 
mb +r,0<~r< b), we obtain the inequality VN 2 N’. Here, r of the numbers 
ni, ni, «++, m4, (in particular, the numbers mt, m3, «++, mp) are equal to m + 
1, and the remaining numbers, yj}, #/,,, ---, mj_,» are equal to m. In order to 
prove that cannot be less than N’, we employ the following formal method. 

Since the sum of the b numbers mo, ™, +++, %s-, 1S equal to n = mb +f, at 
least one of these numbers, say 1, does not exceed m [other-wise the sum of 
these numbers would be not less than 5 (m + 1) > n]. We now add one more 
number, a, , ;, to the numbers a, a5, ° - *, a, — a number giving a remainder 


of t upon division by b. Then the number of differences a”*! — ay, a,41 — a, 
--+— a,.Of these new differences exactly n, will be divisible by b. Now, the 
number of differences k —/ 1s augmented by the n differences (n + 1) — 1, (n 
+ 1)—2,-+--+,(a + 1)—n, and it is clear that m 2 n, of the differences will be 
divisible by b. Therefore, if we prove that at least as many of the C’,, , | 
differences, a, — a; for.k >landk,/= 1, 2,---,n-+ 1, are divisible by 5 as 
before (that is, as among the differences a, — a; fork, 1 = 1, 2,-- +, n), then 
it will follow that of the number Cn, of differences a, — a; (k>1;,k, 1 = 1, 


2, °°, n) no fewer will be divisible by 5 than were divisible among the 
differences k — 1, where k,/= 1, 2,---+,n.Ifn+ 1 is divisible by 5, then our 
quest is ended: the result sought follows from what we have done (it is 
analagous to the case n = mb). If n + 1 fails to be divisible by 5, then we 
adjoin another integer to the sequence a, a>, ** *, dy, d, + 1, — and we may 


continue adjoining additional integers until their number does form a 
multiple of b. This completes the proof of the initial assertion. 

The proposition of the problem follows immediately. If b = p is any 
prime number, then p divides at least as many factors a, — a) as it does 


factors k — /; the same assertion will be true for p*, p>. Thus, every prime p 
will enter the numerator as a factor to an order at least as great as it enters 


the denominator; therefore, the denominator of the fraction obtained by 
multiplying together all numbers of the form 7 = a will divide the 


numerator, and so that product will be an integer. 


63. The numbers of our sequence may be expressed in the form 1 + 104 
+ 108+ ----+ 104. We shall investigate, along with these numbers, the 
integers of form 1 + 107 + 104+ 10°+---+ 107. It is readily shown that 


10“+4 — 1 = (10¢ — 1) - (1 + 10° + 10° + --. + 10"), 
10*+? — 1 = (10? — 1) -(1 + 10? + 10+ --- + 10"). 
Moreover, it is clear that 
10**+¢ — 1 = (10"+* — 1X10**? + 1) © 


Comparison of these equalities yields 
10**+* — 1 = (10 — 1X1 + 10* + 10° + --- + 10%) 
= (10* — 1X1 + 10* + 10° + --- + 10**)(10%*? + 1) | 
10* — 1 
10? — 1 
(1 + 10* + 10° + --- + 10%) - 101 
= (1 + 10® + 104 + --+ + 10**)(10"*? + 1) | 


or, since = 10°+1=101, 


Since 101 is a prime number, either 1 + 107 + 104 +--+ + 1024 or 102% +2 + 
1 is divisible by 101. If & > 1, then whichever of these two numbers is 


divisible by 101, the quotient will exceed 1; hence 1 + 104+ 10° +---+ 
10** is, for k > 1, expressible as the product of two (nontrivial) factors. If k 


= 1, we have the number 10* + 1 = 10, 001, which is a composite number 
(10, 001 = 73.137). 


Remark: It is possible to prove in a similar way that the following 
numbers are all composite: 


100 -.- 0100--- 01, 100---0100--- 0100--- 01, «+. 
(2k +1) (2k +1) (2k + 1)(2k+1) (2k +1) 


64. (a) we have 
q'2s — 5128 — (qt + h8*)(gt* — 8) 

= (a** + b®*)(a3? + b§?)(a*? — 5?) 

= (a + b**)(a3* + b®*)\(a'® fe b'*\a'® a b'*) a ote 

=: (a** “- b**)(a*? 5*)\(a'* oa b'*\(a® 4+ b*) 

x (at + b*\(a* + b*)(a + bya —b) | 
Consequently, the required quotient is equal to a — b. 
(b) As in part (a), 
att! — pett 


65. we note that 


2" — 1 = (20! + 1X28"? — 1) 
= (2! 4 12? + 12"? — 1) = 
= (22°? + 1X22? + 1)(28"-? + 1) +. (22 + 12 + 12 — 1). 


(See problem 64. The last factor, 2 — 1, can be disregarded.) Thus, the 
integer 2” — 1 = (27” + 1) — 2 is divisible by all the numbers of the given 
sequence which it exceeds. It follows that if 27” + 1 and 274 + 1, where k < 
n, have a common nontrivial divisor, then this common divisor must also 
divide 2, and hence must be 2. Since all the integers of the sequence are 
odd, it follows that there exists no common divisor for any two of them. 


66. The number 2” is not divisible by 3. If 2” yields the remainder 1 
upon division by 3, then 2” — 1 is divisible by 3; if 2” yields the remainder 2 
upon division by 3, then 2” + | is divisible by 3. Therefore, in all cases one 
of the two numbers, 2” — 1 or 2” + 1, is divisible by 3; hence, if both 
integers exceed 3, they cannot both be primes. 


67. (a) If a prime number p > 3 yields the remainder 2 when divided by 
3, then 8p — 1 is divisible by 3. Hence, to meet the condition of the problem, 
Pp must yield the remainder | when divided by 3. But 8p + 1 1s divisible by 
3. If p = 3, then 8p + 1 = 25, which is composite. 


(b) If p is not divisible by 3, then p* yields the remainder 1 when 
divided by 3 [see the solution of problem 53 (b)], and then 8p? + 1 is 
divisible by 3. Hence, the condition of the problem can be met only if p = 3. 
But then 8p? —1 = 71 is a prime number. 


68. If p > 3 is a prime, it can yield only 1 or 5 as a remainder upon 
division by 6 (if p = 6k + 2, or p = 6k + 4, then it is an even number; if p = 
6k + 3, then it is divisible by 3). Hence, the square of the prime p must have 
one of the two forms 3647 + 12n + 1 or 36n* + 60n +25. Each of these 
integers yields the remainder 1 when divided by 12. 


69. As explained in the solution of problem 68, a prime number p > 3 
must have one of the two forms 6” + 1 or 6” + 5. Given three distinct 
primes, all exceeding 3, at least two of them must yield the same remainder 
upon division by 6. The difference between these two numbers, which is d 
or 2d, where d is the common difference of the arithmetic progression, is 
then divisible by 6, whence, necessarily, the common difference d is 
divisible by 3. But since d is the difference of two odd numbers, it is also 
divisible by 2. Therefore, in every case, d must be divisible by 6. [See also 
the solution of problem 70 (a).] 


70. (a) Since all primes exceeding 2 are odd, the common difference of 
the arithmetic progression sought must be an even number; hence, we may 
eliminate 2 as a possible term of the progression. Also, since there are 
certainly three successive terms of the progression, all of which exceed 3 
and which by themselves must form an arithmetic progression, the common 
difference d must be (according to problem 69) divisible by 6, that 1s, 
divisible by both 2 and by 3. 

We now show that d must be divisible by 5. Assume d is not divisible by 
5. Then the numbers 


a,at+d,a+2d,a+3d,a+t 4d 


all yield different remainders upon division by 5 (if two of the remainders 
are equal, then it is easily shown that d is divisible by 5, a contradiction of 
the assumption just made). Thus, one of the numbers of the progression is 
then divisible by 5. Since all the term of the progression are prime, this is a 
contradiction. Hence d must be divisible by 5. We can show, in the same 


manner, that d must be divisible by 7. (This conclusion cannot be reached 
for 11, since there are to be only ten terms in the progression, and a, a + d, - 
*, a + 9d would not necessarily provide a number divisible by 11.) 
Therefore, the common difference d of the progression must be a multiple 
of 2:3-5-7 = 210; that is, d = 210k. 
According to the conditions of the problem, 


ay = a, + 9d =a, + 1890k < 3000. 


This inequality is impossible for k 2 2, hence, necessarily, = 1. It follows 
that 


a, < 3000 — 9d = 3000 — 1890 = 1110. 
Now, 210 = 11:19 + 1; consequently, the (m + 1)st term of the progression 
may be represented in the form 
Qm+1 = @, + (11:19 + 1) + m=11-19M + (a, + m) | 


It follows that if a, yields a remainder of 2 upon division by 11, then aj is 
divisible by 11. If a, yields a remainder of 3 when divided by 11, then apg is 
divisible by 11, and so on. Therefore, a, cannot yield upon division by 11 
any of the remainders 2, 3, 4,-- -, or 10. If a, # 11, then since a'is prime it 
cannot be divisible by 11; this means that either a; = 11 or a, yields a 
remainder of 1 upon division by 11. Further, since 210 = 13 - 16+ 16 + 2, 
and so 


Am+, = A, + (13-16 + 2)m = 13-16m + (a, + 2m) 


it may be shown that if a, is divisible by 13, it can yield as a remainder only 
one of the numbers 2, 4, 6, 8, 10, or 12. Since a, is odd (as are all the terms 
of the progression), either a, = 11 or it can be written in one of the 
following forms: 


2-11-13] + 23 = 286/ + 23,  286/ + 155, 
2861+ 45,  286/ +177, 
2861+ 67,  286/+ 199, 


Since a, < 1110, the possible values for a, are limited to the integers 


11; 23, 309, 595, 881; 45, 331, 615, 903; 67, 353, 637, 925; 
155, 441, 727, 1013; 177, 463, 749, 1035; 199, 485, 771, 1057 , 
of which the following are prime: 
11, 23, 881, 331, 67, 353, 727, 1013, 463, 199. 

We have found the necessary conditions for the existence of the 
progression sought; namely, d = 210, and a, equal to one of the prime 
numbers listed. We must test each of the possibilities (for example, a; = 11 
is quickly found untenable, since then a, = 221 = 13 - 17, which is not 
prime). Exactly one of the above primes, a, = 199, will produce an 
acceptable progression: 


199, 409, 619, 829, 1039, 1249, 1459, 1669, 1879, 2089. 


(b) This problem is solved in a manner analogous to the solution of 
problem (a); however, the progression found there cannot be extended since 
the following term fails to be prime. 

If a, # 11, then, proceeding exactly as in problem (a), we find that the 
common difference d of the progression sought must be a multiple of 2 - 3 - 
5- 7-11 =2310 (d=2310k). It follows that 


di, = a; + 23 100k > 20,000 | 


Hence we need investigate only the case for which a, = 11. Here, we can 
have only d = 210k. Since 210 = 13 - 16 + 2, we can write for the general 
term of the desired progression 


Ans, = 11 + (13-16 + 2)kn = 13(16kn + 1) + Akn —1) | 


However, for any & = 1, 2, 3, 4, 5, 7, 8, 9, or 10, we can always find an n 
= 10 such that kn — 1 is divisible by 13, whence a,,, fails to be a prime 
number. (These values of 7 are, respectively, 1, 7, 9, 10, 8, 2,5, 3, 4.) Ifk= 
6 and d= 210 - 6 = 1260, then 


ag=11+3-1260=3791, 


which is divisible by 17. Therefore, if a; = 11, then necessarily k > 10, 
and so d 2 2100, but then a), > 20, 000. 


71. (a) If the difference of two odd numbers does not exceed 4, then 
they cannot have a common divisor which exceeds 4. Thus, two of the five 
consecutive numbers can either have at most a common divisor of 2, 3, or 4 
or be relatively prime. At least two of the five consecutive numbers must be 
odd, and of two consecutive odd numbers at least one will fail to be 
divisible by 3. Hence there is at least one odd number among the five 
consecutive integers which fails to be divisible by 3. This integer will 
necessarily be relatively prime to the remaining four integers. 

(b) The reasoning employed here closely resembles that used in 
problem (a), but it is much more involved. If the difference of two odd 
numbers does not exceed k, then they cannot have a common divisor which 
exceeds k. To determine whether two integers are relatively prime, it 
suffices to consider only prime factors; hence it suffices to show that, given 
sixteen consecutive integers, it is always possible to find one of them which 
fails to have in common with any one of the other integers a divisor of 2, 3, 
5,7, 11, or 13. That integer will be relatively prime to all the others. 

First we discard the even numbers of the sixteen successive integers. 
There remain eight consecutive odd numbers. Divisibility by 3 clearly holds 
for either 

(1) the first, fourth, and seventh of these eight numbers, 

(2) for the second, fifth, and eighth numbers, or 

(3) for the third and sixth numbers. 

Divisibility by 5 holds for either the first and sixth, or for the second and 
seventh, or for the third and eighth, or for one number only (the fourth or 
the fifth). Divisibility by 7 holds either for the first and eighth or for only 
one of the other integers. One, and only one, of the odd numbers can be 
divisible by 11, and only one by 13. 

If not more than five of the eight consective odd numbers are divisible by 
one of the primes 3, 5, or 7, then there must exist among the remaining 
three (or more) odd numbers at least one which is divisible neither by 11 
nor by 13. Since that number will fail to have 2, 3, 5, 7, 11, or 13 as a factor, 


it will be relatively prime to all the other integers of the original sequence 
of sixteen numbers. 

We now consider the case in which the number of odd integers divisible 
by 3, 5, or 7 does not exceed six (which is the maximal number of odd 
integers of the sequence which can be so divisible). We first assume that 
three of the eight odd numbers are divisible by 3. Then, depending upon 
which three numbers these are (first and fourth and seventh, or second and 
fifth and eighth), two remaining numbers can be divisible by 5 (third and 
eighth, or first and sixth), and one of the remaining numbers might be 
divisible by 7. 

If we strike out the (at most) five numbers divisible by 3 or by 5, there 
will remain either the second and fifth and sixth or the third and fourth and 
seventh of the eight odd numbers. We consider the first case. The second, 
fifth and sixth odd numbers stand either in the fourth, tenth, and twelfth 
positions of the original sequence of sixteen numbers or in the third ninth 
and eleventh positions of that sequence. In the first-named positioning two 
of these odd numbers must fail to have 7 as a divisor; and, of these two, 
neither can have a common divisor of 13 with any other number of the 
original sequence, since both differ from all the other numbers by less than 
13. Since at most one of these two numbers is divisible by 11, at least one 
remains which cannot be divisible by 2, 3, 5, 7, 11, or 13 and so must be 
relatively prime to all the other numbers of the original sequence. In the 
second-named positioning (third, ninth, and eleventh), if one of these odd 
numbers has the factor 13 in common with another number of the original 
sequence of sixteen consecutive numbers, it can be only that number 
standing in the third position. If we throw out that number, we are left with 
numbers in the ninth and eleventh positions. Only one of these two numbers 
can be divisible by 7; whichever it is, the remaining one cannot have a 
factor of 11 in common with any other number of the original sequence, 
since it differs from all of them by a number less than 11. Hence at least one 
number will be relatively prime to all the others of the original sequence. 
The argument for the case in which the third, fourth, and seventh numbers 
of the sequence of odd integers remain after those divisible by 3 or by 5 are 
thrown out is quite analogous, and 1s left for the reader. 

If only two numbers of the sequence of eight odd numbers are divisible 
by 3 (the third and sixth), then it is possible for two of the remaining 
numbers (the first and eighth) to be divisible by 7, and two more can be 


divisible by 5 (the second and seventh). If these six numbers are struck out, 
only the fourth and fifth of the eight odd numbers are retained, and these 
two are not divisible by 3, 5, or 7. Each of these remaining two numbers 
will be relatively prime to the other fifteen numbers of the original 
sequence, since each of them will differ from the remaining fifteen numbers 
by less than 11, and hence could not share with any of them a common 
divisor of 11 or 13. This completes the proof. 

Remark: The proposition may be proved for any sequence of successive 
integers fewer than sixteen (say, ten or twelve) by techniques similar to that 
used above. The proposition does not hold for a sequence of seventeen 
numbers. Whether such a proposition is true for & > 17 numbers, or for 
special numbers k, is not known. 


72. Since 6 = 3-2, the product in question will be the same as that 
obtained by multiplying the integer A, consisting of 666 digits 9 by the 
integer B, composed of 666 digits 2. But A, is 1 less than 10° (the digit 1 
with 666 zeros following); and so if B, is multiplied by A, the result is the 
same as multiplying B, by 10° (which yields an integer composed of 666 
digits 2 followed by 666 zeros) and subtracting the integer B,. It clearly 
follows that the result will be a number of form 

22 --- 2177 --- 78 


—_—— _— 


665 665 


73. The number 777, 777 is exactly divisible by 1001, yielding the 
quotient 777. Hence the number 
777 --- 700000 


—_—_——— 


996 
yields, upon division by 1001, a quotient of 
777 000 777 000 - -- 77700000 . 
the grouping 777,000 repeated 166 times 


Moreover, the number 77, 777 yields a quotient of 77 and a remainder of 
700 upon division by 1001; and so the quotient obtained by dividing A by 
1001 has the form 


777 000 777 000 - -- 77700077 , 
—=-,- 
the grouping 777,000 repeated 166 times 


and there is a remainder of 700. 


74. Since the integer 222, 222 is not a perfect square, the integer sought 
has the form 222, 222 azag - - - a,, where az, ag: - *, a, are to be determined. 

First assume that the integer 1 1s even: n = 2k. We shall employ the usual 
process for finding the square root: 


V 22 22 22 ards +++ A2e-1d2e = 471 405 
16 


8716 22 
7|609 





ye err does" 
025 


(the fifth digit of the result is 0, since x, can be only 4 or 5, and 


analogous reasoning shows that the sixth digit, if it 1s to terminate the 
square root and produce a least number, will be 5). 
The remainder now vanishes if dy = 4, aj) = 0, ay) = 2, Q =5 and x, = 


= 7, x3 = 1; it is easily deduced that ag =6+ 1=7 and a,=(7 +9) — as = 


a Hence the smallest integer with an even number of digits and satisfying 
the conditions of the problem is 


222, 222, 674, 025 = 471, 4052. 


Now we assume that n is odd, 2k + 1, and we obtain 


V 2 22 22 2arss +++ AreGre+, = 149071 -- - 


298141 Xi X2X3X QoQ 
i] eeres" 
298142 XsXeX7XeXqX 0812413 


Since the number formed by the digits x,, x» 1s not less than 33 (= 119 — 
86) and does not exceed 43 (= 129 — 86), it follows that the sixth digit of 
the root is 1. Hence the extraction of the root does not end here, but 
continues. Consequently, the smallest number having an odd number of 
digits, and satisfying the conditions of the problem, is not less than the 
twelve-digit number 222, 222, 674, 025. Therefore, this is the number 
sought. 

75. If the positive number a is less than 1, then 7/@ is less than 1. 
Assume that the decimal representation of 7/@ mentioned in the problem 
has fewer than 100 digits 9 at its beginning. This implies that 


100 
i/aeit— (sa) . If we square both sides of this inequality, we have 


10 
1 100 1 200 
as 5 (55) + (ay) | 


Bit PaeuMiltencl hey oe Pomc» there a 
u (<5) +(s5) (<5) : erefore, a < (a5) - 


which means that the decimal representing o cannot begin with 100 digits 9. 
This contradiction proves the proposition of the problem. 





76. The desired number commencing with the digits 523 and divisible 
by 7-8-9 = 504 can be written in the form 523,000 +_X, where_X is a three- 
digit number. Ordinary division yields 523,000 = 504-1037 + 352; that is, 
523, 000 yields a remainder of 352 when divided by 504. Since the sum of 
523,000 and the three-digit number X must be divisible by 504, it follows 
that _X can be equal to 


504 — 352 = 152, 


or to 
2:504 — 352 = 656 


(the number 3-504 — 352 has four digits). Hence the two numbers 523, 152 
and 523, 656 satisfy the conditions of the problem. 


77. Let N be the desired four-digit number. The conditions of the 
problem gives 


N= 131k + 112 =132/+ 98, 
where & and / are positive integers. Since N is a four-digit number, it is clear 
that 
N — 98 e 10,000 — 98 


=—"S 132 


< 75-02 


that is, / = 75. Further, 
131k + 112 = 132] + 98; 
131(A-/) =1- 14. 

It is evident that if A — 7 is not zero, then / — 14 exceeds 130 in absolute 
value, which is impossible if / S$ 75. Therefore, necessarily, k — / = 0, or k = 
/ This yields 

i—14=0, 

k=l=14; 

N = 131-14 + 112 (=132-14 + 98) = 1946. 


78. (a) The number given in this problem has 2n digits and may be 
written as follows: 


4-10%-! + 9-108-# + 4-10%-3 4+ 9(10%-* + 10%-* + «++ + 10") + 5-10"! 
10"-* — 1 

9 
+ 5-10"! + 5-10*-* = 4-10%-! + 9-10%-? + 5-10%-* — 10" 


+ 5-10*-* = 4-10**-' + 9-10**-* + 4-10**-* + 9-10" 


+ 5-10"! + 5-10"? = + (8-10 + 18-1082 + 10-10%-3 


— 2.10" + 10" + 10*-!) = = (9-10 + 9-10%-2 — 9-10*-") 


7 2 


This number is equal to the sum of the arithmetic progression having 
common difference 1 and having 10"~ ! as its first term and 10" — 1 as its 
last term (the number of terms of this progression is equal to 10°— 10®~ ! = 
9-10" !), which is the sum of all the n-digit integers. 

(b) The number of integers (in the sum) which have a given digit a 
as first digit (a may be 1, 2, 3, 4, or 5) is 6-6-3 = 108 (since any of the six 
digits 0, 1, 2, 3, 4, 5 may stand in the second or in the third position, and 
any one of the three digits 0, 2, 4 may terminate the even integer). Consider 
the contribution made to the sum by the thousands column: when the digit 1 
stands here the sum is 1:108-1000; when the digit 2 stands here, the 
contribution of this column to the sum is 2-108-1000; and so on. Thus, the 
contribution made by the thousands column to the sum is the total 


(1+2+3+4+ 5)-108-1000 = 1,620,000. 


Now we consider, in analogous fashion, the contribution to the sum made 
by the hundreds place of the numbers. For any digit 5 in this (second) 
position there are 5-6-3 = 90 possible numbers in the other positions. This 
column contributes to the sum the total 


(1+2+3+4+5)-90-100 = 135,000. 


(We need not consider here the numbers in which the digit 0 stands in the 
hundreds position; they contribute 0-90-100 = 0 to the total for this column.) 
In a similar manner we find that the sum contributed by the tens column 
is(1+2+3+4+ 5)-90-10 = 13, 500; and the sum contributed by the units 
column is (2 + 4):5-6: 6 = 1080. Therefore, the sum sought is equal to 


1,620,000 + 135,000 + 13,500 + 1080 = 1,769,580. 


79. We first investigate the integers from 0 to 99,999,999. In so doing 
we “fill in” with zeros at the beginning, all integers having fewer than eight 
digits so that these integers have the format of eight-digit numbers. We then 
have 100,000,000 eight-digit “numbers.” To write all of these, we shall 
need a stockpile containing 800,000,000 digits. Now, if we write 
00,000,000 at the top of a sheet and 99,999,999 at the bottom and, moving 
from the top down and from the bottom up, fill in the successive numbers 
(always filling in with zeros where necessary), we readily see that each digit 
(includingzero) will be used exactly the same number of times. That 1s, 
ifthe stockpile of 800,000,000 digits is partitioned into ten bins, eachlabeled 
for a different digit, then each bin will contain 80,000,000 digits all of the 
same kind. 

Now we calculate how many zeros we have used to fill out integers 
containing fewer than eight meaningful digits. There are nine one-digit 
numbers (omitting zero), 99 — 9 = 90 two-digit numbers, 999 — 99 = 900 
three digit-numbers, and so on. To fill out the one-digit numbers, we used 
seven zeros; to fill out the two-digit numbers, we needed six zeros; and so 
on. Hence the total number of extraneous zeros required for filling out the 
numbers (disregarding the zeros used for the first “number,” 00,000,000) is 
given by the series 


7-9 + 6-90 + 5-900 + 4-9000 + 3-90,000 
+ 2-900-000 + 1-9,000,000 = 11,111,103 | 


We now append the digit 1 to the first number 00,000,000, thus obtaining 
all the integers from | to 100,000,000. In order to write all these numbers 
we need 80,000,000 twos and the same number of threes, fours, and so on 
up to and including nines; we also need 80,000,001 digits 1 and 80,000,000 
— 11,111,103 = 68,888,897 zeros. 

80. In all, there are nine one-digit numbers, 99 — 9 = 90 two-digit 
numbers, 999 — 99 = 900 three-digit numbers; and, in general, there are 
9-10” n-digit numbers. 

One-digit numbers occupy nine positions in the sequential array written 
in the problem. Two-digit numbers occupy the next 90-2 = 180 positions; 
three-digit numbers occupy the next 900-3 = 2700 positions; four-digit 
numbers occupy the next 9000-4 = 36,000 positions; and five-digit numbers 


occupy the next 90, 000-5 = 450,000 positions. It is clear that the digit of 
interest to us appears in one of the five-digit numbers, since we have filled 
only 38,889 positions before starting to write five-digit numbers, and when 
we have appended the five-dight numbers we will have filled 488,889 
places. 

To find out how many five-digit numbers are in the interval from the 
38,889th to the 206,788th position, we divide the difference 206,788 — 
38,889 = 167,889 by 5: 


206,788 — 38,889 = 5:33,579 + 4. 
Thus, the digit sought must belong to the 33,580th five-digit number, that 


is, to the number 33,579 (since the five-digit numbers began with 10,000). 
The digit sought is the fourth digit of this number: 7. 


81. Assume that the decimal 0:1234 - - - is periodic, that n is the 
periodicity (number of digits in a period), and that k is the number of digits 
encountered before the periodic position starts. Consider the integer 10™ 
(the digit 1 followed by m zeros), where m is not less than n + k. In 
composing the decimal we wrote in succession all the integers; hence any 
chosen number N will appear somewhere (it will surely appear when we 
append the nth integer). Since in the sequence of numbers written in to 
make up the infinite decimal m 2 n + k zeros must be encountered, it 
follows that the only possible period consists of one zero—a situation which 
does not hold for this decimal. Hence the decimal is not periodic. 


82. Let us take nine weights weighing n, (n + 1)*, (n+ 2)°,-- +, (n+ 8) 
units (for a suitable n) and group them in three sets as follows: 


Set I: n*, (n+ 5)*, (n +7)’. 

Then, n? + (n+ 5)? + (n+ 7)* = 3n? + 24n + 74. 
Set Il: (n + 1), (n+ 3), (n+ 8). 

Then, (n+ 1)? + (n+ 3)? + (n + 8)? = 3n? + 24n + 74. 
Set III: (n + 2)’, (n+ 4)’, (n + 6). 

Then, (n + 2)? + (n+ 4)? + (n+ 6)? = 3n? + 24n + 56. 


For any allowable n the total weights of the first and second sets are equal, 
and the total weight of the third set is lighter by 18 units. 


If we do this for m = 1, we will have taken the first nine weights and 
grouped them as follows: Set I: 1, 6, 8; Set II: 2, 4, 9; Set III: 3, 5, 7. The 
first two sets are equal in weight, and the third is 18 units lighter. We now 
do this for n = 10 (thus choosing the next nine weights), but after the 
groupings we interchange the second and third sets, which means that the 
second set is 18 units lighter than the other two sets. We do this for the third 
set of nine weights (n = 19), and after grouping as for the first trial we 
interchange the first and third sets, whence the first set is 18 units lighter 
than the other two sets. It is now clear how the three final groupings may be 
made. 


83. Draw a ray from the pin through one of the vertices of the polygon. 
If this ray turns through 25, then it must contain another vertex of the 
polygon. Now, 25% is 17/240 of the circumference. Since 17 and 240 are 
relatively prime, if the ray is turned through an angle of 25 any number of 
times up to 239 times, it will not duplicate a prior position. If the ray is 
turned through this angle m times, it turns through 17m/240 circumferences. 
In order for the Ath and Ith turns of the ray to fall on a prior position, 
17k/240 circumferences must differ from 17//240 circumferences by an 
integral number; that is, Thea must be an integer. Therefore, & — / must 


be divisible by 240. It follows that either k = / or k 2 240. Counting in the 
initial position we obtain 240 different rays. One vertex lies on each of 
these rays, and hence there can be no fewer than 240 vertices. On the other 
hand, the 240-sided polygon, upon rotation through 17/240 of a 
circumference, coincides with its initial position. Hence the least number of 
sides which the polygon can have is 240. 


84. (a) The first digit of each of the three-digit numbers must be the 
smallest possible one; hence we may assume that the three numbers have 
the form 


TAa, 2B, 3Cc | 


where the overbar indicates a succession of digits; for example, 
2Bb = 2-10? + B-10 + b. 

We shall show that necessarily: A < B< C; a< b<c; each of the digits a, 
b, and c is greater than any of the digits A, B, and C. 

(1) Assume A > B. Then Ag > Bh, and so 


1Aa:2Bb — 2Aa-1Bb 
= (100 + Aa)(200 + Bb) — (200 + Aa)\(100 + Bd) 
= 100(Aa — Bb) > 0 


9 


which would mean that 
1Bb-2Aa-3Ce < (Aa - 2B-3Ce | 


whence the product on the right would not be the least, as required. The 
assumption B > C will produce a similar contradiction. 
(2) Assume a > b. Then 


1Aa-2Bb — 1Ab-2Ba 
= (10-TA + a\(10-2B + 6) — (10-1A + 6)\(10-2B + a) 
= (10-2B — 10-TA)(a — 6) > 0 


4 


which would mean that 
1Ab-2Ba-3Cc < 1Aa-2Bb-3Cc | 


which again is a contradiction. The result b < c is similarly shown. 

(3) Assume C > a, or C = a + x, where x > 0. According to the first 
demonstration C is the largest of the digits A, B, C; and according to the 
second demonstration a is the smallest of the digits a, b, c. In this case we 
would have 


1Aa-3Cce — 1AC-3ac = 1Aa-(3ac + 10x) — (TAa + x)(3ac) 


= x(10-1Aa — 3ac) > 0 


which yields the contradiction 
TAC-2Bb-3ac < 1Aa-2Bb-3Cc . 
It follows from (1), (2), and (3) that 
A<B<C<K<a<b<e, 
whence the product sought is composed as follows: 
147-258-369. 


(b) It is clear that the largest digits must be the initial digits of each 
number; hence we may write the product in the form 


9Aa-8Bb-7Cc . 


Employing techniques analogous to those used in problem (a) we readily 
prove that: A << B< C; a<b<c; each of the digits a, b, c is smaller than any 
of the digits A, B, C. That 1s, 


a>b>c>A>B>C, 
and so the product sought is 
941-852-763. 


85. Write m+(m+1)+---+(m+k) = 1000. Using the formula for the 
sum of an arithmetic progression, we have 


2m +k 


9 -(k + 1) = 1000 


or 


(2m + kk + 1) = 2000 . 


Since (2m + k) — (k + 1) = 2m — 1 is odd, one of the two terms on the left 
is even and the other is odd. Moreover, it 1s clear that 2m +k>k+ 1. Since 


2000 = 24-53, its odd factors are only 1, 5, 25, and 125. For odd (A + 1) we 
need consider only 1, 5, and 25; for odd (2m + k) we can have only 125. 
Hence the problem has the following readily found solutions: 


2m +k=2000, k+1=1, m=1000, k=0; 
2m+k=400, k+1=5, m=198, k=4; 
2m + k = 80, k+1=23, m=2B, k = 24; 
2m+k=125, k+1=16, m=55, k=15 - 


86. (a) Let N be an integer which is not a power of 2. Then the 
following equation can be written: 


N=2*21+ 1), 


where 2* is the greatest power of 2 appearing as a factor of VN, k 2 0,/ 2 1, 
and 2/ + 1 is the greatest odd divisor of N. Consider the arithmetic 
progression 


(2* — ) + (2° —1 +1) +--- + (2 —14+2—-1)+(@—1+2) 


- Oh + We — +b +2) = 22141) =N 


If some of the 2/ + 1 consecutive integers which form the progression are 
negative (that is, / > 2* then it is possible to cancel them with the first- 
appearing positive integers. It is readily shown that at least the final two 
terms of the progression must remain un cancelled. (If only the final term of 
the progression were to remain, we could set up the equation 2 + ] = N= 
2*(21 + 1), which would imply that  =— 1.) 

Assume now that some number of form 2“ can be written as the sum of m 
consecutive positive integers n,n+1,°--:,;n+m—2,n+m-—1. Then 


2+! = 2in+(m+1)+---+(n+m—2)+(n+m-— 1)] 
=m(n+n+m—1)= m(2n + m— 1) 


But the difference (2n + m — 1) — m = 2n — 1 1s an odd number, and, 
consequently, one of the numbers, m or 2n + m — 1, must be odd (and both 
differ from 1 since, by hypothesis, m > 1 and n > 0). This means that the 
equality derived above, 2‘ +! = m(2n + m — 1), is impossible since 2* * ! 
cannot have an odd divisor other than 1. 

(b) We have, for any m>n+ 1, 


(2m + 1) + (2n + 3) + (2n + 5) + +++ + (2m — 1) 


= Att mn) (om — n) = (m +n) (m = 2) 


[If m =n + 1, then there is only one term; there are (m — n) terms.| Hence if 
a number N can be written as the sum of consecutive odd numbers, then it is 
a composite number (the product of numbers m + n and m — n). Now, any 
composite odd number N can be written as the product of two odd factors a 
and b, (a 2 b> 1), and so we can write 


N=ab=(m+n)\(m-—n), 


where we set m = ase and n= oF (Note that for b > 1, m>n + 1). 


Hence, N = (m + n)(m — n) is the sum of a sequence of consecutive odd 
numbers, the odd numbers from a— 6 + 1 toa + 6 — 1. Clearly, no prime 
number can be represented in this form, since then the prime would be the 





product (m + n)(m — n), whence m — n = 1, and so the series reduces to one 
term, the prime number itself. This proves the first assertion. 

Now, in the formula N = (m+ n)(m — n), the factors m + n and m — n are 
either both even or else both are odd (their difference is even). Hence if N is 
an even integer, both of these factors must be even. In this case N is 
divisible by 4; therefore, an even number N which fails to be divisible by 4 
cannot be written as a sum of consecutive odd numbers. On the other hand, 
if N = 4n, then N can be written as the sum of the two consecutive odd 
numbers 2n — 1 and 2n + 1. 

(c) It is readily seen that 
(nt-! — n + 1) + (n*-! — 2 + 3) + ++ + (n*' —1) 
+ (nh! + 1) + 2+> + (ht + 8 — 3) + (ne * + 2 — 1) 
(sgt? 99:-+- 1) + (spr! +  — 2) 


— yk 
SO een 
2 


(all the terms of the sum are odd, since n*! 
or odd). 
87. Designate the four consecutive integers byn,n+1,n+2,n+3.If1 
is added to their product, we have 
n(n + 1m + 2Xn + 3) +1 
= [n(n + 3)][(m + 1Xn + 2)] + 1 = (nm? + 3nXn*® + 3n + 2) +1 


= (n? + 3n)* + 2(n* + 3n) + 1 = (n? + 3n +1) 


and n are simultaneously even 


Therefore, the product of the four numbers is one less than the square of 
the integer n* + 3n + 1. 


88. We shall show that the set of integers can contain only fourdifferent 
values. Assume the contrary that among the 4n integers there are five of 
them, @1, 45, 43, 44, ds, all distinct. Let us agree that a, < ay < a3 <a4<as 

Consider the integers a1, a, a3, ag. Under the conditions of the problem 
it is possible to form a proportion out of these integers. Hence the product 
of the extremes will be equal to the product of the means. This is feasible 
only if 


ay ag = ay a3. 


(the equation a, a3 = a> ay is impossible, since a, < ay and a3 < ay; it is 
Clear also that a, ay = a3 a4 1s impossible). 

Now consider the integers a), a>, a3, a4. Again, if a proportion is to be 
formed, the only possibility is a, as = a) a3. Consequently, we must have a, 
a4 = a, as, which is a contradiction, since a4 F as. 

Therefore, the set of 4n numbers cannot contain more than four distinct 
integers, and so at least one of the integers must appear n times. 


89. We note, first, that the difference of two positive integers isodd if, 
and only if, one of the integers is odd and the other even; we obtain an even 
difference only from two even or two odd integers. Let us designate an even 
number by the letter e, and an odd number by the letter o. For four arbitrary 
integers A, B, C, and D, we have the following “essentially different” 
possible even-odd combinations and arrangements: 


(l)e,e,e,e; (4)e,0, e, 0; 
(2)e,e,e,0; (5)e, 0,0, 0; 
(3) e,e,0,0. (6) 0,0, 0, 0; 


All other arrangements can be obtained by “cyclic permutation” of these six 
arrangements (that is, by moving an arrangement to the right, and putting 
the fourth integer in the first place, and so on, not changing the order of 
appearance). We shall show that, in every case, after not more than four 
steps (as described in the problem) we must arrive at four even numbers. 
First, combination (1) already consists of four even numbers; combination 
(6) achieves the desired effect in the first step; combination (4) becomes 
combination (6) in one step, so it arrives in the desired form in two steps; 
combination (3) becomes combination (4) in one step, so it becomes 
combination (1) in three steps; finally, combinations (2) and (5) become, in 
one step, combination (3) [for combination (5) we first employ cyclic 
permutation], so in four steps we achieve the sought combination (1). Thus, 
in every case, we arrive at a quadruple of four even numbers in at most four 
steps. 

We continue the process of forming new quadruples of numbers, and now 
we are working entirely with even integers. It is readily reasoned that after 
at most four more steps, we obtain numbers divisible by 4 (if some of the 
even numbers are not already divisible by 4, we divide all numbers by 2, 


and in four steps we have numbers divisible again by 2); in at most four 
more steps we obtain integers divisible by 8, and so on. If the process is 
continued long enough, we must be able to arrive at a quadruple of numbers 
divisible by any desired power of 2. Since the numbers we obtain are 
decreasing in absolute value, we must arrive at a point where we have at 
least one zero, and finally at a point where we have four zeros (this will 
occur in at most 4n steps, albeit we will usually arrive at this point much 
earlier). 


Remark: The analogous theorem may be proved for any number 2 of 
positive integers. For n numbers, where 7 is not a power of 2, the proof 
does not carry through. For example, if the members are 1, 1. 0, we never 
do arrive at the triple 0, 0, 0. We have: 


We note, further, that the numbers 4, B, C, and D can be rational numbers 
— case not essentially different from the case in which A, B, C, and D are 
positive integers. Here the fractions may be written with a common 
denominator and the procedure carried out as before. The proposition fails 
to hold for irrational numbers. 


90. (a) It is readily seen that if the first 100 integers are displayed in 
the following order, the condition of the problem is satisfied. 


100 98 765 4 3 2 1 2019 18 17 16 15 14 13 12 11 

30 29 28 27 26 25 24 23 22 21 40 39 38 37 36 35 34 33 32 31 

50 49 48 47 46 45 44 43 42 41 60 59 58 57 56 55 54 53 52 51 

70 69 68 67 66 65 64 63 62 61 80 79 78 77 76 75 74 73 72 71 

90 89 88 87 86 85 84 83 82 81 100 99 98 97 96 95 94 93 92 QI 

(b) From whatever arrangement of the 101 integers has been 
presented we select the first integer, labeling it a,“); then (always moving 
left to right) we select the next integer a,"!) which follows and exceeds a,“) 


and so on. This produces an increasing sequence a"), a), - - -, af) 


(which may conceivably end at the first integer). If more than ten numbers 
appear in this sequence (i > 10), the problem is solved. If, however, i < 10, 
we cross out the integers already used, and from the remaining 101 — i 
integers we begin the construction of a new sequence, following the same 


procedure. We then obtain a new increasing sequence a, a,), - - +, ax. 


Continuation of this process creates from the ordered set of 101 integers a 
number of increasing sequences. If any one of them contains more than ten 
integers, the problem has heen solved. Hence we need consider only the 
case in which none of the sequence we have made up contains more than 
ten integers. 

Since there are 101 integers in all, the number k of increasing sequences 
must in this case be at least equal to 11. But then it is possible to select from 
the 101 integers a decreasing sequence of eleven integers. A procedure for 
doing this follows. 

We select as the final element of the sequence to be constructed the final 


element of the final sequence ai’. Then if we select from the previous 


sequence that number among those of the original sequence not yet crossed 
k (&). (k) 


out, which just precedes ai, that number will exceed ai,» otherwise ai, 


would have appeared in the preceding sequence. This selected number as 7 


') is placed to the left of a{f’ in the new sequence. Now we work with a“ ~ 
') In the sequence just preceding the (k — 1)st, the element which had 


appeared just before a\* ~) (among those not already crossed out in the 
original sequence) will exceed ask ~). This number is placed to the left ask 


~ ) in the new sequence being formed. We can continue in this manner, 
selecting larger and larger numbers, each appearing earlier in the initial 
array of 101 numbers, and it is clear that we can make at least eleven such 
selections. 


Remark: It can be proved in analogous way that (n — 1)* positive integers 
can be arranged in such an order that no n of them will follow sequentially 
in either an increasing or a decreasing order, but that among k > (n — 1)? 
integers a sequence of 7 increasing, or decreasing, numbers can be selected 
sequentially from the initial array. 


91. (a) Reduce each of the 101 selected numbers by the greatest power 
of 2 which divides it, thus obtaining 101 odd numbers. Since there are 
precisely 100 distinct odd numbers from 1 to 200, at least two of the 101 
odd numbers must be identical. This means that among the 101 numbers 
originally selected there exist two whose factorizations differ only by a 
power of 2. The smaller of these two numbers must divide the other. 


Remark: A proof by mathematical induction is also possible. 

(b) The desired numbers can be selected in the following manner: 
The fifty odd numbers from 101 to 199; the odd numbers from 51 to 99, 
each multiplied by 2 (twenty-five numbers); the odd numbers from 27 to 
49, each multiplied by 4 (twelve numbers); the odd numbers from 13 to 25, 
each multiplied by 8 (seven numbers); the odd numbers from 7 to 11, each 
multiplied by 16 (three numbers); and finally, the three numbers 3-32, 5-32, 
and 1-64. These total 100 numbers, all less than 200, and none of which is 
divisible by any other. 

(c) Assume that it is possible to select 100 integers, none exceeding 
200, such that no one of them is divisible by any other. We shall show that 
none of the numbers | — 15 inclusive can appear in the selected set. 

As in the solution of problem (a), we divided out of each number the 
largest power of 2 which appears as a factor. We obtain a second set 
consisting of 100 odd numbers, none exceeding 200. No two of these odd 
numbers belonging to the second set can be equal (otherwise the 
corresponding original numbers would differ from each other only by a 
factor which is a power of 2, and so one would be divisible by the other). 
Accordingly, the 100 odd numbers of the second set are 1, 3, 5,-- -, 199. 

Since 15 divides 45, the integer 2%15 of the initial set must have a > 0, 
since otherwise 15 would divide 45-2?, which also appears in the initial set. 
This means that 15 cannot have appeared in the initial set. The same line of 
reasoning eliminates the possibility that 13, 11, or 9 appeared in the initial 
set. We now consider the integer 7. It is clear that 7-2°, which is a number 
of the initial set, must have a 2 1. But suppose that a = 1. Since 7 divides 
49, which in turn divides 147, and since both 49-2° and 147-27 belong to the 
initial set, it is clear that B = y is impossible, hence not both B and y can be 
zero. But y is certainly zero, since the initial set centains no integer 
exceeding 200. Therefore, 7:2 must divide 49-2?; this eliminates both 7 and 
14 from appearance in the initial set. The same line of reasoning shows that 


the integers 5, 10, 3, 6, and 12 cannot belong to the initial set. The integer 1 
is automatically rejected, by hypothesis, and the integer 2 is rejected, since 
its inclusion would give precisely the set of 100 odd numbers between 1 
and 200, a set which clearly fails to meet the conditions of the problem. 

There remain for consideration only the integers 4 and 8. Were 4 to 
belong to the initial set, then 2% could not be a factor of any other member 
of the initial set unless a <$ 1. But this is impossible, since it would 
eliminate the appearance of the integer 3 from the second set (neither 3 nor 
6, as has been shown, can belong to the initial set). By similar reasoning the 
integer 8 is shown to be impossible of inclusion in the initial set. Therefore, 
none of the integers from 1 to 15, inclusive, can appear in the initially 
selected set. 


Remark: It can proved, in general, that out of the first 2” (or fewer) 
integers it is impossible to select (n + 1) integers having the property that no 
one of them is divisible by another, but that it is possible to select n (or 
fewer) such integers. If 3 < 2n < 3*!, then out of the first 2n integers it is 
impossible to select n integers, one of them less than 2‘, such that no 
number is divisible by another. But m such numbers can be selected, 
provided the least is equal to 2". For example, from 200 numbers it is 
possible to select 100, the least equal to 16, not one of which is divisible by 
another. 


92. (a) Consider the absolute values of the “least” remainders obtained 
upon divisible by 100. That is, if a number a yields a positive remainder 
exceeding 50, then increase the quotient by 1 toobtain a negative remainder; 
a = 100q — r, where now 0 <r < 50. Since (counting zero) there exist 51 
possible distinct remainders notexceeding 50 in absolute value, and since 
there will be 52 suchremainders obtained upon dividing 52 numbers by 100, 
at least twoof these remainders are equal in absolute value. If these two 
remainders have the same sign (+ or —), then the difference of 
thecorresponding dividends is divisible by 100; if they are opposite insign, 
their sum is divisible by 100. 

(b) Let a1, a>, a3, ° + *, Ajgqbe given integers (in any order). consider the 
sums 


$5 = @; 
S: = a, + @:; 
Ss =a, +4:+ 43; 


Syoo = @, + G2 + G3 + -** + Gioo . 


There are 100 such sums; therefore, unless one or more are divisible by 
100, at least two of the sums must yield the same remainder upon division 
by 100 (there being only 99 different positive remainders possible). If we 
subtract the smaller of the two sums yielding equal remainders from the 
larger, we obtain a sum of the form Ges, + @ese + *** + @m, Which is 
divisible by 100. 


93. Starting with some initial day, say Monday, assume that thechess 
player plays a, games; on Monday and Tuesday he plays a, games; in the 


three-day period Monday through Wednesday he plays a3 games, and so on, 
by the end of the 77th day he has played a7, games. Consider the following 
sequence of integers: 

Qi, Az, Qs, ***, A171; 

a, + 20, az + 20, +++, @17 + 20 | 


We have, in all, 2:77 = 154 integers, none of which exceeds 132 + 20 = 
152, inasmuch as a7 is not, according to the imposed conditions, to exceed 


11-12 = 132 games played in eleven weeks. Hence at least two of these 154 
integers must be equal. However, no two integers of the sequence aj, a», °° 


*, a77 can be equal, since the chess player has played at least one game every 
day; similarly, no two of the integers a, + 20, a, + 20, -- +, a77 + 20 can be 
equal. Therefore, we must have, for some & and some /, the equality 


ap a, t+ 20. 


This equation states that a, — a; = 20: on a succession of 4 —/ days — from 
the (/ + I)st to the Ath, inclusive — the chess master played exactly 20 games. 

94. First solution. Consider the remainders obtained upon dividing the 
following numbers by N- 


1,11,111,---,1111--1 
—— 
N times . 
Since it is possible to obtain at most N — 1 different nonzero remainders 
from these NV numbers, then one of these numbers isdivisible by N (in which 
case the proof is completed), or else twoof them, say 
K=11:--land Z=1111---1 (I > k) 
—_—_— —_—— 
k times ! times 
must yield the same remainder upon division by N. But in the latter case the 
difference 
L—K=11---100---0 
—— 
(l1— k) k times 
times 
is divisible by N. 
L—K=11:---1-106 i 


If N is relatively prime to 10, then, since —— 
(l—k) times 


ll---] 
divisible by N, it follows that (7—y) 1s divisible by N. 
times 
Second solution. Consider the decimal expansion of 1/N: 


= = O-bibs ++ buaias +++ ai ++ 


where a; b; represents the succession of digits, and where a, ay °- - a, is the 


2 


“periodic” part of the decimal expansion. This can be rewritten in the 
following form: 


1 _Dibp - ++ beads «++ @: — Dibr - ++ De 
N 99 .-.900---0 
I times & times 
It follows that the number -— “a aah is divisible by N. 
— I times . times 
But 4 =9A4,, where” * a edit. . We now consider the number 
I times & times 


B= 12 «++ 100 s+ - OL] 00 109 --- Gieee J] cee 1QD- ee 


—_—_— Oe a O8 eer OO” —_— \_—_—> > 


Itimesktimes/timesktimes /times times , 


which is obtained if the number A, is written nine times successively. It is 
clear that the number B, equal to the product of A; by 


a eee” ee 
(i+k) (+h) (1 + k) 
digits digits digits 

_—_.a a ss Ss 

8 times 


is divisible by 9 (the sum of its digits being divisible by 9). Therefore, the 
number B, consisting entirely of ones and zeros, is divisible by 94, = A, and 


hence by N. 
If N is relatively prime to 10, then I/N yields a decimal which is periodic, 
and so B will consist entirely of ones. 


95. We shall consider only the final four digits of the integers of the 
Fibonacci sequence wherever these integers contain five or more digits; that 


is, we shall deal with a sequence of integers all less than 10*. Let a; 


designate the (four — digit) number appearing in the £th place of this 
sequence (that is, the final four digits of the jth term of the Fibonacci 
sequence). If we know the integers a, , ; and a,;, we can easily find a, _ 1, 


since the four digits composing a, _, will depend only on the corresponding 
four digits of a; +; and a;. Now, if for two natural numbers & and n we find 
that a, =a, 4, and a, +1 =@,4 444, then it will follow that 

Qi-1 = An+k-i » 

Gi-2 = An+k-2, 

QA, = Anti 

(since any number of a Fibonacci sequence is the positive difference 
between the two succeeding numbers). However, since a, = 0, it must then 
follow that a, , , = 0; an integer terminating in four zeros will stand in the 
(n + l)st place of the Fibonacci sequence. 


It will suffice to show, then, that there exists an identical pair among the 
108 + 1 pairs: 


ai, a2, 
a2, as, 
Gi08, Qi08+15 
Qy0841, G1 05+2 
But this certainly must occur in the set of numbers ay, b>, c3,° °°, a at, 


since none of them exceeds 10*, and from the 104 integers 0, 1, 2,3,4,°-°, 
999 we can obtain only 10+-10* = 10° distinct pairs (the first number can 
assume at most 10* distinct values, and the second number can take on only 
10+ distinct values). 


Remark: It can be shown that the first integer of this Fibonacci sequence 
which will end in four zeros stands in the 7501st place (see the book by B. 
B. Dynkin and V. A. Uspensky, Mathematical Conversations, Issue 6, 
Library of the USSR Mathematical Society, especially problem 174 and the 
discussion of it). 


96. Consider the decimal parts of the 1001 numbers: 
0-a = 0, a, 2a, 3a, ---, 1000a@ 


(the difference between the given number and the largest number not 
exceeding the given number). This yields 1001 positive numbers, is decimal 
form, all less than 1. Partition the interval between 0 and 1 on the real- 
number axis into 1000 intervals (we shall assume that each interval contains 
its left end point but not its right end point). We shall investigate how the 
points of the above sequence are distributed among these intervals of length 
1/1000. Since there are 1000 intervals and 1001 points, at least one of the 
intervals must contain two (or more) points. This shows that there exist two 
distinct natural numbers, say p and q (neither exceeding 1000) such that the 
difference between the numbers pa and ga is less than 1/1000. 

Say that p > g. Consider the number (p — qg)a = pa — ga. Since pa = P + 
d, qa = QO + dy, where P and Q are integers, and d, and d, are decimals pa 
and ga, it follows that (p — g)a = (P — Q) + d, — d, differs from the integer 





P—Qby less than 1/1000. This implies that the fraction : = 2 differs from 
a by less than 0. 001 (=) 


97. First, it is readily seen that none of the fractions under consideration 
is an integer. Further, no two of these fractions can be equal, for if, say, 


k(m + n) - lim + n) 


m n 
(where k is one of the numbers 1, 2, -- -, m— 1, and / is one of the integers 
1,2,---,n—1), we would have 
. 
m n’ 
m= k n 
l ’ 


which contradicts the fact that m and n are relatively prime (inasmuch as / < 
n and so cannot be divisible by 7). 
Consider now a natural number A less than m + n. The fractions 





mtn Am+n) kKm+n) 
m > m , ’ m 
will be less than A, or k(m + n) is less than Am, if k is less than a 





Clearly, the number of such fractions is equal to the integral part [ nt | of 





the fractions ae . Similarly, the fractions 
m+n Am+n) iim + n) 
» . * * n 


A 
will be less than A for / < ad The number of such fractions is equal to 


Am 
m+n 


Am 
m+n 








: Am 
the greatest integer [ | in the fractions }, + ,.- The numbers 


Am ee ; 
and } +, are nonintegral, since m, n, and m + n are pairwise relatively 


prime, and the sum of these two numbers is A: 


Am An = 
m+n m+n 








But if the sum of two numbers a and f/, neither an integer, is equal to an 
integer A, then [a] + [8] = A — 1. (The proof of this follows immediately 
from Figure 7.) Thus, 


fete] +Eeta]-4-1 
m+n m+n 


which implies that in the interval (0, A) on the real-number axis there exist 
precisely A — 1 of the fractions. 





(2) (9) — 
1 2 A 
. a 
Figure 7 


The proposition of the problem follows immediately. Let us first assume 
that A = 1; we see that none of the fractions is in the interval (0, 1). Let A = 
2; since there is one fraction in the interval (0, 2), it follows that this 
fraction must be in the interval (1, 2). Let A = 3; since the interval (0, 3) 
contains two of the fractions, it follows that the interval (2, 3) contains just 
one of them. Continuation of this reasoning completes the proof of the 
proposition. 
98. First Solution. If a number a 1s in the interval 
1000 = Se 1000 
m m+1 





then there are obviously, m integral multiples of a which do not exceed 
1000: a, 2a, 3a, -, ma. Now, if we designate by k, the number of given 


integers which lie between 1000 and —. by > the number which lie in the 


interval (> 7). by k, the number which lie in the interval 
(=, “. and so on, then we have, in all, k, + 2k, + 34, +: - > 


numbers, not exceeding 1000, which are multiples of at least one of the 
given numbers. But, according to the conditions of the problem, all these 
multiples are different, and so 


k, + 2k, + 3k3 +--+ < 1000 F 


It remains to be shown that the sum of the reciprocals of all the given 
integers is less than 


Tr soc Bi Ba + Ag $+ oo 


(here we have replaced he of the largest of the numbers by 2 ~ —, the 
following k, numbers by 3 mt, the following 4, numbers by ue and so 
on). Now we have 
2k, + 3k, + 4ky + ++ 

= (k, + 2k, + Bhs + +++) + (Ri + he + hy + ++*) 

= (k, + 2k, + 3ks + +++) +" < 1000 + » < 2000; 
consequently, the sum of the reciprocals of the numbers is less than 2. 

Second Solution. We introduce an important variation of the foregoing 


type of reasoning. The number of terms of the sequence 1, 2, - - -, 1000 
which are divisible by an integer a; is obviously the greatest integer 


| a . 1000 
ore) Wm tt! 
ae ay 

















integers a), a>, °° *, a, exceeds 1000, not one of ¢ numbers 1, 2, 3, -- -, 1000 
can be divisible by two of the integer a), a, --: :, a,. It follows that the 
number of terms of the sequence 1, 2, 3, - - -,1000 which are divisible by at 
least one of the integer a), a>, °* -, a, 1s equal to the sum 
[I a ew + =] 8: ssid [] 
ay a2 a; an . 

Since there are 1000 numbers in the sequence 1, 2, - - -, 1000, it is clear 

that 


2] +E] + +E <om 
ay a2 a» : 


But the greatest integer in a fraction differs from the fraction itself by less 
than 1: that is, 


1000 1000 1000 1000 1000 1000 
few Eee eel levee Caer eet oe les ce 
ay a, a2 an an 





—j 


a: 


Consequently, 
(= -1)+(2"-1)+ se + (2-1) < 100; 








ay a, ay 
that is, 
1000, 1000 , 100 ig 1000 — 1000 + » < 2000 
a, a: ay an : 
and so 
Le ty.ngter 
a, a: an 


Remarks: The estimation of this bound can be made very precise. 
Consider all the multiples of those given integers which do not exceed 500. 
Now, k, of the given integers will exceed 500; k, + k3 of the integers will 


not exceed 500, but will exceed ae k, + ks of them will not exceed ae but 
will exceed ”: and so on. It follows, as in the first solution, that the total 


number of integers not exceeding 500, and which are multiples of at least 
one of the given n numbers, is equal to 


(ke + ks) + (he + ks) + Kke + hr) t+ +> 


Therefore, 
(ke + ks) + 2(ks + kes) + Ske + kr) + «+» < 500 | 


We note now that the difference 
500 — [(k2 + ks) + 2(ks + ks) + +++] 
expresses the number of integers, not exceeding 500, which are not 
multiples of any one of the given integers; and the difference 
1000 — (ki + 2k: + 3ks + +++) 

is the number of integers not exceeding 1000 which fail to be multiples of 
any one of the given integers. Consequently, 
500 — [(k2 + ks) + 2(ks + ks) + Hho + kez) + ---] < 1000 — (ky + 2ke + Sky + ---) 
from which we obtain 

(ki + kz) + 2(ks + key) + Kkes + ke) + +++ < 500 | 


It remains to note that 


2ki + 3k2 + 4ks + Ska + 6ks + The + -: 
< (ki + 2ke + 3ks + 4k4 + Sks + 6he + + +) 
+ [(ki + ke) + hs + ks) + Wks + hee) + +++] 
< 1000 + 500 = 1500 
Thus, the sum of the reciprocals of all of the numbers is less than 
2k: + 3ke + 4ks + -- 
1000 ; 


or less than 14. 

Analogously, if initially we consider the multiples of those given integers 
not exceeding 333, we can prove that the sum of the reciprocals of the given 
numbers is less than 14. 

Note that the number 1000 in this problem can be replaced by any other 
integer. 


99. Consider the conversion of = to a (periodic) decimal (see the 


footnote accompanying the solution of problem 38). 


e = A-G,Qq* + *A¢Q,Qz" + *A4Q\A2°* 


Here, A is the whole part of the quotient obtained upon division of g by p. 
We can write 


q=Apt+gq , 


where the remainder q, is less than p. Moreover, A@ will be the whole part 


of the quotient obtained upon division of 10g by p (Aa, is the integer 
composed of the digits of A followed by the digit a,): 


10g = Aa,-p + q:z : 
where q> < p. Similarly, 
10°-q = Aaias-p + qs, +=, 10%-q = Aaa ae + Quy oo 


The periodic part of the decimal begins again at the point where division 
of 10g by p yields the remainder first obtained, g, = q, upon division of ¢ 
by p. Thus, the number & of digits composing a period of the decimal is 


determined as the least power of 10 such that 10;-¢ yields on division by p 


the same remainder as did g. For this k it is clear that 10g — g = (10* — 1)q 
is divisible by p whence 10‘ — 1 is divisible by p, inasmuch as p and gq are 
relatively prime (p itself is prime). 

Assume now that & is even: & = 2/. Since 107/ — 1 = (10! — 1) x (10/ + 1) 
is divisible by p, either 10’ — 1 or 10! + 1 is divisible by the prime p. But 10! 
— 1 cannot be divisible by p, since if it were, it would yield the same 


remainder as does g upon division by p, and the period of the fraction ry 


would be / instead of k = 2/. Hence, we must conclude that 10! + 1 is 
divisible by p. 
i 
It follows from this conclusion that the sum a + = is an integer. But 


10! a 
> + = = Ade: + +@i. Gi+i@i+2** *G2iGd2***Qi-*- 


4 i. @;Q;"* *@iQi+1° ° *Q2° ee 


Hence, the sum of the decimal fractions 


0, Qi+iGisa* **GgiA,Q_***Qys** + 0, @,G_°** *AiQi+1** *Aei*** 


is an integer. Since each of these positive decimals has a value less than 1, 
this sum must be | = 0.999: - -, which is possible only if 


Qa, + Ain = 
Q; + Gi+42 = 9 
at+an=9. 
It immediately follows that 
Qitart+ss++an _ 9 
2! 2 
If k is odd, the equation 
Qt+@:t+-::+a 9 
k a 


will not be possible, since k is not divisible by 2. 


Anes 
ia 
equal to the least positive integers k and /, respectively, such that 10“ — 1 is 
divisible by p” and 10! — 1 is divisible by p" * (see the solution of the 
preceding problem). Consider the difference 


(10' — 1) — (10 — 1) = 10*(10'-* — 1) | 





100. The numbers of digits in the period of the fractions a and are 


Since this difference is divisible by p”, 10/~* — 1 is divisible by p”. We shall 
show that /0¢— 1, where d is the greatest common divisor of /— k and k, is 
also divisible by p”. 

Write /— k= gk +r; we can then write 


10'-* — 1 = 108*** — 1 = 10°(10" — 1) + (10° — 1) 


But 10% — 1 = (10%)% — 14 is divisible by 10 — 1, whence by p”, and 
therefore 10” — 1 is divisible by p”. Similarly, it may be shown that: 10’! — 1 
(where r, is the remainder obtained upon division of k by r) is also divisible 
by p"”; that 10’ — 1 (where r, is the remainder obtained upon division of r 
by r) is divisible by p”; that 10’ — 1 (where r; is the remainder obtained 
upon division of 7, by rz) is divisible by p”; and so on. (This process, by 
which a diminishing sequence of remainders is obtained, is called the 


Euclidean Algorithm.) 
It is readily shown that the sequence of positive integers r, 7), 7," * > must 


include the number d; since both /— k and k are divisible by d so is r = (J — 
k) — qk; since both k and r are divisible by d, so is r,; since both r and 7, are 


divisible by d, so is 7, and so on. Consequently, all the (remainders) 


numbers of the sequence we have been forming are divisible by d; further, 
this sequence of positive integers is decreasing and so must terminate with 
0. If the final nonzero remainder is 7;,, then 7; _ ; is divisible by r; (since the 


following remainder is zero); 7; _ 7 1s divisible by r; (since now both 7; _ , 
and r; are divisible by r,) r; _ 3 1s divisible by r,(since both r,_ 5 and 7; _ | 
are divisible by r,), and so on. Finally, & and / — k are divisible by r,. The 
inequality 7, > d would contradict the fact that d is the greatest common 
divisor of 1 — k and k; hence, r, = d. (Clearly, r, < d is impossible, since d 
divides r; # 0.) 


Now, k has been defined as the least integer such that 10“ — 1 is divisible 
by p”. Therefore, since 10% — 1 is also divisible by p”, it follows that d= k, 
and /—k is a multiple of k, which means that / is a multiple of « that is, / = 
kr. 


We can expand 10! — 1 as follows: 
10' —1= 10" -1 
= (10* — 1)[10'"—"* + 10"-* + --- +1041] | 


Since 10“ — 1 is divisible by p”, 10“ yields a remainder of 1 when divided 
by p”. It follows that 107* = 1074-10* yields a remainder of 1 when divided 
by p”; 10° = 107-10" yields a remainder of 1 when divided by p”; and so 
on. Therefore, each term of the parenthetical sum on the right, above, yields 
a remainder of 1 when divided by p”, and hence the remainder of this sum is 
r. It follows that if 10“~ ! fails to be divisible by p”~*', then the least value 
of / such that 10’ — 1 is divisible by p"” *! is pk, inasmuch as 10? — 1 is 
divisible by p” * !, but is not divisible by p” * * (since the expression in 


parentheses is not divisible by p7). 
The assertion of the problem follows. 


101. (1) Ifx is any real number, it can be written in the form x = [x] + a, 
where a is a nonnegative number less than 1. 

We write the number y asy=[y] +f (0S P< 1). Thenx+y=[x]+ fp] 
+a+t fh Since at fp 2 0, it is clear from this equation that [x] + [y] is an 
integer which does not exceed x + y. Since [x + y] is the largest integer 
which fails to exceed x + y it follows that [x + y] 2 [x] + []. 

(2) First Solution. Write x = [x] + a, where 0 S a < 1. Assume that the 
integer [x], when divided by n, yields the quotient g and the remainder r: 


[x] =qn+r Osrsn-1). 
We then have 
[x] 


n 
iy = 
n 


n 
x=qn+r+a=qnt+n; 


where 7, =r+a@< 7; + =q + may [=]=o=[2]; which proves 
n n n n 


the assertion. 
Second Solution. Consider all integers divisible by n but not exceeding x. 


Clearly, there are [=] of them. Consider, also, all integers divisible by 1 but 


not exceeding [x]. There are [24] of these. Since these two integers are the 


isl 
x3 £és. 

(3) First Solution. Let x = [x] + a. Since 0 S$ a < 1, then a is equal to one 
of, or lies between two successive fractions of, the sequence 


cee ee eq, 


n n n n n 


same, we have 


Assume that the fractions in question are ae and at; that is, that 


sa 


kee kt 
n 


Now, we have 











nae n—k—1 ={s]+a+ n—k-—1 < (x) 4+ 4+ + n—k—1 
n n n n 
=[x]+1, 
ep Sa* of pap Sok eyes 4 S=* oil 
n n n n 
and 
n n n 
n+k 


= (x) + —— 3 x*+2 
n 


It follows that 





ils[2+2]s-s[2+2=4=4] <tqe, 
x+%—4 


l+is[s+*=*]s--s/ 


that is, 
(=[*+2]= a =[x+ naka1), 


[-+**]- oe = [2+ =") =t9+1 | 


Since after the first n — k numbers, there remain k, we have 


]<ti+2: 











is} + ++ + [+54] = oe — lel + tela) +) = ial + 


But this is can be shown to be equal to the integral part of nx. Since k S na 
<k+1,thenna=k+ f, where 0 s 6 <1. Asa result, 
[nx] = [n[x] + na] = [n[x] +k + fl =n[x] +k. 
This proves that 
d+ [2+] +-- +[2+ 424] =10q 
n n 


Second Solution. Consider the left member of the given equation. 








If <x <4, then all the numbers ’ ep, oo E+ n—1 are less than 
n n n 


1, and so the integral part of each is 0; also [mx] = 0. Thus the equation 
holds for such values of x. 
Now let x be arbitrary. If we multiply x by +. all the terms on the left are 


“shifted” once to the right, and the final term, 


Gare) 


becomes [x + 1], which exceeds [x] by 1. This means that multiplication of 
x by + increases the left member of the equation by 1. The right member is 





also increased by 1 when multiplied by =. For x it is possible to find a 
number a where 
Osa< a 
n , 
such that x differs from a by 2 , where m is an integer. It follows that the 
equality is preserved for all x. 


102. Consider all those points of the Cartesian plane having integer 
coordinates (“integer points”) x and y, where 1 SxS q-landlsysp 
— 1. These points lie within a rectangle OABC the lengths of whose sides 
are OA — q and OC = p (Figure 8). There are (¢ — 1)(p — 1) points. Draw the 
diagonal OB of the rectangle. It is 





O q A x 
Figure 8 


clear that no integer point will lie on this diagonal, since the coordinates (x, 
y) of all the points of the diagonal OB are related by the proportion 


—— ee 


and since q and p are relatively prime, there do not exist integers x < p and y 


x 
<q such that 7 = 


We note now that the number of integer points whose abscissa is equal to 
k, where k is some positive integer less than g and which appear under the 


diagonal OB, is equal to the integral part of the length of the segment MN 
shown in Figure 8. Since 


AR a SE. 
MN = 5, AB=— 


’ 


this number is [=] . Hence, the sum 


Ce] E+E) +f 


is equal to the total number of all integer points appearing under the 
diagonal OB. There are, in all, (¢ — /)(p — J) integer points in the rectangle; 
because of the symmetrical pattern of these points and the fact that OB 
bisects the rectangle, exactly half of these points lie under the diagonal 
(none lies on the diagonal). Therefore, 


[2] + [2 )+ [2+ ~ + [2 ]- = 
q q q q 2 


It is shown in the same way that 
[2] +[*]+[*]+ = + [P= ee) - (p — 1Xq — 1) 
q pb 2 


q q 


103. First Solution. The equation is valid, trivially, if nm = 1. Proceeding 
by mathematical induction, we shall show that if the equality is assumed to 
hold for an integer n, then it must hold for n + 1. 

Ifn + 1 is not divisible by k; then 


n+l=qk+r (lsrsk-})), 
and n = gk + r', where r'= r—1; that is, 9 S 7’ S& —2. It follows that the 
integers [ = : | and [=] coincide (both are equal to q). If, then, n + 1 is 





divisible by k, orn + 1 = qk, then 


[e+] =¢. and [=]=e-1; 


that is, 





Hence, 


[*#]-[4] 
k aiid 


ee ]-fe]s 


It follows that: 


(a) pa] [+ + 


, if k is not a divisor of n + 1; 











That is, if 


EE]+[e]+~ +Ee]earer re 


[e+] + [42+ ]+ et [RE an tht tht he, 
n+1 


(b) [2+] +4 e+] +. ++ 247] 
=[4]+44]+ wee + (nt 1 27] + se 




















(eee a bo ak ++ Sth] 


= Si + Sptes+ Sat Sati . 


Second Solution. The number of integers of the sequence 1, 2, 3,---, 7 
which are divisible by any chosen integer & is equal to iy (these will be 


n 


the integers k, 2k, 3k, ---, [F] k). The sum obtained by totaling this divisor 


n 
each time it appears is d k | (that is, A+k+---+k; =] times). We have 


the following results. 


(a)The sum [+] : =| ee [+] OST” B&B is equal to the 


number of integers of the sequence 1, 2, 35° way n which are divisible by 1, 
plus the number of integers of this sequence which are divisible by 2, - - ., 
plus the number which are divisible by n. But this is precisely the sum ¢, + 


t> +t, +--+ +t, given in the problem. 


(b)The sum { +] + | foes + =| + eee + nf =| is equal to 


the sum obtained by adding the integer 1 each time it appears as a divisor of 
a number of the sequence 1, 2, 3, -- -, n, plus the integer 2 taken each time it 
appears as a divisor of one of the number of this sequence, plus the integer 
3 taken each time it appears as a divisor, and so on. But this is precisely the 
SETICS ST Sot Sy 7 FOS 

Third Solution. An elegant geometric solution suggested by the second 
solution will be given. Consider the equilateral hyperbolas »= = Or, 


’ 


equivalently, xy = k (of which we shall take only the x branches in the first 
quadrant, see Figure 9). 





6 7 8 9 
6 7 8 @ 
6 7 8 JG 
6 72 8 @ 
$38 ¢ 
$6? 28 
6 727 8 JG 
67 8 





Figure 9 


We note all the points in the first quadrant which have integral 
coordinates (integer point). Now, if an integer x is a divisor of the integer k, 
then the point (x, y) is a point on the graph of the hyperbola xy = k. 
Conversely, if the hyperbola xy = & contains an integer point, then the x — 
coordinate is a divisor of k. Hence, the number of integers t, which are 
divisors of the integer & is equal to the number of integer points lying on the 
hyperbola xy = k. The number t, of divisors of & is thus equal to the number 
of abscissas of integer points lying on the hyperbola xy = k. Now, we make 
use of the fact that the hyperbola xy = n lies “farther out” in the quadrant 
than do xy = 1, xy = 2, xy = 3,°° +, xy =n-— 1. The following implications 
hold. 

(a) The sum ¢, + 4 +--+ +4, is equal to the number of integer points 
lying under (or on) the hyperbola xy = n. Each such point will lie on a 
hyperbola xy = k where k Ss n . The number of integer points with abscissa k 
located under the hyperbola is equal to the integral part of the length of the 


segment MN [Figure 9 (a)]. That is, (Fl. since MN = [+] (compare with 


the solution of problem 102). Thus, we obtain 


tththte th=[F]4+[F]+[F]+--+[2] 


(b) Write alongside each integer point [Figure 9 (b)] the number equal to 
its abscissa; then, s; +s, +--+ +, 1s equal to the sum of the integers (<1 


for the integer points located under (or on) the hyperbola xy = n. But the 
sum of the integers for all such points for a specific abscissa k is equal to k 


lF 
. Hence, we have 


S; + Se + Sg + °° +5=[F]+]5]+4]+ cee + of =] 
1 2 3 n\. 


104. It is readily shown that (2 + 7/2 )» + (2 — 1/2 )* is an integer: 
if (2+V2)"=a,+b,/2 , where a, and b, are integers, then 
(2—-V2)"=a,—b.V 2 (this follows from the binomial formula, but 
may also be shown by mathematical induction). Since (2 — 7/2 )* < 1, it 
follows that 


(2+VY2=24+V2"+2-V2y-1, 
and, consequently, 
(2+Yayr—-[2+V2}=1-(2-Y2) | 


But since (2 — 7/2 ) < 1, we can, by taking the power n sufficiently high, 
make (2 — 1/@ )» as small as we wish. If (2 — 2 )* < 0.000001, then 


(2+V2)y—([(2+V2 J] =1—(2—V 2 )* > 0.999999 


105. (a) First Solution. Since (2+ YY 3 )*+(2—YV 3 )* 1s an integer 
(see the solution to problem 104), and since (2— 3 )* < 1, it follows 
that 


(2+VS=(24+Y¥3r+(2-YSP-1. 
If we expand (2 V3 )* by the binomial formula, we obtain 
(2+ V3)" + (2—V3)* = Ad" + Cr2"-*-3 + Cl2*-4-3# + «--) 
which is divisible by 2. Therefore, [2+ W3)}*=(2+VU3 )*+ 
(2—V 3 )* — lis odd. _ 
Second Solution. The number (2 + Y 3 )* can be written in the form 
a, + b,V 3, where a, and 5, are integers. We shall show that 


a, — 36, =1-. 


The proof will be carried out by mathematical induction. First, if n = 1, then 
@,;= 2; 6; =1,and 2*—3,1= 1. 
Now, assume that for some 1 


O+VEP=a+bhVS | 
where gt — 36% =1 . Then for (2+ /3)'=a,+h,/3 , we have 
(2+ V3! = (an + baV 3X2 + V3) = (2ay + 3bn) + (Gn + 2y)V 3 


We see that g2,, — 3b2., = (2a, + 3b.) — Xa, + 2b, = ai — 3B =1 © 
Consequently, 


ee — She = (2a, + 3b,,)* = Xa. + 25,.)* = a 33° = 1 : 


Therefore, @x — 30 for any n. 
Thus, we have 


[an + bn 3] = Gn + [nV 3] = an + [V 303] 
=a,+[V a — 1] =a, + (a, — 1) = 2a, -1 ; 
That is, [((2+ M3 )*] = [an + b.V 3 )] is odd 
(b) We note that 
a+Vsy= ey eS if n is even, 
(l+V¥3)+(—V3)*, if m is odd 


Consequently, the expressions on the right are integers [see the solution to 


problem (a)]. For n even, 9<(1L—V3)"<1; for n odd, We shall 
investigate separately the cases for even n and odd —1 < (l— Y 3)" < 0 


We shall investigate seperately the cases for even n and odd n 
nis even: n = 2m. Then 


L+Vs = 1+VS ee +0—-Ys 1 
={(1+V3 9+ (1-V3y}-1 
=(4+2V3 "+ (4—-2V3 )*-1 
=2(2+ V3 +(2-V3)}-1. 


But the number in the braces is clearly an integer, and so the number 
(1 +V 3 )*] = 2"N — 1 is always odd. Hence, if 1 is even, the highest 
power of 2 by which [(] + 7/3 )s} is divisible is zero. 
n is odd.n=2m-+ 1. Then 
(1 + V3 jm] =(1+ VY 3 em +(1— V 3 emt 
=(4+2V3 r1+V3)+4-2Y3 s1-V3) 
=2(2+V3 1 +V3)+2-V3 1-3 } 
=2((2+V3 = +(2-V3 )*] 
+V¥V3((2+V3 »-—(2-V3 )*}} 
Let (2+U3 )*=an tba 3 , where a, and b, are integers; then 
(2—V 3)" =an+baV 3 . Substitution yields 
(a +V3 +] = 2%{an + ba 3 +n — ba 3 


= 2"(2a.» + 65...) = on*"an - 30m) 


But a,, + 35,, is odd. In fact, 
(am + 3bmXGm — 30m) = Om — 90m = (ae — 36%) — 665, = 1 — 68%, 
[see the second solution to problem (a)]. Since 1 — 6b, is odd, both factors, 


(a,, + 3b,,) and (a,, — 35,,) are odd. Hence the greatest power of 2 by which 
(1+V 3 )*] 1s divisible, form = 2m + 1, is equal to 


etint=[F|*1 


106. Since (2+U5 ?—(2—V7/5 ? is an integer, and since 
—1<(2—V5 » < 0 (for p odd; see the solutions to problems 104 and 
105), it follows that 


[(2+V5 PJ=(24+Y5 P+ (2-VY5p. 


Use of the binomial formula yields 


2+V5y+(2-VY5») 
= 22? + C52°-*5 + CpDP-45* + «+» + CP2-5 9-1/2) , 


so that 


[(2+V 5 )] — 2 
= 2(C32°-*5 + Ch2°-45t + «0s + C3-12-5'p-1)/2) 


All the binomial coefficients 


Bice. bp = 3) 
C5 1:2 ’ 
_ Kb—1XP — 2X6 — 3) 
i 1-2-3-4 ; 
Ch'=p 


are divisible by the prime p (they are integers, and the numerators are 
divisible by the prime p, but the denominators are not). This means that the 
difference [(2 + 7/5 )] — 2et! is divisible by p. 
C? = n(n — 1Xn — 2)---(m — p + 1) 
107. p! . Exactly one of the p 
consecutive integers n,n — 1,n—2,--:,n-—p + 11s divisible by p: let us 


designate that integer by NV. Then [+] = — ,and the difference given in the 


problem takes on the form 

n(n — 1)---(N+1)N(N—1)::-(n—p+1) N 
p! p 
We observe now that the integers n,n—-1,--:-N+1,N-1,:--,n-pt+1 
(the integer NV being omitted) yield all the possible positive remainders 1, 2, 
- ++, pp — 1 upon division by p, inasmuch as the p successive integers from n 
ton — p + 1 must yield all these remainders including 0, and we have left 

out the sole integer divisible by p. Now we shall show that 

nn 1)*(NEDW = 1) pt+ 1) -—(p— 1)! 


is divisible by p. We write the equations 





n=kpt+a,, 
n—l=k,p+t+a:, 


N+1=k:pt+ai, 
N—1= Risip + aisy 


n—p+1=kp-:p + ay-; , 


where a), a>,° °°, Ap-\ are the integers 1, 2, -- -, p — 1 in some order. It is 
clear that if all the integers on the right are multiplied together, every term 
of the expansion will contain p as a factor, except the term a), a>, °° °, Ap-1s 
and this term is equal to (p — 1)!. Thus, the difference shown 1s divisible by 
ia 

If we multiply this difference by the integer > , the product still remains 
divisible by p; that is, 


a — 1)---(28— ptt) N(p — 1)! 
p p 
is divisible by p. If we divide this difference by (p — 1)! [which does divide 
it; see problem 49(a)], we obtain 


aaa” at dace Wo 
p! p "Led. 


This still is divisible by p, inasmuch as p and (p — 1)! are relatively prime. 


108. Let a and f be two numbers satisfying the conditions of the 
problem. For some selected positive integer N we consider all the integers 
of the sequence [a], [2a], [3a], - - -, which do not exceed N; we shall write 
these as [a], [20a], -- -, [ma]. Since [na] = N, where n is maximal, we have 
[((n+ la] > Nand hence<N+1,(n+)Da2z2N+1,N+1>nazNt+1-a, 
orna=N+1,wherel>/21-a. 

We may show, in a similar manner, that if m is the maximal integer such 
that the integers [B],[24],[36], -- -, [7] all fail to exceed N, then mB = N + 
l', where 1 > /' 2 1 —f. Since, according to the conditions of the problem, 
we encounter in the sequences [a], [2a], -- -, [na] and [f], [24], - - -, [mf] 


each positive integer 1, 2, 3, - - -, N exactly once, it follows that n + m= N. 
This implies that 


N+!l N+l_yn 
a B 


sp-(b+Bl-t+# 


L/i RN we 0 deg Ee 
ae aa? a era. 
From the inequalities involving / and /' it follows that 
1 1 l l' 1 1 


Spo ppt le by s—32 
ri a ear hk ak | 


or 


and 


Designating the sum = + 3 by ¢, and dividing all the numbers of the 
preceding inequality by N, we arrive at the inequality 
t t—2 

—>1l1-te 

N ae 
which must be satisfied for any selected positive integer VN, no matter how 
large. But since the first and third members of this inequality can be made 
as small as we wish, it must follow that 1 — t= 0, from which it follows that 


i= - + . = |. Further, it is readily seen that the numbers a and / must be 


irrational, since if @ = - , then we would have B= p—q- and this would 





’ 


imply that [ga] = [(p — g)6] which contradicts the conditions of the problem. 


Assume now that a and # are irrational numbers, and that - foe = 1. 


B 
Since necessarily a > 1 and f > 1, it will not be possible to find two equal 
numbers among the integers [a], [2a], [3a], -- -, 2 or among the integers [/], 
[2A], [36]: --, 


We shall now show that, given any positive integer N, either an integer n 
can be found such that [na] = N or an integer m can be found such that [mf] 
= N, and both possibilities cannot exist simultaneously. Let 


[(n — la] < N s [na], 
[((m — 1)8] < NS [m6] | 
These inequalities imply that 
na—-a<N, na>N; 
mB-—B<WN, mB > N 
(neither na nor mf can be exactly equal to N, since a and f are irrational); 
that is, 
na=N+d, 
mB=N-+d', 
where 0<d<a,0<d'< f. It follows that 
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and, consequently, 


+ >=n+m—-N 


wR 


“ Rk |& 


<i o<% <1 , we have 


is an integer. But since 0 < — 
a@ B 


Hence we arrive at the equality 


which, since 


is possible only in the event that one of the numbers d or d’ is less than 1 
and the other is greater than 1. But this means that of the integers [na] = [NV 
+ d| and [m f]=[N + a’), neither of which is less than N, one must be equal 
to N and the other must exceed N. 


109. First Solution. It is readily seen that (@) = [2 + + | ; Hence we 


can put the equation we wish to derive into the following form. 
=([N,1]/,/%,1],f/%,1 
N=[5 + aka + r+ + >|+ 


Now let 
N= a,°2" + Ge-1°2""" + +*° + a,°2 + ao 


(Ay, An-1>° * *> 41, Aq are either 0 or 1) be the expansion of N in powers of 2 
(as in the binary number system). We then have 


1 ee a a Qn-1 -Je-2 4... aot) 
[F+s]-[= + Qy-,:2"-* + +a,+ 5 ] 


= g°2*! + Gg-1:2¥*® + ++ +O,4+ a, 
sree Se a esa... g tl | Me 
[pt+a]-[=2 + Gg-;°2""* + + 5 +4] 

= Ay 2*-* 4- Gg-1°2** + + +, 
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(recalling that the a; are either 0 or 1). Hence we obtain 


N 1 N 1 N l 
[e+alt(e+al+ ~~ +Lert+al+ 
= G(2"-! + 2-8 + + +1421) 


A dae (2P EBA ee FLED es Fal $1) + Ge 
= A,°2" + ay-,°2""' + +°° +a,;:-2+a=WN 


9 


which is what we wished to show. 


Second Solution. It is obvious that the number of odd numbers exceeding 


N is equal to * if N is even, and is [ x > l | = iF + 1if N is odd—or, 





N 
equivalently, (2) Thus, the number of even numbers not divisible by 4, and 
not exceeding N, is equal to [FI if N is either divisible by 4 or yields the 
remainder 1, and is equal to if ky +1 yields a remainder of 2 or 3 upon 


division by 4. In either event this number is (~). The number of integers 


4 

not exceeding N which are divisible by 4 but not by 8 is: equal to [4] if Nis 
either divisible by 8 or yields one of the remainders 1, 2, or 3; or else is 
equal to [F| +1. In either event the number is equal to [Fh 

In a similar manner it is shown that: (+ number of integers not 
exceeding N which are divisible by 8 but not by 16; (=) is the number of 
integers not exceeding N which are divisible by 16 but not by 32; and so on. 
If we use these results to examine all the numbers in which we are 
interested, we find that 


(5) (8) + (Bonnar 


which is what we wished to show. 


110.(a) Leta be the first digit, and 5 the last digit, of the desired integer 
N. Then the integer can be written as 


N= 1000a + 100a + 105 + 5, 


Or as 


N=1100a+ 11 b=11(100a + b). 


Since this integer is to be a perfect square, and since it clearly must be 
divisible by 11, it must also be divisible by 121; that is, i = 100a + b must 
be divisible by 11. But 


100a + b=99a + (a+ b)= 11.9a+ (a+b). 


Hence a + b must be divisible by 11. Since neither a nor b exceeds 9, and 
since a is not 0, it follows that 1 s a+b s 18, whencea+ b= 11. 
This implies that 
100a + 6 = 11-92 + 11 = 119a + 1) 
N__ 100a+d 
121 11 
N_ 
Since N is a perfect square, 121 is also a square. But among the integers of 
form 9a + 1, where a ranges through the integer values 1 to 9, only 9:7 + 1 
= 64 is a perfect square. This means that N = 121-64 = 7744 = 887. 

(b) Let a be the digit in the tens place of the desired integer, and let b 
be the digit in the units place; that is, the number is 10a + b. If the order of 
digits is reversed, the integer becomes 105 + a. The conditions of the 
problem yield 


=9a+1 


10a+b+10b+a=11l(a+b)=P, 
where £ is an integer. 

It follows that k* (hence &) must be divisible by 11; also, a + b must be 
divisible by 11. Since a + b < 18, this implies that a + b = 11, or * = 
121. Therefore, the only possibilities for the integers sought are 

29, 38, 47, 56, 65, 74, 83, 92, 
all of which satisfy the conditions of the problem. 


111. Designate by a the two-digit integer formed by the first two digits 
of the number N sought, and by b the two-digit integer formed by the last 
two digits of NV. Then, N = 100a + 5, and the conditions of the problem 
yield 


100a+ b=(a+b)’, 


which may be written 
99a = (a + bY —(a+b)=(a+ bXa+5b-1). (1) 


Thus, the product (a + b)(a + b — 1) must be divisible by 99. We shall 
investigate the possible values for a and b. 
(1)a+b=99k,a+b—1=4. Since a and b are two-digit numbers, k < 

2. The case k = 2, when used with equation (/), leads immediately to a = 99 
and b = 99. Similarly, 

k=1, 

at+b=99, 
a=a+b-1=89, 
N = 9801 = (98 + 1)? | 


(2)a+b=11m,a+b-—1=9n, mn =a. Here we obtain 9n = 11m — 1. 
Since 11m — 1 is thus shown to be divisible by 9, it follows that m yields the 
remainder 5 upon division by 9 (it is easily verified that if there were any 
other remainder, then 11m — 1 would not be divisible by 9). Hence, m = 9t + 
5, and so 9n = 99t + 54, n = 11t + 6. We now have 


a=mn = (9t+ 5)(11t + 6) = 9927 + 109¢ + 30. 


Since a is to be a two — digit integer, we must have t¢ = 0; and, 
consequently, a = 30, a+ b= 11m =55, b =25, N= 3025 = (30 + 25). 
(3)a+b=9m,a+b-—1=IIn, mn =a. Reasoning as we did above in part 
(2), we have the single possibility N = 2025 = (20 + 25). 
(4)a+b=33m,at+b-1=3n, ora+b=3m,a+b-— 1 = 33n, which is 
untenable, inasmuch as a+ 6 and a+b -— 1 are relatively prime numbers. 
(5)a+b-—1=99k, a+ b=. Here we will have 


a+b-1=99, 
a+65=100, 
q = GtOket r=) = 10, 


which is an impossibility. 
Therefore, the conditions of the problem can be satisfied only by the 
numbers 9801, 3025, and 2025, and these numbers do satisfy the 


conditions. 


112. (a) Since the numbers are to contain only even digits, they can 
begin only with 2, 4, 6, or 8; hence we need examine only those integers 
between 1999 and 3000, 3999 and 5000,5999 and 7000, and 7999 and 
9000. Accordingly, the square roots of such possible four-digit integers 
must be between 45 and 55, or 63 and 71, or 77 and 84, or 89 and 95. 
Further, since (10x + y)* = 100x? + 20xy + y’, it follows, for 0 < y <, that 
the tens digit of the number (10x + y)? is odd or even simultaneously with 
the tens digit of y* (the 20 xy term contributes an even digit to that place, 
and 100x* contributes a zero digit). Hence the square root of the numbers 
sought cannot end with the digit 4 or the digit 6. 

Since the square roots of the numbers sought must be even, we are left 
with only the following four possibilities: 


687 = 4624; 807 =6400; 
782 = 6084; 927 = 8464. 


These four integers satisfy the conditions of the problem. 
(b) Reasoning analogous to that used in problem (a) shows that there 
does not exist any number composed of four odd digits and which is a 
perfect square. 
113. (a) We shall designate the hundreds, tens, and units digits of the 
integers N sought by x, y, and z, respectively, so that N = 100x + 10y + z. 
The condition of the problem, then, is 


100x + 10y+z=x!+y!+2Z!. 


Since 7! = 5040 is already a four-digit number, none of the digits can 
exceed 6. Consequently, NV cannot exceed 700, which implies that no one of 
the digits can exceed 5 (since 6! = 720). At least one of the digits must be 5, 
otherwise the greatest value obtainable for x! + y! + z! would be 3:4! = 72 < 
100, whereas N is a three-digit number. The possibility x = 5 can be 
eliminated, since in that event N 2 500, but the greatest value obtainable 
for x! + y! + Z! is 3-5! = 360. This, in turn, implies that x cannot exceed 3. 
Further, it can easily be reasoned that x cannot exceed 2; in fact, 3! + 2:5! = 
242 < 300. Now, the number 255 does not fulfill the conditions of the 
problem; if only one digit of the number sought is 5, then x cannot exceed 
1, since 2! + 5! + 4! = 146 < 200. Moreover, since 1! + 5! + 4! = 145 < 150, 


we must conclude that y cannot exceed 4. Consequently, z = 5, since we 
have shown that at least one of the digits has to be 5. Therefore, we must 
have x = 1,4 2 y 2 O, and z=5. This allows us to find the one possibility 
for the solution of the problem-a number satisfying the problem’s condition 
is N= 145. 

(b) The desired numbers N cannot have more than three digits, since 
in the extreme case (97 + 97 + 9? + 97 = 4-9? = 324) we obtain only a three- 
digit number. Hence we can write, for the integers, N = 100x + 10y + z, 
where x, y, and z are the respective digits of the number (from left to right, 
and allowing the possibility of x = 0, or even both x = 0 and y= 0). 

The problem then imposes the condition 


100x + 10y+z=x72+y*% +27, 
or, equivalently, 
(100 — x)x + (10 — y)y = 2(z — 1). (1) 


The last equation implies that, necessarily, x = 0; if this is not the case, we 
have on the left an integer not less than 90 [x 2 1, 100 — x 2 90, (10 — y)y 
2 0], and the integer on the right is not more than 9-8 = 72. Consequently, 
equation (/) can be replaced by 


(0- Y)Y=z(z- 1). 


It is readily verified that this equation cannot be satisfied by any nonzero y 
(recall that y and z are digits). If y = 0, then there remains only the trivial 
possibilities z= 0 orz=1. 

Hence, except for NV = 0, there is only the solution N = 1. 

114. (a) Clearly, the numbers N which are sought cannot have more than 
four digits, since the sum of the digits of a five-digit number cannot exceed 
5-9 = 45, and the square of this number is 2025, a four-digit number. 
Further, since 4-9 = 36, and 36% = 1296, if N is a four-digit number 
satisfying the condition of the problem, its first digit cannot exceed |. But 1 
+ 3-9 = 28, and 28” = 784, whence even four-digit numbers are excluded 
from consideration. Thus N can have at most three digits. Assume, now, 
that V = 100x + 10y + z, where x, y, and z are digits (the possibility x = 0 is 
allowed, as is x =y=0). 


Now the condition of the problem can be written in the form 


100x + 10y+z=(x+y+2z)’, 


or 


99x + 9y=(xt+ytz%—-(x+y+z) 
=(xty+zx+ty+z-1). 


It follows from the above equality that one of (x + y+ Z) or (x +y+z-—- 
1) is divisible by 9 (not both can be divisible by 3 since they are relatively 
prime). Also, 1 S$ x+y+zs 27. We shall investigate all possible cases. 

(1) xt+y+z—-1=0; 99x + 9y=0,x =y=0,z=1;N=1. 

(2) x t+y+z=9; 99x + Oy = 9.8 = 72, x = 0, 9y = 72, y= 8, z=1;N=81 
[=(8+ 1)’]. 

(3) xt+y+z—1=9; 99x + 9y = 9.10 = 90, x = 0, x = 0, 9y = 90, which is 
possible. 

(4) x+y+z= 18; 99x + Dy = 18-17 = 306, x =3, y=1,2=18-G+1) 
= 14, which is impossible. 

(5) x+y+z—1=18; 99x + 9y = 19-18 = 342, x =3, y=5,Z=19-@G 
+ 5) = 11, which is impossible. 

(6) x+y+Z= 27; 99x + 9y = 27-26 = 702,x =7, y= 1,z7=27-(7 +1) 
= 19, which is impossible. 

Therefore, the conditions of the problem are satisfied only by the 
numbers | and 81. 

(b) The cube of a three — digit integer can contain no more than nine 
digits; hence, the sum of the digits of the cube of a three-digit number 
cannot exceed 9-9 = 81 < 100. This implies that the numbers sought cannot 
be three-digit numbers; and the same kind of reasoning will show that such 
a number cannot have more than three digits. The integer, or integers, 
sought can have at most two digits. 

The cube of a two-digit integer cannot have more than six digits, and the 
sum of the digits of such a cube cannot exceed 6:9 = 54, whence the 
numbers sought cannot exceed 54. However, if a number not exceeding 54 
is cubed, the first digit of the cube cannot be greater than 1; but then the 
sum of the digits of the cube cannot be greater than 1 + 5-9 = 46. Thus, the 
numbers sought cannot exceed 46. 

Proceeding as before, we find that if an integer does not exceed 46, its 
cube contains at most five digits, and since this cube is less than 99,999, the 


sum of the digits is at most equal to 4:9 + 8 = 44. The cube of 44 is a five- 
digit number ending with the digit 4. Hence the number 44 must be thrown 
out as a possibility. The numbers sought cannot exceed 43. 

Now we make use of the fact that the sum of the digits of every positive 
integer yields the same remainder upon division by 9 as does the number 
itself upon division by 9. It follows that any of the integers sought must 
yield the same remainder upon division by 9 as does its cube. This is 
possible only if this remainder is —1, 0, or 1 (solution of r? = 1). 

Thus, the numbers sought do not exceed 43, and they can yield upon 
division by 9 only the remainders —1, 0, or 1. Only the following thirteen 
integers can satisfy these conditions: 


1; 

8, 9, 10; 
17, 18, 19; 
26, 27, 28; 
96; ST. 


Of these possibilities, the following integers satisfy the condition of the 
problem: 


1 (1*=1); 

8 (8 = 512); 
17 (17° = 4193) ; 
18 (18° = 5832) ; 
26 (26° = 17,576) ; 
27 (273 = 19,683) _ 


115. (a) Direct verification assures us that for x < 5 the only positive 
integers solving the given equation are x = 1, y= 1 andx = 3, y = 3. We 
shall show that no solution exists for x 5. We note, first, that 


Lise 2) Stal 33 


ends with the digit 3; and 5!, 6!, 7!,--- all end with the digit 0. Therefore, if 
x 2 5, the sum |! + 2! +---+-x! terminates with the digit 3 and therefore 
cannot be the square of any integer y. 


(b) Two cases will be considered. 


z = 2n is an even integer. This case is readily reduced to problem (a), 
inasmuch as y~” = (y,,)2. For even integers zthe solutions are 


x = 1; y=]; z1s any even number; 


x=3; y=+3;z=2. 


z is an odd number. For z = 1| any value of x, and the corresponding 
obvious value of y, will suffice. Let z 2 3. We note that 


1! 421431 +--+ +8! = 46,233 - 


This number is divisible by 9, but not by 27, whereas for all n 2 9 the 
number 9! is divisible by 27. The sum 9! + 10! +--+ + x! 1s therefore 
divisible by 27; and so, for x 2 8, the sum 1! + 2! +---+- x! is divisible by 
9, but not by 27. In order for y’ to be divisible by 9 it is necessary that y be 
divisible by 3, but then y’ must be divisible by 27 (for z 2 3). Consequently, 
for x 2 8 and z 2 3 the given equation has no solution in integers. 

It remains to consider the case for x < 8. We have 1! = 1 = 17 where z can 
be any integer 1! + 2! = 3 (which does not provide an integer solution for z 
23), 1!+2!+3!= 32 (a solution arrived at earlier, but not for the case of 
odd z) and 

iW+2+3!+4'=33, 
1! +2!+--- +5! = 153, 
1! + 2! + --- +6! = 873, 
1! +2! + --- +7! = 5913 . 


As can be easily verified, none of these integers is an integral power (2 
3) of any natural number. Thus, for odd z we have only the following 
additional solutions: 

x = 1;y = 1; z= any odd number; 


x = any natural number; y= 1!4+ 2!+---+x!;z=1. 


116. Let 


C+ht+e+P=2". 
We shall designate by p the greatest power of 2 which divides all four 
integers a, b, c, and d. Upon dividing both sides of the above equation by 
(2?)? = 2? (an even power of 2), we obtain 


ait bi +cr+dj=2" | 


where at least one of the four integers a,, b;, c;, d; 1s odd. If exactly one, or 
if exactly three, of the integers a,, b,, c,;, d,; are odd, then aj +6} + cf +d? is 
odd, and in this event the equality is impossible. 

If two of the integers are odd, say a, = 2k + 1 and 6b, = 2/+ 1, and two are 


even, say c,; = 2m and d, = 2n, then we may write 
ai + bi + ci + di = 4k + 4k +1440 + 424+ 1+ 4m? + 4n? 
= 2(kR +k+P +14 m'* + n*) + 1) 


which is a contradiction that g? + b} + c} + d? = 2-*» cannot have an odd 
divisor (the expression in brackets cannot be | except fork =/=m=n=0; 
c; =d,=0andc=d=0). If all four integers are odd, that is, a; = 2k + 1, b; 
=2/1+1,c,;=2m+1,d,=2n+ 1, we have 
ait+b+ci+ d= 4k + 4k +144 4+414+1 
+ 4m* + 4m +1+4n* + 4n+1 
= 4[k(k +1) + ll +1)+ mm +1) + n(n 4+1)4+1) | 

Now, the product of two consecutive integers must be an even integer, 
and so the expression in the brackets immediately above is odd. Under the 
circumstances, its value can be only 2° = 1. This implies that n — 2p = 2, n = 
2p+2,andk=l=m=n=0,a,=6,=C,=d,=la=b=c=d=??. 

Therefore, if 1 1s an odd number, then 2” cannot be written as the sum of 


four squares; if m = 2p is even, then 2” can be expressed as the sum of four 
squares only in the following way: 


ga (oe Tye P= 1) ae}? + Pye. 
117. (a) First Solution. The equation 


x? +3 +727 = 2xVZ 


is satisfied by x = y = z = 0. It is obvious that no other solution is available 
which involves zero value for any one of x, y, or z; hence we may assume 
that none of them can vanish. We can write 


x= 2°x,, 
y = By,, 
= 24: 


where x), ¥}, Z; are odd (if any one of x, y, z is initially odd, then the 


exponent for 2 can be taken to be 0). 

Since x, y, and z enter the equation symmetrically, we may assume, with 
generality, that a s / s y. We shall now determine by what power of 2 the 
left member of the equation is divisible. 

(1) Ifa<f 2 », or else if a = f = y, then after factoring out (2a)* = 274 
there will remain the sum of an odd and two even numbers, or else the sum 
of three odd numbers-that is, an odd number. 

(2) Ifa=f< yy, then it is possible to write 


x = 2%(2k +1), 
y = 242) +1), 
z= 2*-2m 


In this case, 
x? + y? + 2% = 2°9((2k + 1)* + (27 + 1)* + (2m)*] 
= 2°4(4k* + 4k + 1 + 41? + 41 + 1 + 4m?) 
= 29+1(2(k? +k + 1? +1+ m*) +1); 


after factoring out 27**!, there remains in the brackets an odd number. 

On the other hand, the right member of the equation is divisible by 2% *? 
t#*+1. Also, the right member must be divisible by the same power of 2 as 
is the left member. 

For case (1) we must have 2a=a+f/+y+1. Sinceas fS », we arrive 
at the untenable inequality 2a 2 3a+ 1. 

For case (2) it follows that 2a+l=a+f/h+y+1. Since a =f < y, the 
following inequality is implied, which again is impossible: 2a + 1 >3a+ 1. 

Therefore, there fails to exist any solution in integers for x7 + y* + z* = 
2xyz, except the trivial one x = y =z=0. 


Second Solution. Since the sum of the squares is to be an even number, it 
may be reasoned that either all three of the numbers x2, y, 2 (hence also x, 
y, and z) are even, or one of them is even and two are odd. But in the last 
event, the sum would be divisible only by 2 and the product 2xyz would be 
divisible by 4. Hence we must conclude that x, y, and z must all be even: x = 
2x1, ¥ = 21, Z = 2z,. If we substitute these into the given equation and 
divide through by 4, we obtain 


xi + yi + 2 — 4x, V2, ; 


As above, this equation implies that x,, y,;, and z, are all even numbers, 
and so we can write x; = 2x, y) = 2y, Z) = 2Z5, which yields the equation 


x T 3 + 23 = OxX2 Voz2 , 


which, in turn, implies that also x,, y>, and are all even numbers. 


Continuation of this process leads to the conclusion that the following set 
of numbers are all even: 
Zz. 3. 
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(the numbers x;,, y;,, Z, satisfy the equation xf + yp + 2; = 2*t'x,y,z,) . But 
this is possible only ifx =y=z=0. 

(b) As above, it may be proved that the only integer solution of the 
equation x7 + y* +27 + = 2xyzv is x =y =z=v= 0. Here, it suffices to 
make the special investigation for the case where the highest power of 2 
which divides x, y, z, and v is the same; that 1s, when 


x = 2%2k +1), y = 2%(2/ + 1), 
z=2%2m+1), v=2%2n+1), 


where a is a nonnegative integer, and k, /, m, and n are integers. 
Then 


x* + y® + 2? + v? = 27#[(4k? + 4k + 1) + (422 + 41 + 1) 
+ (4? + 4m + 1) + (4n? + 4n + 1)] 
= Qerk?+k+l?+1+m?*+m+n*+n +1) 
= 226+ k(k + 1) + Ul+1) + m(m + 1) + n(n +1) + 21) 


Now, the last expression in brackets must be odd (the terms which are 
products of two successive numbers are even). Therefore, the greatest 
power of 2 which divides the left member of the equation has exponent 2a 
+ 2. But, in the original equation, the highest power of 2 which divides the 
right member is 24**!. Accordingly, we must conclude that 2a + 2 = 4a + 
1, which is untenable for any integer a. 

Remark: A second solution of problem (b), which is analogous to that of 
problem (a), is left to the reader. 


118.(a) Let x, y, z be any three nonnegative integers satisfying the 
equation 


x? + y? + 2* = kxyz. (1) 
We shall show, first, that it is always possible to assume 


sot, vs? 2g ™® (2) 


_ gy’ Po 


(none of the integers on the left of (7) can exceed half the value of the right 
member). To show this, assume, for example, that z > = . Then consider 


not x, y, z, but the lesser integers x, y, and z, = Axy — z, which clearly also 
satisfy equation (/): 

x? +57 + (kxy — z)* = kxy(kxy — 2). 
If any integer of this new triple is greater than the product of the other two 
multiplied by = , we again make a similar substitution until the conditions 


of (2) are satisfied (after which the process will fail to yield decreasing 
numbers for x, y, Z). 


Assume now thatx S y Sz. First, sinceySzs ey, it follows that 


kx 
ls—-: 
Ss 2° 


kx 22 


Equation (/) can be restated in the form 
2 2 
cote (B=) 


2 
Since z S$ 28 Ay if in the left member z is replaced by y S z, the 


numerical value is increased (or remains the same if y = z); consequently, 


r++ (B-») 2 


This yields the inequality 


x° +27 & kxy’. 
Further, it follows from x s y that 
y+ 2y? & hoy’ 
that is, kx s 3. 


Hence, we have 2 S$ kx Ss 3; that is, kx is equal to 2 or 3. But if kx = 2, 
then equation (/) assumes the form 


x? +y? + 2° = 2yz, 
or 
x" + (y— zy =0; 


thus x = 0 and kx = 0 instead of 2. Therefore, Ax = 3, which means that / can 
have only value | or 3. It is readily verified by examples that these values 
for k are possible [see the solution of problem (b)]. 

(b) Reasoning similar to that employed for problem (a) is used here. 
There we had x? + 2y* 2 kxy’; since kx = 3, this inequality can be rewritten 
in the form 


x? +2 & 3y, 


or 
x By. 
However, we assumed x S$ y; consequently, x = y. Assume now that in 
the basic equation, (/), x = y, kx = 3. We obtain 
2x? + 2? = 3xz, 
or 
(z — x)(z — 2x) = 0. 


Thus, z = x or z = 2x. Since 


it is impossible for z to be equal to 2x. Therefore, z = x. 

Accordingly, for condition (2) to be fulfilled, we must have x = y = z. 
But, inasmuch as kx = 3, x can be only | or 3, and we obtain two solutions 
for equation (/): 

x=y=z=1 (k=3); 
x=y=z=3 (k=1). 
In the solution of problem (a) we saw that any three integers x, y, z which 


satisfy condition (/) can produce other solutions, by successive 
replacements of the form z, = Axy —z of (2). But if z, = Axy —z, then z = Axy 


—z,; hence every solution of equation (/) can be obtained from the least 
solution by successive substitutions of form z, — Axy — z. In particular, we 
obtain in this way the following solutions for equation (/) (up to 1000): 


(1) Fork=3: 


z y z 
1 1 1 
l 1 3 
1 1 2 
1 2 5 
1 5 13 
l 13 34 
1 34 89 
1 89 233 
1 233 610 
2 5 29 
2 29 169 
2 169 985 
5 13 194 
5 29 433 
(2) Fork=1: 
ned » J 
3 3 3 
3 3 6 
3 6 15 
3 15 39 
3 39 102 
3 102 267 
3 267 699 
6 15 87 
6 87 507 
15 39 582 


The fact that solutions corresponding to k = 1 can be obtained from those 
corresponding to k = 3 by simple multiplication by 3 follows from the fact 
that the least triple (3, 3, 3) satisfying the equation for & = 1 is related to the 
least triple for k = 3 by the factor 3. 


119. If the relatively prime pair x, y is to meet the conditions of the 
problem, the following equations must be solvable in integers: 


x? +125=wy, 
y+ 125 = vx. 


We shall show that a solution of these equations produces not merely the 
relatively prime pair x and y satisfying the conditions, but two other 
pairings x, u and y, v which satisfy the same conditions. That is, we shall 


show that x? + 125 is divisible by u and u* + 125 is divisible by x, and also 
that y* + 125 is divisible by v and v* + 125 is divisible by y. 
First, x7 + 125 = uy means that x* + 125 is divisible by u. The equalities 
yield 
uty® = x* + 250x? + 125? ; 
u*{vx — 125) = x* + 250x* + 125? , 
and, finally, 
x(u2v — x3 — 125x) = 125(u? + 125), 


from which it follows that u?+ 125 is divisible by x (which is relatively 
prime to 125, otherwise x and y would not be relatively prime). Also, the 
integers x and uw are relatively prime, for if x and u had a common divisor of 
d, then 125 = uy — x* would also be divisible by d (that is, d = 5), and, 
consequently, y would be divisible by d (since y* = vx — 125). It may be 
shown, in exactly the same way, that the integers y and v are relatively 
prime, and the square of either when increased by 125 is divisible by the 
other. 

We redesignate our integers x, y, u, v as follows: x =xX9, y=], U=,-1,V 
=x,. If uv? + 125 = x_, x, then the pair of integers u, x_, , that is, x_,, x_», 
also satisfy the conditions of the problem. Thus, if v? + 125 = x3, y, then the 
pair of integers v, x3, that is, x, x3, also satisfy this condition. Hence, 
beginning with an integer pair satisfying the conditions of the problem, it is 
possible to construct an infinite double-end array of integers, 

4X9, X45 Xqy Xp Xo 


where neighboring pairs satisfy the equation 


xe + 125 
<8 = te; 
Xatt 
ae + 125 a 
—Se — Tait o 


Xe 


Further, in the given array the ratio of the sum of a pair neighboring an 
integer to that integer is constant: 


Xa-1 + Xoii _ *%a-1%et1 + Kat _ (x + 125) + Sass 


Xe XaXa+t XaXat+1 
= x, + (xe + 125) Pe Xa t+ XaXair _ Xe + Xaie 
XaXa+i XaXa+i Xa+t . 


This observation is helpful in extending the double-end array of integers 
above: it we designate — by ¢, we will have 


Kari = Xe — Xa-1; 
Sa-~\ = te — Keri. 


Now we must develop a procedure which will help us determine all such 
arrays which yield solutions of the problem. We note, first, that ifx, 4,2 


X,, then 


2 2 
Seay me SETI. So ey 


Xe Xe , 


and if x,-; 2 X,, then x,» > x,-;; hence every chain of integers augments in 
both directions from some least integer (or equal pair of least integers, and 
two neighboring numbers of the chain can be equal only if both are 1). 


Let x9 be the least integer of the solution-chain: 
x} = XQ, X-] = Xo. 


We shall show that x, < 7/125 < 12. 
We first observe that the number f, referred to above, is an integer 
exceeding 2. In fact, it follows from the equation 
Xe-i + Xa+t — Xa + Xa+2 
Xe Xa+i 


t= 


that ¢ is an integer. Hence x, and x, 4 ; are relatively prime, and 
consequently 


ze 


{= 


cannot have in its denominator a divisor of x, + ;, and 


a Xa + Xa+e 


Xa+1 


cannot have in its denominator any divisor of x,. Further, 


px Het Xess + 125 = Kat Qu >2, 
XaXa+1 XaXea+1 


ie Xa t Xat1 S WaX%et1 


Xe so Koes — 2Xe%e+1 = (Xe 


(Since 
— Xa+1)* = 0) . Thus, t = 3. Now, since 
(x, — XoXX—1 — Xo) = XX-1 + XM — Koti — XoX-1 

= XX. — Xp — Xo Xi — Xo) — Xo(X-1 — Xo) 


S x,x-, — x = 125, 


it follows that at least one of the (nonnegative) integers x, — x9 and x—; — x9 
fails to exceed 11. Suppose that x, —x9 S 11. We have 


p= Hotz t 125 | 
XoX) . 
£—2 = Xot M+ 125 — xox (x1 — 40)" + 125 
XX XolXo + (X1 — X)] - 


But t 2 3 and so t—2 2 1; consequently, 
(x1 — X0)® + 125 2 x9 + xo(x1 — Xe) 


which is impossible if *°212>(%:—4%) [since here 23> 125 
Xo(X1 — Xo) > (x1 — Xo}*) J. 

It remains now to test for xq all integers that are less than 12 and which 
are relatively prime to 125; for such an xp, x, is an integer such that xq + 
125 is divisible by x, (that is, x; is a divisor of x} + 125), and x? + 125 is 
divisible by xp. Since x} + 125 = x,x_, , we may use the fact that x, is the 
smaller of the neighbors of x, to obtain 


mm Sxn5V024+125 - 


It is not difficult to verify that all pairs x9, x, satisfying the conditions of 
the problem can be expressed as follows: 


1,1 (¢= SEEM - 127/; 1,2(t= ne = 65) ; 


: rs 
= 


124 3%+125 4.) 
1,3(t= 3 = 45) 1 


124724125 0.\. 
1,7 (t= - = 25); 1 


_ 2434125 9). 
2,3(¢= tS = 23); 


~ 


eo +s zn) 


© 
~ 


eae 125 23) ; 


= 


oad 
: 


7(t= oT ws 


This — the following solution arrays: 


, 15,001, 126, 1, 1, 126, 15, Om 
-, 4094, 63, 2, 129, 8383, 
.... 1889, 42, 1, 3, 134, 6027, “< 
-+, 15,261, 566, 21, 1, 6, 161, 4341, 
-++, 10,826, 449, 18, 1, 7, 174, 4343, 
-++, 7369, 321, 14, 1, 9, 206, 4729, 
+, 22,658, 987, 43, 2, 3, 67, 1538, ---; 
-, 2501, 522, 109, 23, 6, 7, 29, 138, 661, 3167, --- 


All possible pairs of relatively prime positive integers x, y, less than 


1000, such that x* + 125 is divisible by y and y* + 125 is divisible by x, are 
given by the following tables. 


= WF <a 2 x  _y 
126 1 449 18 522 109 
1 1 18 1 109 23 
63 1 1 7 23 6 
1 2 7 174 6 7 
2 129 321 14 7 29 
42 1 14 l 29 138 
1 3 1 9 138 661 
3 134 9 206 
566 21 987 43 
21 1 43 2 
1 6 2 3 
6 161 3 67 


120. The problem gives rise to the following system of equations to be 
solved in integers (where x, y, z, u are the integers sought): 


t+yt+ztu=(x+v)}, 
YV+x+z+u=(y+w), 
2+x+ytu=(z+0)}, 
@+x+yt+z=(ut+s) 
or, 

yt+z+u=20x+', 

x+2z2+u=2Qwy+w’, 

xtytu=2z+?, (1) 

z+y+z2=2su+s? 


If we add the equations of (/), we obtain 


(2v — 3)x + (2w — 3)y + (2t — 3)z + (2s — 3)u 
+v¥+w'?+2@+s?=0., (2) 


Note that in equation (2) at least one of the numbers 2v — 3, 2w — 3, 2t — 
3, 2s — 3 is negative; otherwise there would be on the left of the equation 
the sum of positive integers. Let us assume that 2v — 3 < 0; This is possible 
only if vy = 0 or v = 1. In the first event, the first equation of system (/) 


yields y + z+ u = 0, which is untenable for y, z, u all positive. Hence it must 
be assumed that all the integers v, w, ¢, s are positive, and that v = 1. In this 
event equation (2) can be rewritten in the form 


x = (2w — 3)y + (2¢ — 3)z+(2s—3ut+w't+f+s+1. (3) 


We now consider the several possibilities. 

The numbers x, y, Zz, u are all distinct. Here, the integers v, w, t, s are also 
all different; if, for example, v = w, the difference of the first two of the 
equations (/) yields y — x = 2v(x — y), which is impossible for positive v and 
x #y. Further, if we assume v = 1, the first of equations (/) yields 2x = y + z 
+u-—l, 

1 l 1 1 


FEIT Get ae- 


’ 


which is inconsistent with equation (3), where the coefficients of y, z, u in 
the right member are positive integers (since w, ft, or s cannot be equal to 1 
because they are distinct from v which is equal to 1). Therefore, this case is 
not possible. 

Precisely two of the integers x, y, z, u are equal. Here we must separately 
investigate two cases. 

If z = u, then t= s. Equation (3) and the first of equations (2) now yield: 


x = (2w — 3)y + 2(2t — 3)z + w? + 247+1; 
2x=y+2z-—1 
As before, these equations are inconsistent. 


If x = y, then w = v = 1. Equation (2) and the first of equations (/) yield, 
respectively, 


2x = (2¢t — 3)z + (2s—3u+#?+5°+2; 
x=z+u-1 


Substituting the second equality in the first, we have 
(2¢ —5)z+(2s—5u+#+s?+4=0, (4) 


from which it follows that at least one of the two members 2t — 5 or 2s — 5 
must be negative. Assume 2¢— 5 < 0; since t>0 and t# 1 (forv=1,t#v>, 


since z # x), it follows that t = 2. Now, if twice the first of equations (/) is 
added to the third equation, we obtain 


4z7+4x+6=4x+4+ 27+ 3u, 


that is, z = Su — 3. Substituting this into equation (4), along with ¢ = 2, 
we have 
(4s — 13)u + 2s? + 22 =0. 


Clearly, 4s — 13 <0. Since s > 0,541, 542, we must have s = 3. If these 
values are now substituted into equations (/), there results a system of three 
linear equations in three unknowns: 

x+z2+u=2s+1, 
2x +u=—4z2+4, 
2x+z2=64+9. 


We easily find that x(= y) = 96, z= 57, u = 40. 

The integers x, y, Z, u are two pairs of equal numbers. Assume that x = y 
and z = u. In this event, the first of equations (/) yields x = 2z — 1; if this is 
substituted in (2), we obtain 

x=(2t-3)z+t?+1, 
and so 
(2t—5)z+t?+2=0. 


It follows that 2 — 5 < 0, and since t > 0, ¢ # 1, we have ¢ = 2. Equations (/) 
may now be written 


x+2z=2x4+1, 
2x+5=42+4, 


whence x(= y) — 11, z(=u) = 6. 

Three of the integers x, y, z, u are equal. It is necessary to consider two 
cases. 

If y = z = u, then equations (3) and the first of equatians (/) take on the 
form 


x = X2w — 3)y + 3w? + 1 
2x = 3y — 1 


and these, clearly, are inconsistent. 
If x = y =z, then the first of equations (/) is 


2x t+u=2x+1, 
from which we find u = 1. The last of equations (/) becomes 
3x = 2su + s? = 2s + s*; 
s(s + 2) 
3 

But x must be an integer; hence either s or s + 2 must be divisible by 3. That 
is, S = 3k, x = k(3k + 2), or s = 3k — 2, x = (3k — 2)k. Here k is an arbitrary 
integer. 

All the numbers x, y, z, u are the same. In this case, the first of equations 


(1) yields 3x = 2x + 1, x = 1. Hence we have the following solutions for the 
problem: 


i= 


xs=y=9%, 2=57, x=; xs=y=ll, z=a=6 
x=y=2z=k3R242), u=1l; xs =yHz=u=1 
121. Let x and y be the numbers sought: 
XT Y=Xy, 
or, 
xy—-x—-y+t1l=l, 
(x-—1fy-—D=1. 
Since 1 may be expressed as the product of two whole numbers in only 
two ways, we must have 
ala yak | 
that is, x = 2, y = 2, or else, 
aS oy heals 
that is, x= 0, y =0. 


122. We shall show, first, that at least one of the positive integers x, y, z 
the sum of whose reciprocals is equal to 1, must be less than 4. In the 
equation 


++=1 
2Z 


9 


ae 6 
x Md 


if all of the integers x, y, and z exceed 4, then the sum = + = + = must 


hd 
bes + +4 + + = = + . Assuming now that x S y S z, we have at most 
two possible values for x: x = 2 or x = 3 (clearly, x > 1). These two 


possibilities will be considered separately. 


If x = 2, then t4,i. a ey If we use a common 
y 2 x 2 
denominator for 7 + = ame 5 =0, we find the following necessary 
condition: 
yz —2y —2z2=0, 
yz —2y—2z2+4=4, 
or, 


(y — 2)(z — 2) =4. 
Since y and z must exceed |, neither y — 2 nor z — 2 can be negative, and 
only the following cases are possible: 

y—2=2,2-2=2; y=4,2=4. 
y—-2=1, z-—2=4; 3=3,7=6. 
if =3, then + 2-=1-+ , or 
2yz — 3y — 3z=0, 
4yz —6y —62+9=9, 
(2y — 3)(2z — 3) =9 © 


I| 


since y 2 x =3, 2y —3 2 3, and 2z — 3 B 3, there is only one possibility: 
2y—-3=3, 2z2-3=3; y=3, 2=3 | 


Therefore, all solutions of the problem are given by the equations 


l 1 1 : 
ae Cae a 
Se ee eT, 
2 3 6 ; 
1 1 : 
3 2 3 + 3 =1. 
123. (a) If ~ 4 < = = , then we must have as a necessary condition 


ax + ay = xy, 
Or, 
sy —ax—ay+a'=a', 
(x — ay — a) =a’. 
The last equation has 2 — 1 solutions, where wu is the number of divisors 


of the integer a* (including 1 and a? as divisors). To obtain all of these 


solutions, we may write the 2yu possible systems of form 
a’* a* 
x—az=d, y—a=— and x—a=-—d, y-—a=-— ; 
d d 7 d (where d is a 
divisor of a’), and discard the system x — a = —a, y-— a =— a, which leads to 
the unsatisfactory result x = y = 0. 


If a= 14, then a? = 196, and the divisors of a” = 196 are 
1, 2,4, 7, 14, 28, 49, 98, 196. 


We obtain the following seventeen solutions to the problem, which 
correspond to the above. 


aes eS = 2s a 
15 210 13 —182 
16 112 12 —84 
18 63 10 —35 
21 42 7 —14 
28 28 —14 7 
42 21 —35 10 
63 18 —84 12 

112 16 —182 13 


210 15 


(b) The given equation may be converted, as in the solution to 
problem (a) to the form 


(x—z\(y—z)=2*. (1) 


Let ¢ represent the greatest common divisor of the integers x, y, and z; that 
is,X=X,;t,y =y,t, z= 2,t, whene x), y, and z, are a relatively prime set (that 
is, there is no nontrivial divisor for all three). Further, let us designate by m 
the greatest common divisor of the integers x, and z,, and by n the greatest 
common divisor of y,; a and z,. That is, we write x; = mx», 2; = mz; y, = 
NY», Z; = NZ, where x, and z>, y, and z, are relatively prime. The integers m 
and n are relatively prime, since x; y,, and z; have no common divisor. 
Since z, 1s divisible both by m and by n, we may write z, = mnp. 

If we now substitute into the basic equation (/) x = mx, t,y = ny, t, z= 


mnpt, and divide by mnt, we obtain 
(x: — mp)(¥2 — mp) = mnp* . (2) 


But x, is relatively prime to p, for m is the greatest common divisor of 
the numbers x; = mx, and z, = mnp; analogously, y, and p are relatively 
prime. Upon expanding the left member of (2), we see that x,y. = x,mp + 
yonp is divisible by p. It follows that p = 1, and the equation takes on the 
form 


(x5 — n)(y — m) = mn. 

Now x> is relatively prime to n, for the three integers x; = mx», y; = nyo, 
and z,; = mn are relatively prime. Consequently, x, — n is relatively prime to 
n, whence y — m is divisible by n. Analogously, x, — n is divisible by m. 
Thus, x, -n-+m,y.-m=+N;X,=+y,=+m +n. Therefore, 

x=m(m+nit, 
y=tn(m+n)t, 


z=munt, 


where m, n, t are arbitrary integers. 


124. (a) It is readily reasoned from the equation x” = y that the prime 
divisors of x and y must be the same: 


x= pepe: -- Me : 

y= pPiphs.. . pe . 
where P1, P>,..-, Pj; are prime numbers. In view of this, and the equation, we 
have 


a, = Bix, Gry = BX, +++, Mey = Bex | 
We shall assume y > x. It follows that 
a, < Bi, a, < Br, +++, Oe < Be 


Consequently, y is divisible by x, or y = Ax, for some integer k. We may 
rewrite our equation as 


xi = (kx. 

If we take the xth root on both sides, we obtain x* = kx, or x! =k. Since 
y>x, then k > 1, which implies x > 1. But 277! = 2, and for k > 2 we always 
have x*! > k. In fact, if k >2 and x 2 2, then 

S's 'sk . 
since already 28! > 3; and for k = 2, x > 2, 


eo =x>2=k. 
Therefore, the only solution of the problem, in positive integers, is x = 2, k 
=2,y=kxe=4. 
(b) We shall designate the ratio = by k, whence y = x. If 
we substitute this for y in the equation, we obtain 
x = (or, 
or, taking the xth root on each side and then dividing by x, we obtain 
k-1 = 
eo Hae 


from which we obtain 


x= kVve-v. 


y= Rkki/ ev — pk/e-v 





Write the rational number = 1 7 asa fraction = in lowest terms. 





Substituting this expression for 7 1 ; into the formula, we have 


p’ p  * £4 q ’ 
“ + via a p+q (p+@)/¢ 
oa (ro A de ar 


Since p and gq are relatively prime, in order for x and y to be rational 
numbers we must be able to extract the gth roots of p and of p + qg. But 
since, for g 2 2 and p =n’, we have the following inequality 


ni<p+q< (n+ 1) = nt + pnt" + MDs + see 
we must conclude that g = | is necessary. 
Therefore, all positive rational numbers satisfying the given equation are 
given by the formula 


EY. oe(t5Y 


where p is an arbitrary integer other than 0 or 1. 

125. Let n be the number of eighth-grade students who participated, and 
let m be the number of points assumed by each of them. The total number 
of points won in the tournament is then nm + 8. This number clearly is also 
equal to the number of games played. Since there were, altogether, n + 2 
players in the tournament, and each played (n + 1) games (one with each 


remaining player), there was a total of @+ 2% + D am +1) 


games played (two 
players to each game, hence we divide by 2). Therefore, we have 


(n + 2)(n + 1) 


g= 
mn + 9 


or, after simplification, 
n(n + 3 — 2m) = 14. 


Now, 7 is an integer, as is the number in parentheses (since m is either an 
integer or a fraction having denominator 2). 

Since n must divide 14, n can be only one of the numbers 1,2, 7, or 14. 
We must discard the possibilities n = 1 and n = 2, since in either of these 
cases the total number of participants could not have exceeded 4 and the 
two seventh graders could not have amassed as many as 8 points. 

There remain the possibilities n = 7 and n = 14. If n = 7, then 7(7 + 3 - 
2m) = 14; m=4. lfn = 14, then 14(14 + 3 — 2m) = 14; m = 8. Hence, there 
are two answers: n = 7 andn= 14. 

126. Let 1 be the number of ninth graders who participated, and let m be 
the number of points won by them. Then there were 10n 9 tenth-grade 
students, and they won a total of om points. In all, then, there were lln 


participants in the tournament, and m points were won. 


The total number of points won is, clearly, equal to the number of games 


played. But since each of the 11” players played each other once, there was 


lin(lin — 1) 
2 


a total of games played, and so we have the equation: 


MU Anti —1) 


2 2 
and thus, 
m=n(l\In-1). 


But each ninth-grade student played 11m — 1 games (since there were 11n 
participants in all), and the n ninth-grade players could have amassed n(11n 
— 1) points only in the event that each of them won every game he played. 
But this 1s possible only if there were just one ninth-grader playing; that is, 
necessarily, n = 1. Therefore, since this is a possible solution, one ninth- 
grade student participated and he won ten points. 

127. The conditions of the problem are (using Heron’s formula for the 
area of a triangle in terms of the lengths of the sides) 


V 1b — ap — bp — c) = 2p | 


a+b+c 
2 
— b=y, and p — c =z. Then the above equation becomes 


where a, b, and c are positive integers, and p = . Let p -—a=x, p 


Vix + y + 2)xyz = A(x + y + 2) 
or, upon squaring both sides and simplifying, 
xyz =4(x+y +z). 


Here, x, y, and z are all integers, or else all of them are fractions with 
denominator 2 (depending upon whether p is integral or not), that is, all are 
half of odd integers. In the latter case, however, the left member of the 
equation is actually a fraction and the right member is an integer. Hence, x, 
y, and z are necessarily integers. 

Let us assume that x 2 y 2 z. The equation yields 


fy + & 


z= 
yz—A4 


consequently, 
4y + 4z Sy 
yz—4 

We multiply this inequality by yz — 4 (it is clear that yz — 4 > 0, 


since otherwise x would be negative) and investigate the resulting 
inequality in y: 


yz ~ty-—4:5 0, (1) 


that is, 
YV—-y DO — y2) Ss 9, 


where y, and y, are the roots of the quadratic equation in y, zy* — 8y — 4z = 
0 (z being assumed fixed): 
_4+V16 + 42? 


ne 
Zz 


—_ 4—V 16 + 42? 


Zz 


2 


However, y> is clearly negative here, which means that y — y, > 0 (y itself 


being positive). Consequently, a necessary condition for validity of 
inequality (/) is that 


y-y sO, 
ys 4+ V6 +42 
z ‘ 


Hence, we must have »s4+ Vié+4*, which implies 2—-4s yer 
(for z y). Squaring both members of this last inequality, we obtain 
2‘ — 82? + 16 S 16 + 42’; 
s* s 122° ; 


which can hold only for z s 3. 
We shall consider the three possibilities. 


(gee Ee <9; 
‘ive SPT E 
(1) yz—4 y—4 
We will obtain a positive integer for x only in the following cases (for y < 


9): 


y =5 (here, x = 24), 
y = 6 (here, x = 14), 
y = 8 (here, x = 9) 


a ee 4+ VETTE zs: 


Page Sek | at ED 
(2) yz—4 2y—4 y—2 


This produces the integral x only if y = 3 (yielding x = 10) or y = 4 (yielding 
x= 6). 


z=3, yx 4tVil0+49 - B+ 4-9 og For z=y=3, Pe ok 


(3) iii 


will fail to be integer. 
These possibilities yield the following five solutions of the problem. 


< 2 & Sheree ££ 2 &: 
24 5 1 30 6 2 29 
14 6 1 21 7 6 2 
9 8 1 18 9 0 17 
10 3 2 15 5 12 13 
6 4 2 12 6 8 10 


128. (a) The problem clearly involves the solution, in integers, of the 

equation 

x? a y = Zz. 

If ¢ is the greatest common divisor of x, y, and z, we may factor out ? from 
both sides of the equation to obtain an equivalent equation (having the same 
solution triples x, y, z); hence, we shall assume from the beginning that 
there is no common divisor for x, y, z. This will imply that each pair of 
integers is relatively prime, since if two of the integers have a common 
divisor, that number must also divide the remaining integer. 

Since now x, y, z are assumed to be relatively prime, it follows that at 
most one of these unknowns can be even; if two them, for example, are 
even, then the third must be even, and hence they would not be relatively 
prime. Further, if x and y are both odd, say x = 2k + 1 and y = 2/ + 1, we 
must have 

x? $y? = (2k + 1)? + (21+ 1 = 2722 +P +k+D+ 1). 
Now, the square of the integer z is odd if z is odd, or divisible by 4 if z is 
even. Since the expression on the right for x* + y* is not divisible by 4, we 
must conclude that x7 + y? must be an odd number, and so one of the 
integers x, y 1s even and the other odd; also z is odd. We may, with 
generality, assume that x = 2x, is even. 

The equation may now be written in the form 


QxP=2-y, 


or, 


a= 
galt), y 


2 2 





Let 27 = yand ——— =v;thenz=u+vandy=u-—v. The integers u 


and (recall that z and y are both odd) must be relatively prime (otherwise z 
and y would not be relatively prime). Hence since their product is a perfect 
square, each of them is a perfect square; that is, w = a? and v = b? for some 


integers a and Db. Finally, we have 
z=ut+o=-a+6, 
y=u-—-v=a'-68, 


Xi = Vuv =ab 


’ 


or, if now we relieve the condition that x, y, z be relatively prime 


x = 2tab, 
v=ta?— B), 
z=t(a? + 3’), 


where a and 6 arbitrary relatively prime integers, a > b, and ¢ is an arbitrary 
integer. 
These formulas yield all solutions of the problem. 

(b) We shall designate the sides of the triangle by x, y, and z (z being 
the side opposite the 60° angle). Using the law of cosines from 
trigonometry, we have z? = x” + y* — xy. 

We must solve this equation in integers. It is convenient to use a rather 
indirect method; we can put the equation into the format 


[4z+(xt+y)P = [22+ 20+y)P + BO-yYP, 
or, 
warty, 


where u = 2z + 2(x + y), v= 3(x — y), and w = 4z + (x + y). Now the result of 
problem (a) can be used to obtain 


u = 2tab , 


vy = t(a’® — 5°), 
w = t(a® + 6), 
where a and 6 are some relatively prime numbers and f¢ is an arbitrary 


integer. 
Therefore, we obtain 
4z+(x+y)=t(a' + 5%), 
2z + 2x + y) = 2tab , 
3(x — y) = t(a* — B*). 
Solution of this system of equations in three unknowns yields 
6z = 2t(a* + b*) — 2tab, 
3(x + y) = 4tab — t(a? + B*), 
3(x — y) = ta? — 8), 


and finally, 
1 
x = —th(2a — db), 
3 
y= Jie — a) 
3 ’ 


in stat + b* —ab) 


In order for the values of x, y, and z in these equations to be integers, it is 
necessary that at least one of the numbers, ¢ or a + 5, be divisible by 3. [If ¢ 
= 3r,, then the equations may be expressed in the form 

x = t,b(2a — b), 

y = t,a(2b — a), 

z = t,(a? + 6? — abd). 


If a + b is divisible by 3, then either a = 3a, + 1, b=36, + 2, and 


x= 1(3d, + 2X24, — D,) , 
y = t(3a, +125, — a, + 1), 
z = t(3ai + 3b; — 3a,b, + 3b, + 1) , 


or else a = 3a, + 2,b =36, + 1, and 


x = t(35, + 1X2a,—5,+1), 

y = t(3a, + 225, — a), 

z = t(3ai + 3b; — 3a,b, + 3a, + 1) .] 
If the equations we obtain are to be meaningful, it is necessary that 2a > b 
and 2b > a; that is, “ <b < 2a. In order for these conditions to hold, the 


largest of the three numbers x, y, z (if a > b, the largest will be the number 
x) will be less than the sum of the other two. That is, it will be possible to 
construct the triangle using segments of lengths x, y, and z. 

(c) Using the law of cosines, we have 


eat y+ zy. 


where z is the side of the triangle opposite the 120° angle and x and y are 
the remaining sides. 
This relationship can be rewritten in the form 


[42 + (x — y)]* = [22 + Ax — y)*? + Birt y)F . 
As in problem (b), we find 


<= F tala — 2b), 
y = Lth2a— 6), 


z= Stat + Bt — ab), 


where a and b are relatively prime numbers such that a > 2b and at least one 
of the integers ¢ or a + b 1s divisible by 3. 

129. In the triangle ABC (whose sides are a, b, c and whose opposite 
angles are, respectively, A, B, C)suppose that B = nA. Then C= 180° — (n + 
1)A, and, consequently, by the law of sines, 


5b _ sinnA 
a sinA ’ 
c _ sin(n+1)A 
nc sin A 
(a) n=z. Since 
sin2A =2sin AcosA, 
sin3A = 4cos*A sin A —sinA, 


we have 
» 2 cos A 
a 9 
c 
— Tew ay 1. (1) 
But 2 cos A= mateo , and so in the integral triangle 2 cos A will always 


be rational. Let 200s A = - , where p and g are integers. Then, by (/), we have 
a:b:c=q@: pq:(p? —q*) . 


If p and q are relatively prime, then the three integers g*, pg, and p” — q? 
do not have any common divisor other than 1. It follows that in all triangles 
satisfying the given condition B = 2A and having least integral sides (not 
having a common divisor) the lengths of the sides are expressible by the 
formulas 


a=¢q, 
b=pq, 
c=p'—q 


where p and g are relatively prime integers. 
In order actually to determine the triangle, where B = 2A, the numbers p 
and g must satisfy the following condition: the angle A = arccos £ must be 


such that 0 < 4A < 60° (A must be less than 60°, since 4 +B+C=34+C= 


1 
180°). Since cos 0 = 1 and cos 60° =2, this condition can be rewritten as 2 


i 
> ¢ > 1. The least integers p and g satisfying this condition are p = 3, g = 2. 


It follows that the smallest triangle with integral sides satisfying the 
condition B = 2A will be the one having sides a= 4, b= 6, c=5S. 

We proceed now to problems (b) and (c). Here it will be necessary to use 
trigonometric functions of A to express sin 5A, sin 6A, and sin 7A. 
Successive applications of the identity involving the sine of the sum of 
angles [or using the general formula of problem 222 (b) given in the 
“Problems” section] yields the following identities: 

sin5A = (2cos A)‘ sin A — X%2cos A) sin A + sinA, 
sin6A = [(2 cos A)* — 1][(2cos A} — 3)]2cos AsinA, 
sin 7A = ((2cos A)* — 2)[(2 cos A)* — 3}4cos* Asin A—sinA | 


The calculations are then carried out exactly as in problem (a). 
Assume that 2 cos A = (p/q), where p and gq are relatively prime integers; 
It follows from the identities for sin 5 A, sin 6 A, and sin 7 A that triangles 
with integral (nonreducible) sides whose angles satisfy the condition B = 
nA, where n = 5 or 6, have sides satisfying the following formulas: 
(b) For n=5, 
a=q, 
b= Gp —3p'g+q), 
c= Wb — g*)(b* — 34% 


(c) For n=6, 
a=q, 
b = pq p* — q*)(p* — 3q*) , 
c= pX pt — 2q*)( pt — 3q*) — g 
(Here, p and gq are relatively prime integers.) 
In order that a triangle be actually determined by these numbers, and 
where B = nA, the integers p and g must be such that: 


(b’) Forn=5, 
0< arccos > < 3 
(c’) Forn=6, 
0< arc cos 5 <> = 25°43’ | 


Since cos 30° = v3. the integers p and gq, for n = 5, must satisfy the 


condition 2 > - >V 3 =1.732-:: | The least integers p and g which 


satisfy this condition are p = 7 and g = 4 (q cannot be less than 4 because - 


differs from a whole number by less than +). 


Therefore, the smallest triangle with integral sides, in which B = 5A, will 
be the triangle with sides 





a= 1024, 
b = 1220, 
c = 231 ' 
For n = 6, the integers p and q must satisfy the condition 
2> 2 cos 180 
q 7 
We find from tables that 
o 
2cos 37 ~ 2 cos 25°43" ~ 1.802 
p 


Therefore, we find that, necessarily, 2 > a > 1.802 . The least integers p 


and q satisfying this condition are g = 6, p = 11. Substituting these values 
for p and qg in the formulas, we find that the smallest triangle with integral 
sides, in which B = 6A, will be the triangle with sides 


a = 46,656 , 
b = 72,930, 
c = 30,421. 


130. Given a right triangle with integral sides x7 and y* and with 


hypotenuse z, where z also is an integer. It is readily reasoned that x’, y’, 
and z are relatively prime, and so 


x* = Zab, 
y=a-b 
z=@+H | 


where a and b are relatively prime numbers, and a > b [see the solution of 
problem 128(a)]. The second of these equations can be rewritten as 


a=b+y, 
whence a, b, and y can be expressed by means of the formulas 
b = 2tu, 
y=f-2, 
a=f*+', 
where ¢ and wu are relatively prime integers [again using the results of 
problem128 (a)]. We obtain 
x* = 2(f* + w*)2tu; 
(=) = tu(t? + u*) 


But ¢ and wu are relatively prime, which means that they are also relatively 


prime to + u*; consequently, since the product tu(?? + u’) is to be a perfect 
square, each of the factors must separately be perfect squares: 


t=xi, 
“u=Y¥i, 
e+ ur? = zi. 


The last equation says that the under the initial assumption there exists a 
fener eer 

right-angle triangle with sides t=" and #= VN hypotenuse z,, where x), 

y,, and z, are again positive integers and, of particular importance, z,; < z 


4 _ /p2 2\3— 73 2.1 
[since, further, ai = (+ ut}t=at<at+b =z] Hence, if there exists any 


right-angle triangle each of whose legs are squares of integers, and whose 
hypotenuse is an integer, then there exists another such triangle which has a 
smaller hypotenuse. Employing the same reasoning we can construct a 
succession of these triangles with decreasing hypotenuse. Since all such 
hypotenuse lengths are integral, we must arrive at a triangle whose 
hypotenuse is of length 1. But this is a contradiction since | cannot be a 
sum of squares of two positive integers. 

131. We shall designate the left member of the equation by A and the 
right member by B. Then A = B follows from: 


n!-A =1-2-3-+-+n-A =(2n)! , 
n!-B = (2"-m!)-(1-3-5 --- (2a — 1)] 
= (2-4-6 --+ 2m)-(1-3 +--+ (2m — 1)] = (2m)! | 
132. (a) If we employ the identity 
a ee | 1 


kKk+1l) k k+1 


we obtain 
P24. 
127) ie 
ee nen, Sees 
2:3 2 as 
Se ees 
3-4 3 4’ 
1 1 1 


Adding together all these equations, we obtain 


1 1 a a 
istast’*tG-in” s . 


(b) Using the identity 


1 
Mk+1)(k+2) 2 Wen EDGED 


(which can be readily verified), we obtain 


pea -=4(3- 33) 
1-2-3 2\1-2° 2-3 
1 


545 72347 75) 
3-4-5 2\3-4 4-5 


vere wrwnwrwnwnwnen ween eee nner 


ee) See, alae ain] 
(n—2)(n—1)n 2L(n—2)(n—1) (m—1)n] | 


Adding together all these equations, we obtain 
1 1 1 1 


123 +234 +345 °° * GDM De 


-3[+-z—] 
~ 2L2 (n—1Inl' 


(c) We use the identity (whose validity is readily established): 


1 


1 1 
kik + 1)(k+2)(R+3) slim +1)(R+2) (h+1)(R + 2k + a) ; 


This yields 











(mn — 3)(m — 2)(n — 1)n 
-4|wone BGrlD- awl beTin| 
~ 3L(r—3)\(n—2)(n—1) (n—2)(n—1)n] - 


Adding together these equations, we obtain 


1 1 1 1 
1-2-3-4'2-3-45'3456°  * G@—3dn—-Dn—iln 


=S|9-BOEGT INI 


Remarks: If we “guess at” the results we expect to obtain (which is often 
quite feasible, if we try a few small values for n), we can often prove the 
general validity of a formula by using mathematical induction (see, for 
example, the solution of problem 133). 

It is possible to prove, also, that in general 


1 1 
1-2-3---p 2-3-4---(p + 1) 
ae See ee 
(n — p+ 1)(n — p+ 2)(nm — p+ 3)+--n 


1 1 1 
"5-1 35-2 - eee Terre CET | 


[the proof being analogous to that of problems (a - dash)]. 

133. These identities are most conveniently proved by mathematical 
induction. We leave the verification of (a) and (b) to the reader, but we give 
here the proof of the more general equation (c) of which (a) and (b) are 
merely special cases. 

The equation is valid for n = 1, since 

1:23 ss pip +1) 
ia p+ : 
Assume now that the equation is valid for some n: 
eR ere Se eS ee ey p= Set Dore . 


Then we have 
1-2-3--+p+2-3--+ pip +1) 
tes) $n(nt+1)s (n+ p—1l+(n4+1)--- (n+ p— 1) + dp) 


a 8 +1) (BP) sp 41)... (8 + p) 





p+ 
_ n(n + 1)--- (nm + p) + ( +1)\(n + 1)--: ("+ p) 
pt+il 
_ (a+ 1) (n+ pin + p +0) 
p+l 


By mathematical induction we conclude that the equation holds for all n. 


134. First Solution, (a) We write the sequence of equations 


1? =1*, 

2=(1+1P =12+3-12+3-141, 
S=(24+ 1P =24+3-27+3-24+1, 
4 =(34+ 1 =3°+3-343-341, 


(n + 1P = m* + 3m? + 3n +1 


Adding all these equalities, and cancelling equal terms on both sides, we 
arrive at 


(mn +1) = 19 + 31? + 224+ 3? 4+ +--+ + 0?) 
+314+2+3+---+n)+n . 
It follows that 
DE 2 FF ae oss ge 
sin AOE eo ee oe 


3 
_ 2n* + 6n? + 6n — 3n* —3n —2n_ m(2n* + 3n + 1) 
> 6 = 6 
_ n(n + 1)(2n + 1) 
= 6 
(b) We write the sequence of equations: 
l‘=1', 


2-=(14+ lf = 14+ 4-12 +6-1+4-14+1, 
34 = (2 + 1) = 2° + 4-2? + 6-2? +4-2+1, 
4=(34+ 1 =3+4-34+6-3+4+4-3+4+1, 
(n+1)=n'+4-n°4+6-n?+4n+1 
Adding all of these equalities, and cancelling equal terms on both sides, we 
obtain 
(m + 1)* = 1* + 4(1? + 2? + --- + 2°) 
“FOUL? tt) PAL 2 et tH) +8 


We now use the result of problem (a) to obtain 


het “ile i 
mes rm n(n +1)(2n+1)  ,n(n+1) _ 
z [+ 1 — 6 RARER SD eth 9] 


= Hil +1)?—1)-[(m +1) 1) —n(n+1)(2n +1) 
— 2n(n + 1) — n} 
=Fl(n n + 2)(n® + 2n +2) —(n + 1)(2n + 1)—2n4+1)—-1] 


= F(a n +1)(n® + 2n +2 —2n —1—2) + (mn? + 2n+2—1)] 


= mn Dein? H+ @+)i= mt 1)? 


9 


(c) Proceeding as in problems (a) and (b), and using the expansion (k + 
Ip =k + 5k* + 10K + 10k + 5k + 1, we obtain 
(m + 1)§ = 15 + 5(1* + 24 +--+ + 4) 
+ 10(1? + 2° + +++ +m) + 10(1? + 28 + +++ + m4) 
+ 51+ 24-5 +m)t+n 


9 


from which we find, using the formulas from problems (a) and (b), 
Le ee ee ee n(n + 1)(2n + 1)(3n* + 3n — 1) 
30 
(d) We write 


S,=12+2°+3°+--- + nt = Et 1)* 


[see problem (b)]. We then obtain 


124+ 39+ 5%4+..-. + (2n — 3)? + (2n — 1) 
= (13 + 2° 4 --- + (2n)*] — 28 (1° + 294+ --- +n] 
= = _ (2n)X2n +1)? _ 9 n*(n + 1)? 
= Sin en eae aaiaaae 8 r 


= n*(2n + 1)* — 2n*? (nm + 1)? = n*[(2n + 1)* — 2(m + 1)* 
= n*(4n? + 4n + 1 — 2n*? — 4n — 2) = n*(2n*? — 1) 


Second Solution, (a) Consider the following table. 


Ist row _l1| 2] 3 k 
2nd row _1 2) 3 k 
3rd row 1 2 3 k 





kth row 
nth row 
The sum of all the integers of any row is equal to 1 + 2 + 3--- +n, that is, 
met , and so the sum of all the integers of the table is m equal to n. 
n(n + 1) 
2. Now let us sum up the numbers within any region bounded by 


lines. For the region bounded by the Ath row and Ath column we have the 
sum 


L+2+---+(k—l)+kk 


_(k—Wk ae cee 
=". +h=>k 9° 


Summing up all the regions in this way, we obtain 


2 
Sat + 2+ + mt) — LL +24 .oe +R) = mnt 1) 


from which we obtain 


12 +2? + so gt a Gf SED 4 Med mae an 


(b) Consider the following table 


lst row 1?| 2) 3 R* n* 
2nd row 1s 2) 3 k® n* 
3rd row 17 2 3 k? n* 








Ath row 18 2 3) kt | | 
nth row 127 2? 3 Re n? 





The sum of all the integers of any one row of the table is 
ep ose a ee 
fies n(n + 1)(2n + 1) 


6 
of all the integers of the table is equal to 


[see the solution of problem (a)]. Hence the sum 


n(n + 1)(2n + 1) . However, the 


sum of the integers in the region bounded by the kth row and Ath column is 
equal to 


P42 + +e + eet = GH VEENWD 5 pp 


poipy 1 


2 6 * 


co] > 


This yields 
Stet tat) — Late atte tnt 


” n(n + 1)(2n + 1) 

6 
from which, after some manipulation, and using the result of problem (a), 
we obtain 


FEU 424000 +m) 


424... 4 —- e+ 


(c) This problem can be solved in a method quite analogous to that used 
in problems (a) and (b) by employing the integers 1°, 27 - -n°. It is left to 
the reader to carry out the details of the proof. 

Remark: If we could “guess at” the results of problems 134 (a - d) by 
considering small values of n, mathematical induction would serve to 
establish the validity of the formulas. 

135. If we add | to the left member of the given equation, we can write 


[1 + a) + BL + a@)] + c(l + a)(1 + 5) 
++ $M + a)(1 + b)--- (1 +h) 
= [(1 + a)(1 + 5) 
+ c{l + a)(1 + d)] + d(1 + a)(1 + )(1 + ©) 
+--+ +U1+ajy(1+)---(1 +h) 
= [(1 + a)(1 + 5)(1 +c) 
+d(1+a)(1+d)\(1+0c)]) +--+ +K1+a)(1+5)---(1+2) 
=(1+a)(1+5)(1+c)(1 +d) 
+++» +K1+a)(1+6)---(1+k) 


=(1+a4)(1+5))(1+c)---(+/), 


which proves the proposition. 
Ifa=b=c:::=I, then we have 


a+a(l+a)+a(l +a) +a(l+ a) 
te +a(l+ay'=(1+a"—-1, 
where n is the number of integers a, b, c,-- -, /; writing 1 + a =x, whence a 
=x-—1, we have 
(x—-)DL+st+ ets: +e) =x*-1, 


which is the formula for the sum of a geometric progression. 
136. (a) We add | to the sum we wish to determine, and we obtain 


(1! + 1-1!) + 2-2! + 3-3! + «++ + nen! 
= (2! + 2-2!) + 3-3! + --- + n-n! 
= (3! + 3-3!) + --- +a-m! =4!+--- +n-n! 
= (nm! + n-n!) = (n + 1)! 


2 


therefore, 
1-1! + 2-2!+ 3-3! + ---+n-n!=(n+1)!-—1 | 
Remark: This result can be obtained from the formula of problem 135 by 
substituting a= 1,b=2,c=3,---,l=n. 
(b) We add to the summation under consideration the term ¢8,, = 1. 
If we employ the fact that 


Ch+ Ce = Ci 


we obtain 
(Cats + Cis) + Cate + oer ere ct. 
_ (Case T Cas) + Con 4+ eee + i. 
= (Cass = Cass) + ose + Co. 
_ Cass T «90 + Cine See = Cries? 
therefore, 


Cas + Cas + Cis 7 <6 =e Cass = Coat —1 . 


Remark: This result can be obtained from the equation of problem 135 
= ——— pm SE tee 1-%t! 

ie - 7 eo SS 
137. From the definition of a logarithm we obtain 








by letting a = 








In — 





(In fact, if log,a = y, then b” = a, ora b, whence = log.d .) 


log, a 
The equation can therefore be written in the form 
logy2 + logw3 + --- + logy100 = logy (2-3 --- 100) 


from which the desired conclusion immediately follows. 
138. It will be shown by mathematical induction that the sum we seek to 
determine is equal to — . First, the proposition is obviously valid for n 


aa 

= 1. Now, assume that the assertion is valid for n — 1 positive integers, and 

consider the sum S of the given fractions for n integers. From each of the n! 
l 


terms of the sum S, we can factor out the fraction —--—-—---—,, 
Q4,+ G@,+ °° + Gy 


since this final factor has as its denominator the sum of all the 7 positive 
integers (the order of the addition being unimportant, since no integer is 
omitted). Further, grouping in the parentheses separately the (n — 1)! terms 
corresponding to those permutations of indices where the index 1 is 
missing, the (7m — 1)! terms corresponding to the permutations where the 
index 2 is missing, and so on, we arrive at n separate sums, to each of which 
we can apply the induction hypothesis, since each comprises (n — 1) 
integers; for example, a5, a3, °° *, d,, OF d; 43," °°, a,, and so on. 
Summing these, and using the induction hypothesis, we obtain 


$=—_"—__(_ + +_ + _+ cee +) 
GQ; + +++ + Gn \GQ:2Q3°*+GQ,g 4:03 *** An @\Q2,*** An-; 


i Tae eS) 1 


Q,+4:+ +++ +4, G:d2*** Ay ~ GiGz*** As 


which is what we wished to show. 
139. (a) Multiply the expression by 1 — + to obtain 


[90D] + NaN) Co) 
-[0-F)0+ 3) +a) 08) Co) 
(Oa) ANOS) = rb) 


ee 
| 





Therefore 


(EMER) ) 
_1- er 3 (1 a) 
1-(1/3) ~2\ 38" 


(b) If we multiply by sin a, we obtain 


eee neat ts --+ Cos 2"a@ 


— ! isin 2a@ cos 2@) cos 4a@ --- cos 2"a@ 


“3 
=+ (sin 4a cos 4a) --- cos 2"a 
== sin 2"a@ cos 2"a = nee A 
Therefore 
cos @ cos 2a@ cos 4a «++ cos 2"°a = nae | 


140. Since 2!° = 1024, we can write 2! = 1024!°. Since 1000!° = 10°°, 
which is the number with 1 as a first digit followed by 30 zeros, and since 
1024!° > 1000!°, it follows that the number 2!°? = 1024! cannot have 
fewer than 31 digits. However, 


1024"* < (im) = (4)" 
1000'* 1000/ = \40 


eg er eee ee ee ee 


40° 40' 40° 40 40° «40° «40 «40 «40 40 
fl 40 39 BO 6 HUB R 
40° 39° 38° 37° 36° 35° 34° 33° 32° 31 
=#<10 
since 
41 40 39 
40 < 39 < 38 ~ 
(a7 lta; S=1+s; and so on). Hence, 


2100 = 1024'° < 10 - 1000" 


which implies that 2!°° contains fewer than 32 digits. Therefore, the integer 
210 contains exactly 31 digits. 

Remark: This result is even more easily obtained by using logarithms. 
Since log 2 = 0.30103, log 2!°° = 100 log 2 = 30.103, and so 2! must have 
31 digits. But the technique used in solving this problem without using 
logarithms has independent interest. 


1 3 5. 99 
141. (a) First solution. We designate the product 2 4 6 100 
2 4 6 98 
by A, and der also th duct B = — . — . —. .-- -— 
y A, and consider also the product B a ee 35 
Since 
2. 1. 4. 3 ©. 5 98 _ 97 99 
A ee Bens ceca 
37 29h gee ge go gee 100 


we have B > A. Now, clearly, 
Pn: oe eee: 3 # §& 6 98 99 


——.« — — « wat =e 6 6 6 —— « —- 


1 
23 4 5 6 7 9 10 10. 


It follows that 
1 
2 eee ceo 
A?‘ < AB 100 . 
whence A < a Further, 
3.5.7, 
B<2A= eds 100. 
since 
2 3. 4 5 6 7 98 99 
3° 4°66 7 8° °C 100. 
Consequently, 


l 
A-2A > AB=— A> 
100, whitch implies a 


Second Solution. We write, as above, 


Then, 





from which we obtain 


1? 33-1 5-1 997-1 
2° 6 100? 
|? 3 5? 9Q: 
2 enn ¢ sume 6 ee 66). 
<A°<3 I F-1'@-1 oor 1 





If we factor the factors of the numerator on the left and the denominator on 
the right as differences of two squares, we obtain 











at 2:4 46 BIO. ge 3:3, 5:5, DS 
2:2 4-4 6-6 100-100 1: ‘5 5-7 99-101 , 
or, after simplification, 
=e ee 
200 < “* < For ' 
1 1 1 
oy 2 <4 < Vior < 10 


which is what we set out to prove. 


Remark: A more general relationship may be proved in exactly the same 
way: 








2/n -2°4°6°° nm ~Vom 

(b) We first show that ifn > 1, then 
1.3.5. me-1. o1 
2 4 6 2n V3n+1 


This may be done conveniently by mathematical induction. If n = /, we have 





: eres ee 
2 V3-14+1. 
Assume now that for some n 
1.82, Seat, 1. 
2 4 6 2n V3int+l . 


2n +1 


are it becomes 





If both sides of this inequality are multiplied by 


1 3 #5 2n—-1 2Qn+1 2n +1 


2°4°6 °° On ‘n+2~ Qn+2Vantl 
Now, 
[ 2n +1 |- (2m + 1)? 
(2n + 2)V/3n + 1 12n* + 28n* + 20n + 4 
_ (2n + 1) 
~ (12n* + 28n* + 19n + 4) +n 
nse 
~ (2n + 143n+4)+n ~ 3n+4 | 
and it follows that 


2n +1 


1 
(Qn +2)/ n+ 1 ~Van+4 


Thus, we obtain 
5 2n—1 2n+1 


2°4°6 °° #43$On nte~ woo 


We conclude, by the principle of mathematical induction, that for every 1 
1 3 § 2n — 1 1 


2°4°6 °° on *Vontl 
(We note that equality holds only for n = 1.) 





If now we let n = 50 in this last — we find 
1 3 : * - 1 


2°4°6°° <7eeTT= 50 +1 ~ 12.288... 


which proves the assertion of the problem. 


142. We start with 


te. 1-2-3 ... 100 
Zise ™ 100 = 980(1 -2-3...50)-2°%(1-2-3...50) 
1-2-3 ... 100 1-3-5... 99 


~ (2-4-6... 100)-(2-4-6... 100) 2-4-6... 100 
and apply the results of problem 141 (a), 


143. It suffices to determine which is the larger: 101” — 99” or 100”. 


Consider the relationship 
101" — 99" _ (100 + 1)* — (100 — 1)" 


100" 100" 
_ 2(Cx-100"-! + C3-100*-* + +++) 
= Tris 


_ Mg MA I ee 
? 2 (00 + 31-1008 ~~ ) 
It is clear that the fraction on the left exceeds | ifm = 50. We show that 
this ratio exceeds | also for n = 49. We have 
49 49-48-47 49 18,424 
209+ 31-1007 t ) . 2 (6+ 100° ) 
49 100? 
. ( 100 t i067) = 





Now we show that if n = 48, the ratio under consideration is smaller than 
1: 
48 48-47-46 48-47-46-45-44 
(soot seer 5-100" +) 
48 48* 48° 
7 2 100 * @-2-3)-100" * (1-2-3X2-3)100° 


487 
+ 72-3)(2-3)2-3) 1007 ] 
48 1/48\* 1/48\5 
=2[ 00+ 6 (aoa) +(to0) + °° | 


48 


100 _ 9600 
<2 (By 9616 ~" 
= 5 (i00) 


Clearly, now, the ratio is also less than | for all positive integers less than 


48. 
Therefore, we finally obtain: 99” + 100” is greater than 101” ifn 2 48 


and is less than 101” ifn > 48. 


144. We first show that the product of m consecutive natural numbers is 
greater than the mth power of the square root of the product of the first and 
last of these numbers. Let the n integers be a,a+1,---,a+n-— 1. Then the 
Ath number from the beginning will be a + k — 1, and the Ath number from 
the end will be a+ n—k. Their product is 

(a+k—l)\(a+n—k)=a* + an—a+(k—1)(m—k) 
=a*+an—a=ala+n-—1) 


by 


where the equality is obtained only for 4 = 1 or k=n. That 1s, the product of 
two positive integers equidistant respectively from each end of the sequence 
(for odd n, these two integers are taken to be the common middle one) 
always exceeds the product of the two extreme (first and last) integers. But 
then we have, for the product of all the numbers, 


aja+1)---(@+n—1) 
2 [ala +n —1))¥* =[(Vaiatn—1} , 
where the equality holds only ifm = 1 orn =2. 
We shall show now that 300! > 100399. We have 
1-2---25 > Y25* = 5%; 
26 --- 50 > (1/26 - 50)* > 35%; 
51 +++ 100 > (V/51 - 100)*° >70°; 
101 --- 200 > V 100 . V 200" = 10*%° . 250. 
201 +++ 300 > 1/200! - 7/300! = 10% . 25 . 350 
If we multiply together all the left members of these inequalities and 
compare the result with the product of all the right members, we obtain 
3001 > 5* - 35% - 70% - 10° .Z100 . 3 
am HP . 788 . HAO . 145° . 1100 . Diee . 3H 
= if .7*-14°.3° 
= 10° - 21** - 42% - 14% > 10° - 20*5 - 40** - 14% 
= 10°% - 2% . 48 . 14*5 = 10°8° . 112% 
= 10° - 1,12%* > 10° = 100° 





Remark. A more general result is shown in problem 148. 


145. We first show that, for any natural number k S n, 
a 2 
1+s(1 +5) 214244 
n n nn. 
We use mathematical induction. The proposition is obviously true for k = 1. 


Assume now that the proposition holds for a particular value of 4. We shall 
show that it then holds for k + 1. We have 


1\FH 1\* 1 k 1 
(1+—) =(14+5) (1+ )e(1+4)(1+ 5) 
p atl k+1 

n 


=1 +> 1+ 
n n 


We do not need here the fact that k s n, hence the inequality is valid for any 
integral value of k. Assume now that k s n. Then: 


(1+ 4)"=(1+S)'(1+4)<(1+2+5)0+ 4) 


k+l, B+ M+] k+l, kt 
=1+ n + n? n? n* 
2 — b2 
= At G+ wk+D—k 
n n n 
k+l (k+1) 
A a Nesta oa 


since n(k+1)>k ifn2 k. 
If we now substitute 4 = n in the inequality, we obtain 


a 2 
2=14+%<(1+—) <1+744%=3 
n n nn 


146. In view of the result of the preceding problem, we have 


1 aaa 


,000,000 a 
(1,000001)!.9%°. 900 (Bee 


147. It is clear that 


(1001)°** ( 1001 - 1 1 


1000 l l 
(1000) ~\ 4000) ° 1001 =(1 T ane) ‘joo <3" joo <2 


(see problem 145), and, consequently, 
1000'° > 1001°** | 


148. Assume that the given inequality is valid for some natural number 
n. To prove it valid for n + 1, it suffices to establish the validity of the 


following inequality: 
( + “"" (2 + xy" 
= ae sc a a 
(z) (3) 
2 3 
Upon division by n + 1 these inequalities become 
l l > 1 i\* 
5 (1 + =) 2123 3 (1+ -) 


which follow from the inequalities 2 S (1+ +) <3 


2an+1l2 


It remains only to note that for 1 = 6 the validity of the assertion of the 
problem follows, since 
6 6 
($) =3=729, 


2 
6! = 720, 


($)-#=4 


149. (a) By the binomial theorem we have 


(1+) =1+G ++ 05+. $C +t 
n n 
_ 4 nn—1) 1 , n(n—1)(n—2) 1 
een a ae 3! nm 
. T (m — 1)! n*-' n! n* 


1 1 1 2 
=141+5,(1- ©) +3i(1- 7 \(1-+) 
+44(1-4)0-2).. 0-255 

n! n n n 
and, analogously, 
1 + 1 l 
Chea wrt ae) 
+ (1 ei)(- +1) 
3! +1 
n—1 

rr (i roy a So Se) 

onl!) ba) (ESO 
a ere +1)! n+1 n+1 n+1 n+1 
Comparison of these expressions shows that 


1 n+1 1\* 
(1+—45) >(14 *) 


and the assertion of the problem follows immediately, 


(b) We write 
Qe (ey 
( a) aa) 


= Stirs IP _ (ay atti (1 ef "(4 1) 











= 



































n*** n* n 


However, for n = 2 


Sa 4, Ra-VY1_ na-Va—-2) 1 
(1 - ) mas nm 2! n* 3! n° 
n(n — 1)(m — 2)(m — 3) 1 
fo ge ee ee 


1 _1s=-1 1 1 2\1 
wa Ss we -[e-=)0- ae 
1 


(21-2) ]- 





1 a | 1 1 
al- toh 2 He 
On the other hand, 
1 1 a : oe 1 1 1 1 
(-= +> nt 2 sa )(1 + ~)= ~ 2 nt 2 "~! 


Consequently, (1 _ +) (1 + : -) <1, which means 
n+l 
(+5) 
a te <1 
(1 - n— :) 
n+l n 
Oty" <7 
n n—1 


from which the statement of the problem follows. 











150. A proof by mathematical induction is given. 


We show first that, for any natural number n, 


(ey ee 


This inequality clearly holds for n = 1: 1! =1> +. Assume that inequality 
(1) holds for some positive integer n; we must show that 


(n+ DIS cul 


In view of problem 149 (a), we have 


>(1+—)', 
n 
: a 


From (/) we obtain 


(n+1)!=(n+ In! > (4 2) n+ ja e } "ere 


Ce) Tay Ty ioe 


i+ 
n 











It follows, by the principle of mathematical induction, that (/) is valid for 
all natural numbers n. 
We now deal with the inequality 


nl < Cale (2) 


We show that this inequality holds for all integers n > 6. With the aid of 
logarithm tables (natural logarithms are used here) it is readily verified that 
inequality (2) is valid for n = 7: 


7 
M1 < 7(+) 
ée 


that is, 61 <()’ for In 6! = In 720 ~ 6.58, and In (LY = 7p 7—1) = 
P ~) =2n7—1) 


6.62. 
Assume now the validity of (2). By the results of problem 149 (b), 


n+l 
(1 +—) : > @; 
n 


e 


n+l 
(+5) 
n 
But now, by (2), we have 


(n+ Il =(nt Dal <(nt Dn () 


that is, 


& by 


_ n+] n+1 n"tle 
= + ) + 


= (n+ n(*2 ) Gay (n + p(s)"; 
n 


that is, the analogous inequality, in which n is replaced by n + 1, will hold. 
Since inequality (2) holds for n = 7, it follows by mathematical induction 
that it will hold for all n exceeding 6. This completes the proof. 

151. We note that in the sum 








S=xk th 14 yh 2 4+--- +41, 


if x > 1, then the first term is numerically the greatest, but if x < 1, then the 
last term is greatest. It follows that 


+1 >S>k+ i, if x> 1; 
(R+1)x*<S<k+1,ifx<1. 
If both sides of these inequalities are multiplied by x — 1, it is found that for 
xl 
(k + lx*(x—1) > x*t'-—-1>(R+1)(%-1)) . 
a 
a then we find 
(e+ Wpt pitt —(p — It (ke + 1p — 
(p a 1)*+! (p ie 1)*+! (p — | ch 
p+ 





Assume now that. * = 





Analogously, if we assume that x = 
et Dip 1k (pie — oe. Te 
pet ? p** ? p** 
It follows that 
(p + 1H! — pitt > (hk + pt > pitt — (p — 1) 
or, letting p successively have the values 1,2,3,---, 1: 
Qk+i 1*+! > (R + 1)1* > ]4t!'- QO ; 
Seti =— Qeti > (Rk + 1)2* > Det —_ pert , 
4e+i = Seti > (k + 1)3* > Set — Deri : 


(m + 1)EH — mkt > (hk + 1)nk > nt — (n — 1 


, we obtain 


If these inequalities are added together, the following inequalities result: 
Gi —Ts e+ DC++ S43 te Se. 


or, dividing through these inequalities by &+ 1, 


1\t 1 ere 
[(Q * =) n**! IF <i" 


SE ae sre ae 





1 


n*+1 





This is essentially the set of inequalities sought. 
152. (a) First, it is readily seen that 




















1 1 1 1 1 1 1 
——— + + fr toas, 
a+l1’ ete” "Ton? Qn * 2n 2n 2 
i al 
n times 
But also 
1 1 1 eae 1 1 
a ad a *T35- | (+ +3.) 
1 1 1 : ore & 
+(qyit Sai)+ (stan) + +(55+ *) | 
1f 3n 3n 3n 3n 
= OL ont * Ont + (n—1)* On + 2n—-2 °° od 
lf 3n 3n 3n 
<3lartoet +3 | 
(n + 1) times 
2 at oe ae ae ae 
= 7 ate ee 7 ae 


which proves the assertions of the problem. 
(b) It is first noted that 








1 1 1 l 1 
3n* on + 1 < Ont Onn 
It follows that 
1 1 1 l u 
bet RAS Seed + (35 +aeT) 
Pe ee eee Bt ei ig ee 
n n n n n 


——————_ > —————— 
(2n — 1) times 


On the other hand, we have 


















=5/ 4n +2 4 4n +2 
2 L(2n+1)?—n*  (2n + 1)? —(n— 1) 
4n +2 4n +2 
terpecnt twee 
yAfant2 | dnt? +8) 
2 L(2n +1)? (2n +1) (2n + 1) 





(2n + 1) times 


4n+2 _ 1 
(2n+1)% 
153. (a) We first prove that 


Vat T—2V AH < <2 n-WVaR-l 


l 
=p (en +1) 


We write 
oVatl -2/n = 2Vntl-VinyVntl+Vn) 
n+1+Vn 
2 2 1 


~Vatl+Vn -Vn+Vn Vn 


The second part of the inequality is shown in an analogous manner. 
Now we have 





1 1 1 > 
l+ oe +oet + + eee >1+2[((Vv3 -V2) 


+(V4 —-V3) +++) +(V1,000,001 — 1,000,000) | 
=1+2(V1,000,001 -Y2)>2-100-Y8 +1 
> 2000—-3+1= 1998. 
Analogously, 


L+ ett vee +o < 1+ 2((/%2 —1) 
+ (VS — VE) + + VIO 000 — 1/5559) 
= 1 + 2(1/1,000,000 — 1) = 1 + 2-999 = 1999. 
Consequently, the integral part of the sum 


1 1 1 
THEY St FTO NOT 
is equal to 1998. 
(b) A technique similar to that used in problem (a) yields 


1 1 1 
710,000 10,001 * *’” * 771,000,000" 
> 2[(/ 10,001 — 10,000) + (1/ 10,002 — 110,001) 
+--+ + (V1,000,001 — 11,000,000) 
= 2(V/1,000,001 — 110,000) > 2(1000 — 100) = 1800 


and 


ieee * view t °° + OO 
< 2{(/10,000 — VD) + (V/ 10,001 — 110,000 
$e + VINO OOO — 1557 H)] 
= 2(1/1,000,000 — 1/9999) 
= 2000 — 1/39,996 < 2000 — 199.98 = 1800.02 | 


Therefore, the sum 


1 1 1 
10,000 * 1/10,001  "’ * 771,000,000 
is equal to, with precision to within 0.02, the number 1800. 
154. We note, by comparing the two equations 


2 
(1+—) =1¢2>4+ 
n n n 


and 


2 1\3 1 41.81 
(+3 y) S142 + Stoo 


that for every natural number n 


(+5 0m) ta) 


; a Bag eee 2/3 
From this we obtain 1 +—-—>({1+ oe multiplication by n 


3 on 
yields 
nls + Sno > (n + 1)¥8 
and finally, 
1 : 
Vue ql vari — Yn 
Analogously, 
Me ee ee ee SE 
(1 - S -) = 1-2 +S So -2t 4 


2/3 
yo tty, (1 - ~-) : 
3” n 
2/3 2 -(1/9) 
n — 3" > (nm is 1)*/* , 
Wr <q VOR 
Now we can write 
1 l 1 
Ya ¥5  * ¥T000,00 
> SYR VR + YE YB 
+ oe + ( 1,000,001? — ¥/1,000,000? )] 
= > $1000, 002,000,001 — ¥76) > =. 10,000 - /54 


> 15,000 — 4 = 14,996 . 
However, 


1 1 1 
Va Ys * 177,000,000 
< 


4 
Sy - YF) 4 (VF - VA) 
+ +++ + (41,000,000! — 4/999,999%)] 
= 3 ( ¥7,000,000,000,000 — 4/5) <—(10,000 — 2) = 14,997 
Thus, the integral part of the sum 
VT yet ProET 
is equal to 14, 996. 


155. (a) It is readily seen that 
1 1 1 1 1 


whist “* * i000: 7 10-11 * Ti-12 * *** * 1000-1001 
= (Goan) + Ga a2) + + G00 S007) 
= 35 Gor > 0-1 — 0.001 = 0.099 , 
and, analogously, 
wet te < ot art tee 


a ee 57) one (sc - sous) = 3 — low 
=($-70) + (a0 i) * ‘°° + \'999~ 000) = 9 ~ Tooo 
< 0.112 — 0,001 = 0.111. 











Consequently, the sum wtiurt oes + am , with precision to 0. 
006, is equal to 0. 105. 
(b) We note, first, that 
a Py ee eee ae a en 
iot + tir * tar + “** + qoo0! > Tor = 3,628,800 ~ ae 
But, also 
ye. 1 
io! * 11! * tar * *** * TO00! 
1/9 0 U 999 
eStirartart tino 
1f10—-1 2-1 19-1 1000 — 1 
=34 om: a at 
it 2§. tt i,2 Ff 1 1 
“Sei a a eee Tt 
i 4 ; 4 i, 
=(q- Toor) <9 * 91 = Fa5.g0n ~ 9.000000805 . 


Therefore, the sum 


1 + He. + eee = 2 
10! si11! 1000! ’ 
with precision to 0. 00000015, is equal to 0. 00000029. 


156. We shall show that the sum 
1 1 1 l 
1 + eta t “Tet” «= 
can be made greater than any given number N. Let N be some chosen 
integer, and take n = 27". Then 











1 11 1 1 1/11 
+ gest gt te tecitet (ste 
i.1.7-i 1 1 
t(stetezts)t  +(eeqiTtReas 

: ar )>ltytotyt tg Nt 


Foes + pawn t Oen 227? 2 
Lr 


2N times 


[every sum in parentheses is greater than +i see problem 152 (a)]. 
Remark: This can also be proved as a consequence of problem 152 (b). 


aa eucae by n, the aie of ane fractions between 9 and 


including => a but not —.. If the fraction 4, lying between these two 


ae eae 
fractions, is one of the undeleted numbers, then of the numbers 
it 1 1 1 1 : ’ 
Se ee es Seay RN a oe: Geren hich 1 
10q’ 107+ 1’ 109 +2’ ' 10948" 10949 (all of whic ie 


between —- and ), only the final fraction will be deleted when those 


1 
10* || alae 1 
containing a digit 9 in the denominator are crossed out. If = is one of the 
deleted numbers, then _ all of the additional fractions 
1 


1 
10g’ 10g+1’ ’° 10g+9 


It follows that 





will also be deleted. 


mm = 9m-1. 


Since Ng = 8 (of the fractions 1, > 7 vee i, + , only > is deleted), 
w,=8-9 = 72; 
nN. = 8 - 9?; 
n= 8-9. 
Now consider, for n < 10”*!, the sum 
1 1 1 
Lag ag eee 
Add this to the sum 
1 1 1 
bho tg to tape gq? 


after throwing out all those fractions having a digit 9 in the denominator; 


eee 1 
(l+s+g¢e04 ) 





—_——— - 
(mt + 1) times 


1 1 1 l 
<l- =o 6 <= ¢ eee ——— + Nn- — ‘Nm. 
mot 7 ny + 100 nN, + T J9e-1 n 1 +790 
If we replace each summation in parentheses by the product of the largest 
term contained therein and the number of terms in those parentheses, we 


obtain 


Lsdte + +98, + mle ee + vee Fe a ae oe ee 


10 100 10" 10" 
Py re ee eee ce 
=a(1 + 07 to tt foe ro) 
FP aa | ach fash) g.—! _ _ 8.19 = g0 
1-2 1-2 
10 10 


This verifies the assertion of the problem. 


158. (a) Assume that in the summation 1 + i + $ ones + a the 
n 
integer n is less than 2**!. Consider the summation 
1 1 1 
Shas mt cra pasta 2 (2k! —1)* 


and, as in the solution of problem 156, group the terms in the following 
manner: 


Bort ee eee ee 
1+ (F+R)+(F +at et a) 


1 ee ee Rg OS 
vo lag* aT + geri |<1+(G+ a) 


i .4 1 1 1 1 
+lgt or eral? taster tee] 
do Be oe a be dO A 
aia ee as ar + > = ae" =2 ES 2) 
2 


This verifies the assertion of the problem. 
Remark: It is possible to show, by similar techniques, that if a is any 
number exceeding 1, then for any natural number 7 
1 l 1 2° — 1 
1+ 3a + 3 5 ee 2 ne < ae-3 1 . 
This sum is bounded, and its bound is independent of n; that is, n can be 


arbitrarily large. Problem 156 showed, on the other hand, that if a s 1, the 

sum 1 + = cs = fa ae - can be made as large as we wish by taking n 
= n 

large enough. 


(b) It is readily seen that 


Aa fF phy 3 1 
etgtet gt tie 
1 1 1 1 l l 
<(j3-7)*+ 30+ satast “+ Gn 
1 1 1 1 1 
=(qatzatsat ‘ean 4° 
However, by problem 132 (a), we have 
1,11 1 
1272-37347 Gate oo? 


and, consequently, 
l i ES a A = ge 
lt at ate ni <} (1 a4 


which proves the assertion of the problem. 


159. we shall show, first, that 





Lok oo ] 1 
a ae we ike tat Ss 
| ae | 1 | 1 
<(1 a Teer a +HQtzt+at +3) 


1 l 1 ) 
-(l+S4¢a¢s-4a), 
( bi pi bi 
where & is an integer such that 2‘ < n < 2**!, and p, is the greatest prime 


not exceeding n. For this investigation we consider the various factors in 
parentheses of the right member of the inequality. Since every positive 
integer m from 1 ton can be written as the product of powers of primes 1, 3, 
5,°**, Pj», we may write 


m = 2% + 342 - 5a --- pit 





where all the exponents a), a, °° * a are nonnegative integers not 

exceeding k (zero [exponents being, of course, allowable). We encounter as 
' 1 1 1 

terms every fraction 1,—,—,—,°::, ,— as well as some 
= 2° 3’ 4 n—l'n 


additional positive numbers. This means that the right member of the 
inequality exceeds the left member. 
If we take logarithms of both sides of the inequality, we find 





log (1+5+-3+++ ae : ++) 


2 3 4 n-l n 
< log (14+ 4+f4 +g )\(l+gtgt-- +y) 
xe x (Lt tte +h) |= log (1+ S4t 
ee eee) 
tov log (1+ 2434: +4) 


But for any integers £ and p 2 2, 


1 1 1 1 2 log 3 
] (1 —-+—+ — ss 5) < SES 
og “S's pr p 


Consequently, we have 





1 
l+5 +54 ee 


It follows from the results of problem 145 that 


(l+5=4) <3. 


p-l 


1 
oe fe Vs, 


ng (2h . 








I+ 


and, clearly, 


2 log 3 . log 3 
p P=. . 





Hence we conclude that 


log (1 tote +1) <21oe8 , 2log3 , 2logs 7 ame 
l 


1 11 1 
< 2log3(= +z+ot wea) 


If there existed a natural number N such that for every positive integer / the 
sum eee Sere vee +> would be less than N, then for all 





2 3 = § 
positive integers 1 the following inequality would have to hold, 
ae ee 1 1 
log (1 a at a Tee =) 


1 


ee ee 
<2log(p tat et ty 


)< 2(N — 1) log 3 


from which it would follow that 


1 l 1 1 
eo ee 


where JN, is independent of n. But it was shown in problem 156 that such an 


N, does not exist; consequently, no number N can exist such that, for all 


bidet yew ® 





+o< 32y-) — N, 


by 





2 3 5 pi 
160. We have 
b-c , c~a, a—b _ Be—bet + act — atc + at — ab? 
a b c abc 


_ ca — b) + abla — b) — (ac + bc)(a — b) 
- abc 


_ (a — b)(c? + ab —ac—be) _(a — b)[e(c — a) — W(c — a) 
a abc 7 abc 
_(a—bj(c—bfe—a)_ (@—b)(b—c)(c—a) 

~ abc 7 abc ’ 


a Se 
—c c-a a-b 











We shall now investigate P .Leta’=b-c,b'= 
c—a,andc'’=a-— b. Then 
b'—c' =c-—a-(a—b)=b+c-—2a | 


From the condition a+ b+ c=0, we have b + c=~—a, from which 


bo —c'=-a, 
igure ey 
2 3 


In an analogous manner we also obtain 




















c’ —a' 
Es 
ao kell 
3 ‘ 
It follows that 
a b c 1/'-c' ca o>) 
j<a 6-8 eo { a' i b! is a i 
Using the above formula, we obtain 
ty b -4 _ @’—b)6'-cc' eee | 
b—c c-a a'b'c! 


ae 
(b — c)(c — a)(a — Bb) (a — b)(b—c)(c— a)" 


Consequently, if a +b +c =0, then 


b—c c-a a-b a b c 
ee . b t c ects tes) 


i > ——— “I[- "a= ne oN(e - a jie 


siete 
a: 


161. We have 
0O=(+b+ch =a +h +c + 3a%d + are 
+ 3b%a + 3b*c + 3c*a + 3c*d + babe 
= a' +b +c? + 3ab(a + 6) + 3ac(a + c) + 3be(b + ¢) + babe 
= a’ + b' +c} — 3abe — 3abe — 3abe + babe 
=a+'+c3— 3abe. 
It follows that a? + b* + c3 = 3abc, which is what we set out to prove. 


162. (a) First Solution. We have 
a’ + 6° + 3° — 3abe 
= a+ 3ab(a + b) + B+ c® — Babe — 3abla + dD) 
= a’ + 3a*b + 3ab* + b° + c* — 3ab(c + a + D) 
=(a+ b+c?—3aba+b+ 0) 
= [(a+ 6) +cl[(a + 0 — (a + dc + c*] — 3abia +b +c) 
=(a+b+c)[(a + db? — (a + d)c + c* — 3ab)] 
= (a+b+c)(a* + 2ab + Bb — ac — bc + c* — 3ab) 
=(a+b+c(a’++c? —ab—ac— be). 


Second Solution. If in problem 161 we substitute x for a, we have x? + b° 
+ 3 — 3xbc = 0, ifx + b + c = 0. Consequently, the equation x° — 3bcex + b? 
+c? =0 has a root x =— b—c, from which it follows that the polynomial x° 
— 3bcex + b3 + c} is divisible by x7 — (— b-—c)=x+b +c. If in this result we 
resubstitute a for x, we find that a> + b* + c? — 3abc is divisible by a + b + 
c. Ordinary division produces the other factor: 


a’ + b' +c’ — 3abe = (a + b + c)(a*? + B+ Cc? — ab — ac — be) | 


(b) First solution. We have 


[((a+b+c)*—a’] — (0 +c’) 
=[a+b+c)—al[at+tb+ch+aat+b+c)+a’] 
— (6 + c)(b — bc + c*) 
=(b+cX{[(a+b+c— 6b] + a(a+c) 
+ (ab + bc) + (a* — c*)} 
=(b+cX[(a+b+c)—Jd[(a+b+c) +b) +aa@+c) 
+ ba +c) +(a+c)(a—c)} 
=(b+c)\(a+c\at+b+c+b+a+b+a-c) 


=Xb+c)(at+c(at+)). 
Second Solution. Substitute, in the given expression, x for a: 
c+b+ceF-2#-F -C. 


If x = — b, the expression vanishes; consequently, the equation (x + b + ce)? — 
x — b — 3 =0 has as a rootx =— b, andso (x + b+cP—-x- b> -c3 is 
divisible by x + b. Resubstituting a for x, we can conclude that (a + b + ce) 
— a — b> —c? is divisible by a+ b. 

It is similarly shown that (a + b + c)? — a* — b? — c? is also divisible by a 
+c and by b + c. We can write (since the three factors are clearly relatively 
prime) 

(a+b+ci—a—BP—-—C=kat+b(at+c(b+c) . 


In order to determine the factor k, it suffices to equate, in this equality, the 
coefficients of any like term from each side: for example, the coefficient of 


a’b. If we set a= 0, b=c = 1, then we find k=3. 


163. In problem 162 (a) we found that (a2 + f? + r? — aB — ar — Br) x (a 
+Bt+r)=0 +P +r — 3afr. For a, f, and r we substitute Ya, YB, and 
7c , respectively; we then have 


(Ya+ ¥b4+ Vey Vaer+ YR + Ve -— Yab 
— Yac — Ybc)=at+b+c—3¥abe . 
It follows that 
l _ Ve + YR + Vo— Vab— Yac— Vibe 
¥a+¥b+ ¥c a+b+c—3 Vabe 


Now it is not difficult to eliminate the radical from the denominator of 
the fraction on the right: 


pein VET OR + UP = Fei — Yar = Fe 
Ya+ ¥b+ Ve (a+b+c)—2abe 


x(a t+b+cP+3a+b+c) Vabe +9 Yate? |. 


164. We saw in problem 162 (b) that (a+ b +c)? -— a — Bb? — c differs 
from the product (a + b)(a + c)(b + c) only by a constant factor; hence it 
suffices to show that 


(a + b + cess —_ q?333 —_ 3338 —_ 3333 
is divisible by a+ b, a+ c, and b + c. But this can be shown by exactly 
the same proof used in problem 162 (b). 
165. We have 
ihe}. geo] 
a—-1 al 
_@ P=) @ D+ +a +a +1) 
“(a-l(attat+at+atl) (a-VYiata+a+atl) 
_@tatdar+a+at+a ti) 
7 a+at+a+atl 
But division yields 


css abr a ale a oat SR a 
————_— = — G' + — a + —a +1 
a+a+a’?+at+l ? # 


a’ +a'+1= 


Consequently, 
a’°+a+1l=(@@+a+1)(@—a'+a'—a—a+a—atl) . 


166. First Solution. Designate the dividend polynomial by B and 
the divisor by A. then 


B —_ A = (9999 ae x*) (888 = <*) + (2771 ak x") ao (0008 Pe x) 
+ (5886 — x5) + (tte — xt) + (12888 — x8) 
+ (8228 poi x*) + (sft! a x) 
= x? [(x19)999 — 1] + x* [(x'*)e* =? 1) +4- x{(x'*)'" 1] 
oe x®[(x'0)666 oes 1] 4 x1(x'*)* — 1] + x*{(x**)** nae 1) 
+ x*[(2*)888 Ee 1] + 5 | Ee! — 1] + xi(xt*)* es 1] ’ 


Each difference in parentheses is divisible by x!° — 1, and so by A = 
x? 


rie =} . Therefore, B — A is divisible by A, which means that 


B must be divisible by A. 
Second Solution. We have 


CTR tS HD +P tP +242 4241 

x—] (x— 1)(x — ay) (% — ay) (% — Gy) «++ (X — Gs) 
x-1l x-1 

(xX — a,)(X — Gz) +++ (X — ds) , 


where ay = cos 20 + i sin 22 
equation x!° — 1 = 0, (that is, the ten tenth-roots of unity are of this form 
(see the discussion of Section 9, Complex Numbers, preceding the 
statement of problem 222). Consequently, in order to prove the assertion of 


the problem, it suffices to verify that 
9999 + 78888 + aia + bees + xesss + xen 
+ 3338 + Bet + gui + l 


(k = 1,2, --- ,9), since the roots of the 


is divisible by each of the factors (x — a,), (x — a>), + +, (X — ao). This, 
however, 1s equivalent to the assertion that 


9999 + 78888 + grit _ 78008 + xesss _ gets 


+ x8888 4 tte 4 ytttt + 1 = 0 (1) 
has as roots a), a>, a3, °° *, Ag. We shall verify that these are roots of 
equation (/). Since a,!° = (k = 1, 2, 3, ---, 9), it follows that 
ay = ap’ = (ap) at = al; 
ay” = ay™*® = (a}’)at = ab: etc, «+: 

P ta ta tae + ap t+ at + ae t+ oe + of +1 
=dtat+atatatat+atatatl=0 
(k= 1,2, +++,9). 


167. We shall find two numbers a and 5b to satisfy the equation 
O+pxrt+q=axe+aet+ Bh — 3abx - 
To do this, we must solve for a and b the following two equations in two 


unknowns: 


a’ +5 =4q, ab = 2 


£ 


Now, it is easily verified that a? and 5? are roots of the quadratic equation 
P 
3 , and, consequently, we will havet 


on fErfEB. o-/$-YEE 


Now, in view of the result of problem 162 (a), we have 


x*+px+q=x°+a* + B® — 3abx 
=(a+b+x)(a* + 8? + x? — ab — ax — bx). 


Therefore, the solution of the cubic equation reduces to the solution of the 
first-degree equation 


a+6b+x=0 ; 
from which we obtain 


x,=—-—a-—b 


9 


VETER VETERE 


and the quadratic equation 
—(@+b)x+a°+b0—ab=0 . 


or, 


from which it follows that 
2 2 
a+b _@-bvV3 ; 
2 2 : 


where a and b are determined by formula (1). 


Xs 





168. First Solution. We designate 1/a@+x by y, thereby obtaining a 
system of two equations: 


Vatx =y, a—-y=x. 
We square these equations to obtain 
a+x=y', a-y=x* 
If the second equation is subtracted from the first, the result is 
Lesa SS. 


or, 


e—-yv+xty=(xty(*e«-—yt+t)D=0. 


Two possibilities arise. First, 





xt+y=0; 
then y =— x and x* — x — a= 0, which yields 
naa styat+ 
2 4 
Or, 
x-y+1=0; 
then y=x+ 1 and x*+x+1-—a=0, from which we obtain 
ts = —3+ a -+ 


These possibilities for the roots of the given equation must be tested in 
order to eliminate any extraneous roots. 


Remark: If only positive roots are considered, it may be readily 


ascertained that the equation will have the single root #3 = - +4/a— + 
provided a 2 1, but will not have a root for a < 1. 
Second Solution. We clear the radicals from the equation in the usual 


way: 
a—-Vat+x=2x, 
(a—x}=a+x, 
x*—2ax*—x+a'—a=0. 
We now have an equation of degree 4. However, this equation is 


quadratic in the letter a; we shall use the device of solving for a in terms of 
x. 


a’ — (2x7 +la+x*—x=0, 
g ac ELV 4xt + 4x? + 1 — 4x + 4x 


2 
_ 288 +1408 + 4x41 _ 28 +12 Cx +1) 
2 2 ’ 


Qa=xe+x+4+1, Q@,.=—x*—x. 


The equation 
a* — (2x + la +x‘—x=0 


has the two roots 
Qa=x+x+1, @,=x*—x . 


and so we can write 
a® — (2x? + lla + x! — x = (a — a,)(a — a) 
=(a—x—x-—lj)(a—x*+x). 


Therefore, we can write the quartic equation in the form 
(sf — 2—a@)(s*§ +2—-44+1)=0 


This is readily solved to yield 
porhinliia Lider se 
Te 2 4 + on™ 2 a + 4 ’ 


Te a nse OE 
a Site 2 oe See ae ssa . 





169. First Solution. Let 
1 
e+ Zax + = 97, 
16.7 


—-25 atx—— Fi 


Then the equation takes on the form 
v~Yi- 


We express x in terms of y,; calculation yields 


1 
x= yi+2ay + 76 


We note that x is expressed in terms of y, by a quadratic formula having 


exactly the same coefficients as that giving y in terms of x. 
It follows that if we graph the functions 


1 
y=x + 2ax+ 76 


y idl | Pie 
1 a 16 , 


then the two graphs (parabolas) will be symmetrical with respect to the line 
bisecting the first quadrant (See Figure 10; every point x = x9, v = yo of the 


first curve has an image point x = yo, yj = Xq on thes 





y?+Zay+ i =f 


Figure 10 


second curve). The points of intersection of these two curves have x- 
coordinates for which y = y,; these coordinates yield the roots of the 
equation. These points must lie on the axis of symmetry of the two curves, 
satisfying the conditions 


YrX=Yy. 
If we solve the equation y = x, that is, 
1 
2 — = 
x* + 2ax + 16 x 


bd 


we obtain 





_ 1—2a 1—2a\? 1 
ea ay a) oe, 


It is left to the reader to convince himself that for 0 <a< + 


both these roots are real and satisfy the given equation. 
Second Solution. The problem can be solved in a more conventional way. 
If we clear radicals in the usual manner, we obtain 


1 \? 1 
2 — = 2 — 
(« +2ax+a +75) = @ a 


or, upon expansion and the collection of terms, 


x + dax' + (4a +20 +5) at + (dat + a —1)x 





8 4 
a. a 
TST eo 


The left member of this equation can be grouped and 
factored as follows: 


E + (2a — 1)x8 + "| 


+| @a + 1)x* + (4a? — Da? +($4+56)4 


YW 4 _ i) ( 

+| (20+ 75) + (ter + 16)*7 
1 a) 
=[#+ @a— De +56[# + a+ De + (20 +55 


This yields the solutions 


1 
x* + (2a — 1)x+ 169° 


_ 154 +/(15* \-% 
2 2 16’ 











t+ (Qatlxt+2at+2=0, 
__1i+2a fy i 
nya 1. (EB) a. 


If 0 <a< + , the first two roots are real and satisfy the initial equation; 


the last two roots are complex numbers. 


170. (a) To yield a real number for the left member, for real values of x, 
the expressions under the radicals in the left member must all be positive. 
Let us designate these radicands, respectively, starting from the innermost 
one (from 3x) by y?, y3, ---, y2_,, y2; we then have 


3x =x + 2x = yi: 


x+2y,=y3, 
x+2y.=y93, 
X + 2yn-2 =Ya-i; 
% + Wa-1 = Ya, 
where all the numbers y,, y>, °°, y, are real and positive. The initial 


equation takes on the form, in the new designation, 
Ys=X 

We shall now prove that y, = x. Assume that x > y,. Then a comparison 
of the first and second equations shown above will indicate that y, > y, 
Similarly, the second and third equations will imply that y. > y3; we can 
continue, in a similar manner, to find 

Ye > Var 22s PYa-i > Ma 

Hence if x > y,, then x > y,, which contradicts the equation y, = x. The 
assumption x < y, will lead, by analogous reasoning, to a similar 
contradiction. Hence we must have y, = x. 


Since y*, = 3x, it follows that 


3x = x2, 


and so we may set down two possible values for x: 
x=3,x,=0. 


Both values satisfy the given equation. 
Remark: We can use another technique to solve this equation. We write it 
as 


/ = 
Ya+2/e+2/e+-:: +27 “ps ed (1) 
i 
nm radicals 


If we replace the final x of the left member by the entire expression for x as 
given by (/), we have 


S= 7s + Oe + o/s t+ se) + oe pp 
a 
2n radicals 


If we again repeat this substitution, we obtain new equations of the same 
form, except that we have, successively, 3, 4n, - - - radical signs. Thus we 
arrive at 


—_ IO. 
= Vat 2a + 3%e 4... 


— ij DE RR _—_{_{___ExxEEE_EREEE 
lim 02 + 2 e+ Beg tee + oe (2) 
a 


N radicals 


It follows that 


= We+2/e4+2/24.-- 


Sian tO. RR — ey 
W2+AV/e+2¥e+2veq =]=a + 22 » (3) 


which yields * = 32, 2? = 3%; consequently, x, = 0, x) = 3. This 
shows that the roots of equation (1) do not depend upon n [since the roots of 
(2) are independent of 7 J. 

The reasoning used here cannot be considered a legitimate solution to the 
problem, inasmuch as the existence of the limit shown in (2) has not been 
established and hence cannot be legitimately employed for (3). However, 
the reasoning can be rigorously justified by a more advanced discussion, 
which is not undertaken here. 

(b) We make successive simplifications of the fraction in the left 
member: 

















x+1 3x42. 
2x+1  ax+1’ 





ae es | Ne 1+ 
+1 
We finally arrive at an equation of form 
ax+b _ “ 
cx+d ; 
where a, b, c, and d are some integers (depending upon 7). This equation is 
in fact a quadratic equation x(cx + d) = ax + b, which implies that the given 
equation can have at most two roots and hence cannot be an identity (since 
then all values of x would satisfy it; in particular x = 0 fails to satisfy the 
equation). 
Without an assignment of value for n we apparently cannot determine 
these roots. However, let us assume that 


1.2 SS, 
x 


The successive simplifications of the fraction yield 


1+tas; 
x 


and we finally arrive at the identity x = x. Hence, under the assumption, the 
roots of 1 t=, or x*—x—1=0, thatis, 


x 


_1+vV5 
a 
= ® 

2 ’ 
satisfy the given equation. Since the equation has at most two roots, and we 
have found two roots for it, these represent the complete solution of the 
problem. 

Remark: We display still another method for solving the equation 
[compare this with the remark following the solution of problem (a)]. 

We substitute for the final x shown in the “multi-storied” fraction’ its 
expression as given by the equation itself. We then have an equation of 
precisely the same form, except with 2n fractional designations. ‘ 7 
Continuation of the process leads finally to our writing 


Xe = 


b= = lim 
eta ow) ps 
l+-— i — 
] 
1+- 1+. , (1) 
1+. ° 
+145 


The fraction bar is 
repeated N times 


where on the left we have an infinite continued fraction. 

















This yields 
a: on ll __! 
pi , 1+] : , 1+2° 
1 + 1 oak 1 (2) 





eae OE 


that is, we obtain the quadratic in x, 


aap 1 
~ 1L+e’ 


which we assumed in the first solution of this problem. This proof now 
shows that the solution of the equation does not actually depend upon n (a 
fact we might have adduced at the conclusion of the previous solution). 

The reasoning here is not rigorous, inasmuch as the existence of the limit 
of which we made use has not been proved. However, a rigorous proof can 
be given by more advanced mathematics. 





171. We have 
x+3-—4/Yx—1 =x-1-—4Vx-1 +4 
=(Vx—1)?}—4Vx—-1 +4=(V¥x—-I1 —2} 
and, analogously, 
x+8-—6/x—-—1 =x-—1-6Vx-1 +9 
=(VYx—1 —3). 
Hence, the equation can be written in the form 
(Vx — 1-2 + V(x -1- 3 = 1 
or, since it has been specified that only positive roots are to be considered 
IVx—1 -2/+1Vx—1 -31=1- 


where | y | means the positive numerical value of y. 

We consider the several possibilities. 

First, if Vx —1—220 andVx—1-—3 2 0, that is, if Vx —l23, x -1 
> 9, x = 10, thn IVx—-1-2|=Vx-—1-2,|Vx—1-3|= 
Vx —1-—3, and the equation takes on the form 

Vx—-1-2+Vx-1-3=1 


Hence, 


2/x—1=6 
x-1=9, 
x=10. 

If/x—1—220andyx—-1-3 < 0, that is, if x —1>S2,x2 
5; but Vve—lT< x x = 10. then 

| Yx—1-—2 | = V x—-1-2, |Vx—1-3| = —Vx-1 +3 
, and the equation becomes identify 

Vx—1-2-Vx-1+3=1. 
Therefore, the equation is satisfied by a// values of x between x = 5 and x 
if Vz-1-250,Vz—-1-350 that is, if 


Vez—-18s2.233 then 
\YWx—-1-2|=—Vx-14+2,|Vx—-1-3|=-Vx«-1+3 


, and the equation becomes 
—-Vx—1+2-Vx-1+3=1 | 


It follows that 
2/x—1=4 
xs-l=4, 
x=5. 


The case f/x —1—250,Vx—1—3=20 , 1s impossible. 
In summary, all values of x between 5 and 10, inclusive, that is,5< xs 10, 
are solutions of the given equation. 


172. We shall first look for the real roots lying in the interval 2 to 00, then 
in the interval | to 2, then 0 to 1, then —1 to 0, and finally —co to —1. 

Let x g@ 2. Thenx+1>0,x>0,x-1>0,x-2 g 0; hence |x + 1|=x+ 
1,|x|=x,|x-1)=x- 1; |x-2 |= x-2, and we have the equation 


x+1—x+ X%x-—1) —2x-—2)=%x«+2 : 


which is an identity.. 


Accordingly, all real numbers greater than 2, and 2 itself, are roots of the 
given equation. 
Let 1 2x2. Thenx+1>0,x>0,x-1 2 0,x -—2 <0, which implies 


lx+1l|/=x*+1, 


|x| =x, 
lx—-l|=x-l, 
|x—2|=—(@-2) 


We obtain, for this case, the equation 
£+1—244+Ke—-1) + Axe—-QD=zs+2 | 


This yields 4x = 8, or x = 2. This value lies in the interval previously 
considered. Consequently, there is no additional root found between 1 and 2 
fo for the given equation. 

LetO sx <1. Then |x+1|=x+1, [x] =x, k- 1]=—-(@-— 1), and |x - 2| 
= — (x — 2). we have 


xt+1l—x—HXx—1) + %x—2)=x4+2. 


This yields x = — 1, but since this lies outside the interval which we used to 
set up the equation, it must be discarded. 
There exists no additional root for the equation in the interval 0 s x < 1. 
Let -1 § xg 0. Then |x + 1 | =x + 1,x| =—x, |x - 1 | =-(-* — 1), and |x 
— 2|=—(x— 2). We have 


eee eH 3H DA Qe 2) Hx + 2. 


This equation is contradictory; hence there are no roots between — | and 0, 
inclusive. 

Finally, let x 1. Then |x + 1] = —-(x+ 1), |x| = —x, [x — 1] =—-(@ — 1) and |x — 
2| =—(x — 2); We have 


—(x+1)4+%-—3x-—1)+ 2%x-—2)=2x42, 
xs=-2. 


We obtain the root x = — 2 from this interval. Therefore, the equation is 
satisfied by — 2, by 2, and by all real numbers exceeding 2. 


Remark: The results obtained for this problem become vividly clear if we 
graph the function 


y=|2+1|—|21+3|2—1| -2|2-—2|—(@+2) - 


Figure 11 shows in light lines the functions y, =|x +1 |, y2=—|x |, 3 = 
3|x—-1|yg=-2|x-2 |, andy, — (x +2), and in heavy lines the function y 
=V, ty + 3 + y4 + V5 (by “composition” of graphs). It is clear from the 


figure that y crosses the axis at x = — 2 and at x = +2, and thereafter remains 
on the x axis for x > 2. 





Figure 11 


173. From the first equation of the given system we see that 
y=, y=arr. 


If we substitute for y* in the second equation, we obtain 
(x—af+xX#=—1, (1) 


which, as a quadratic equation, in general yields two possible values for x. 
Since each value of x can be associated with two values of y, the system 


will have at most four solutions; This will reduce to at most three solutions 
if one of the values of x is zero, since this value will go with only one 
companion value for y, that is, y = 0. If we substitute x = 0 into equation (/) 
we obtain 


@=1, a@=21. 
The system can, and will, have precisely three solutions only for these 
values of a. 
The number of solutions of the system reduces to two if the quadratic 


equation involving x has only one solution (a “double root”). The quadratic 
equation 


(x—af+xe=1 . 
Or, 
2x* —2ax+a*—1=0 
will have one root if and only if the discriminant (B? — 44C) vanishes: that 
is, if 
a’ — 2%a®—1)=0 | 
or, at = 2; that is, a=t+V 2 ~ 


174. (a) Formal solution of the system yields 








— a’ —1 
a®*—1’ 

sa —@" +3 

‘ a’—] 
Ifa+1#0anda-— 1 #0, then the system has the single solution 

_@+art+l 
a+l ’ 
—a 

+=@ +1 

If a =— 1, or if a = +1, then the formulas are meaningless; in the first 


instance we arrive at the system 


—z+y=1, 
z-y=l1, 
which is a contradictory system. In the second instance we have 
a +y=1, 
x+y=1, 
which has an infinite number of solutions (for example, for x arbitrary, y = 1 
- (b) Solution of the system yields 


nie 
a®*—1’ 

— —a@+a 

“— @a-l 


Here, if a — 1 #0, the system has the single solution x = a + 1, y = —a. 
For a =—1 and a= 1, we obtain the systems 


Ce 6 
x—-y=1 
and 
acai 
z+y=1, 


both of which have an infinite number of solutions, 
(c) We obtain from the first two equations 


y+z2=1l—az 
and 
ay+z=a-x | 
If we consider this as a system of two equations in two unknowns, y and z, 


we obtain 


enaz—ltex. @=—)0 +2) 


aia a-—l a-l 


al—ax)—-a+x -—zx(a*—1) 


Hence, if a # 1, then y = 1 + x and z = -(1 + a)n. If these values are 
substituted into the third equation, we find 


x+(1+x)—a(l+a)x=a', 
x(2—a-—a@)=a'-1 
—x(a+2)(@a-—lh=a-1 | 
Therefore, if a— 140 and a+ 2 #0, the system has the single solution 
a*—1 a+1 





*=-Gap6—-D a+?" 
ee - 
2 
2=-(@+)x= St? 
For a = 1 and a =~— 2, we obtain the systems 
x+y+2z2=l1, 
x+y+z=1, 
s+y+z2=1 
and 
—2x+y+2z2=1, 
x-—2+z=-2, 
x+y—2z=4, 


The first of these systems has an infinite number of solutions, and the 
second has no solution (from the first two equations we obtain — x — y + 2z 
= —1], which is inconsistent with the third equation). 


175. If we subtract the second equation from the first, and the sixth from 
the fifth, and equate the two expressions for x, — x3, we obtain 
(ay — ay) = a(t, — as) , 
or, 


(a, — a@,)(@, —a@s)=0 | 


Similarly, if we obtain the two expressions related by x, — x» and also by 
X, —X3, we find two more relationships: 


(a, — a&:)(a3 —a,)=0, 

(a, = G3) (ae = @,) = 0 ° 
The first of these three relationships implies that either a, = a4 or a) = a3 
(possibly both). Let us suppose that a, = a, = a. Then, from the second 


relationship, a, = a or else a4 = a. Either of these possibilities makes the 


third equation an identity. Hence, for the system to be consistent, it is 
necessary that three of the four quantities a1, @, 43, a4 be equal. 


Suppose now that a, = a = a, = a and that a, — f. Recalling those 
expressions for the differences x, — x, X; — X3, X — x3 with the aid of which 
we obtained the relationships just exploited between a, @, a3 and a4 we 
find that 


Xi = Xo. = Xs . 


Designating x; =x, = x3 by x, and x, by y, we find that the six equations 
in four unknowns reduces to two equations in two unknowns: 


2z= a, 
xt+ty=ap, 
from which we find that 
a’ 
= - 


y= a(6-$) 


Remark: Analogous reasoning shows that the more general system 


Zi + Zot es + Smet + Sm = a102°++ Am-18m, 
Hit Met ees + Bm-1 + Lm4i = O12 +++ Am-14m41, 
MOM WW URS BUNTNE TRON ER OW SEES Re MESES Ora wn's : 
Zn+m-1 + In¢m—2 + +++ + In-1 + In = An+m-14n+m-2°** An-ian , 


consisting of C™,, equations in n unknowns (n > m + 1), will be solvable 
only in the following two cases: 


a = ag=--+ = ay-1 =a, On=B8 ; 





here. 
a" n-—-1 
at: elie 1 oy Seen ty = a®-1(p — a) 
n n 
n—m~ 1, or more, of the quantities a), a, -°-*, are zero (here, x; =x, ="°- 
=2,= 0): 


176. From the first of the given equations, 
x=2-y 
Upon substitution into the second, we obtain 


= Fad: 


or 
2+y—2y+1=0. 


or 
2+(y—1)'=0. 


Each of the two terms of the last equation is nonnegative, hence both 
must vanish. Hence z = 0 and y = 1, which implies x = 1. 
Therefore, the system has precisely one real solution. 


177. (a) First we note that if xp is a root of the given equation, then — x 
is also a root. Consequently, there are as many negative roots as there are 
positive roots. Moreover, the number 0 is clearly a root of the equation. It 
suffices then to find how many positive roots there are. Now if a = sin x, 
then 


|x| = 100|sinx| = 100-1=100 | 


and so no root can exceed 100 in absolute value. 

Let us partition the x-axis from 0 to 100 into segments each of length 2/7 
(except for the final segment, which will be shorter); we shall examine each 
interval separately to find the roots in it. (See Figure 12). 


S 2 -. om: Oe 
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Figure 12 


There exists one positive root in the interval from 0 to 2/7; in each of the 
following intervals (excluding the final one) there are two positive roots. To 
find how many roots may be contributed by the final interval, we examine it 


separately. Now, ~ is a number between 15 and 16 


2I1 
(= = 6.666 --- > 2n; 6.25< 2m): consequently, we have 15 


segments each of length 2 // and one final segment of length 100 — 15-2/7> 
5 >IT. This final segment is long enough to contain the complete upper half 
of the sinusoidal period, and hence it also contributes two roots. 

Therefore, in all we have 1 + 14-2 +2 =31 positive roots for the given 
equation, an equal number of negative roots, and, in addition, the root 0; 
therefore, the equation has 63 roots. 

(b) The solution is quite similar to that of problem (a). First, if sin x 
= log x, then x = 10 (inasmuch as sin x S$ 1). Since 2 - 27 > 10, the interval 
on the x-axis between x = 0 and x = 10 contains one complete period of the 
sine curve plus part of a second period. The 





Figure 13 


graph of log x intersects the first wave of the sine curve at precisely one 
point (see Figure 13). Further, since 27 + a 10, then at the point 


2 
[= om we have sin x = | > log x, which means that the graph of log x 


intersects the first half of the second positive wave of sin x. Since, at x = 10, 
log x = 1 > sin x, the graph of log x must intersect this second wave another 
time. Therefore, we conclude that the equation sin x = log x has exactly 
three real roots. 


178. It is readily verified that the proposition of the problem 1s valid for n 
= 1 andn=2: 
Xi +x, =6 
tit xo = (4K. + *2)? — Qx.x, = 6? — 2-1 = 34 | 
(The sum of the roots of a quadratic equation is equal to the negative of the 


coefficient of x). 
Further, we have 


xt + xy = (%1 + Xe) (xt + x2 ') — xixe(xt? + x3) 
wi pe = —2 
= 6x2" + x37") — 1-(x0* + x37”) . 
or 
ai + xs = Ka + xz") 
+ [(xt* + x37") — (x7 + 2) (1) 
It follows from this formula, first, that if y*®~*4 x%°? and 
ie 1. a are integers, then x; + Xe is also an integer; thus, by 
mathematical induction »* * is shown to be an integer for all natural 
Xi + X2 


numbers n. 
Now, let n be the least positive integer such that x* + xf is divisible 


by 5. It follows from (/) that, in this case, the difference 
(xt! + x37") — (xt? + x37’) 
is also divisible by 5. But if we replace n in (1) by n — 1, we obtain 
xp) + xg! = Sat? + 23”) 
+ (xt + a) — GP + a) 


from which it follows that 


oe xi? = (xt + 237°) 
— [(xt8 + 7) — OT + oD) 
is also divisible by 5. This contradicts the assumption that n is the least 


integer such that x" + x7 is divisible by 5. Hence we must conclude that 
there cannot exist a positive integer n such that y* + xf is divisible by 5. 


179. Let us say that there are n positive numbers (and hence 1000 — n 
negative numbers) among the numbers a), a>, °° *, Gjoo9. Then, in the 


expansion given, the “mixed products” a; a; of the n positive numbers [ 
n(n + 1) 
2 





there will be 
—n negative numbers [there will be 
(1000 — m)(1000 — n — 1) 
2 


of these products] will be positive terms, and the product of positive by 
negative numbers [there will be n(1000 — n) of these] will be negative. The 
condition of the problem requires that 


n(n — 1) (1000 — )(1000 —  — 1) 


of these products ] and the mixed products of the 1000 





; = n(1000 — ») 
or, 
mans 1009 IO 10000 = nt 
2nt — 2000n + 228,000 _ 9, 
y= 1000 VOTO BRN _1000 = TO 


which is impossible. 
For the analogous problem posed, we obtain by similar reasoning the 
requirement 


n 


_ 10,000 + 110,000 _ 10,000 ++ 100 
= 20,000 VT , 


Here it is possible for the expansion to contain an equal number of positive 
and negative mixed products. For this, it suffices if the initial polynomial 


contains ae = 5050 positive numbers and a = 4950 negative 
numbers (or vice-versa). 


180. First, we have 
(Y2 -l'=V2 -1; 
(Y2 —1%=3-2V2 =V9 -V8 


The proof will proceed by mathematical induction. Assume that 
(VF — 1)! = BYD — A = V2BF- VAP 


can be put into the form 1/N — Y/N — 1, that is, that 2B? — A? =1. We 
shall show that (replacing & by k + 1) 


(V2 —1)*+! = BY 2 — A’ 
also comes into such a form, that is, that 2B’? — A” = 1. We can write 
(Y2 —)t=(VY2 -1l)*"(V2 — 1) 
=(BY 2 — A)\(3—2Y 2) 
= (3B + 2A) 2 — (4B + 3A) 
consequently, 


B'=3B+ 24, 
A! =4B +34, 


and 

2B" — A" = 2(3B + 2A)* — (4B + 3A)? 
= 18B* + 24AB + 8A* — 16B* — 24AB — 9A? 
=23— A'=1, 


which is what we wished to show. _ 
Therefore, if the number (“2 — 1)* =C — DYV’2 can be put into the 


fom YN—YN—1, then also the number (“2 —1)*+? = 
C'—D'V 2 canbe expressed in this form. 


The assertion of the problem follows by mathematical induction. 


181. 1f(A +BY 3" =C+DV 3 , then C= A? + 3B’, D=2AB, and 


(A— BV 3) = A? + 3B'—-2ABY3 =C-DV3 . 
Consequently, if 
(A+ BY 3)? = 99,999 + 111,111V 3 
then also 
(A— BY 3) = 99,999 —111,111Y3 
which is an impossibility inasmuch as the left member of this equation is 
positive and the right member is negative. 
182. Assume that ¥2 =p+qVV/r (p,q, and r rational). If both sides 
are cubed, we obtain 
2= p+ 3p'qV r +3pgr+qrV Tr | 
or, 
2= pp? + 3q'r) + Q(3p?+ qr) Tr . 
We shall now show that our assumption that “2 =p+qVr implies 


that 2 is a rational number. First, if g = 0, then #2 =p is rational. If g # 0 
and if 3p + g*r # 0., then from the last of the above equations we obtain 


_ 2— pl pf’ + 3¢*r) 
Vr = q3p + gr) 
from which we find 
2 — p(p* + 3¢*r) 
q(3p* + g*r) 


which states that /Z is rational. If 3p* + q?r = 0, then 


Y¥2=pt+aq 


qr _ —3p’ ‘ 
2 = plpt + X—3p%)] = —8p* , 
and #2 = —2p 1s again a rational number. 


It remains to prove that ¥/2 is not a rational number. If 2 were equal to 
8 
an irreducible fraction = then we would have 2 = o, or m® = 2n°. In 
n 


this event m> (and hence m) would have to be an even number, and 


therefore would be divisible by 8. We could then write x* -— , and, since 


= is even, then necessarily n* (and therefore n) would have to be even. 


This contradicts the assumption that = is irreducible, and the contradiction 
proves the statement of the problem. 


183. (a) Designate 1.00000000004 by a, and 1.00000000002 by £. Then 
it is readily seen that the two numbers of the problem can be written as 


iter’ Teer Since a > /3, it is clear that 

















ee Fk od og LASS 
a “f 4° f pe’ 
a’ l+a “iY = B? 
ice ww i (Fi Le * 
Lee Ee a Be 1+8+8 
l+a Tre ia 1+f8 
and, finally, 
=. a (FESS) 1: AEE EE) ite 
l+at+a l+a "\ 1+8 / 1484+ 8. 


Therefore, the second number is greater than the first. 
(b) If we designate the two expressions given in the problem by A and 
B, respectively, we obtain 
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iefollows that +> 3 or BDA. 


184. Let_Y be an arbitrary number. Consider the difference (X¥ — a)? — (x — 
a)’. We note that 
(X— ay — (x —a)? =X? — x? - 2a(X— x). 
We can now write the difference 
[(X — a,)* + (X — ay)? + +++ + (X —a,)*] 
— [(x — a,)* + (x — a2)? +--+ + (x — ,)*) 
= n(X* — x*) — 2a, + ap + +++ +a,)(X—X) | 


; ; a = 
If in the right member we substitute — ua Sa 


. Le for x, then that 
member will be nonnegative; in fact, we shall have 


[(X — a,)* + (X — ap)? +--+ +(X — ay)*] 
— ((x — a,)* + (x — a,)* + --- + (x — a,)*] 
= n(X* — x*) — 2nx(X — x) = n(X* — x* — 2Xx + 2x?) 


=nmX—x"?20. 
It follows that the sought-after value of x must be 
@,+@:+ ++: +a, 
n 


185. (a) We have, in all, only three essentially different arrangements 
insofar as ® is concerned: 


(1) Gh, Gs, ds, ay: 


O, = (a, — az)* + (a, — as)* + (a; — ay)? + (a, — a,)* . 
(2) Gi, Gs, Qe, ay: 


O, = (a, — ay)* + (a3 — a2)* + (a2 — a)? + (4, — 1)’. 
(3) Gi, G2, Gy, Qs: 


®, = (a, — az)* + (az — ay)* + (ay — )* + (G3 — a)’. 


Now, it is readily seen that 


0, — 0, = —2a,a, — 2a\a3 + 2a2a3 + 2a,a, 
= 2(a2 — a:)(a2 — a4) < 0; 
®, — 9, = — 2a,a, — 2a3;0, + 2a2d3 + 2aia, 
= 2(a3 — a,)(a2 — a4) < 0. 
Consequently, the arrangement we seek is 


Qa); a, a4, Q3. 


(b) First Solution. Consider the expression 
B=; — 0) + Gy OP es ct Gy, Oy + Gy, — ae), 
where a;,, d;,,°* *, 4;, are the given numbers in the required order. Consider 
two of these numbers a; and dip where a < f. We claim that ifa; is greater 
than (or, respectively, less than) dig then ae is greater than (or, 
respectively, less than) Gi, 


B+] 
If we assumed the contrary, that is, if 


. (We assume a; = a; ). 


(ai, _ GigXGig-, _ Gig.) <0, 


, a: soos q. 
ae 2 aL at aan) 
would decrease the value of the sum ®, since the difference of the new sum 
@’ and the initial sum ® would then be 

0’ -—-@d=— 2d ig- Aig = 24: ,2ig,, TT 24i,-,2ig 5 2A ig@ig, 


= Adin a Aig Gig_, es Gigs.) . 


then the permutation which reverses the order a; , a 


This Observation enables us to find the full solution of the problem. First, 
since a cyclic permutation of all the given numbers (the permutation which 
preserves the relative positions of the numbers—for example, writing them 
in a circle and merely rotating the circle) does not change the value of @, 
we can assume that a; is the smallest of the numbers, that is, 7; = 1. It is 
then possible to assume that a;, and a; follow in order of magnitude. In 
fact, if for example, Gi, < Ai, (6 # n), then we would have (a;, — a; )(aj, ~ Gig 
f a < 0, and if di, <a; (6 # 2), then we would have — (a;, ~ Gig NG; ~ dig 
< 0. Since it 1s possible to change the order of the “links” of the chain q; , 


Qj,» Qj,» 


we can assume that d;, <Q; i, = 2, andi, =3. 
n 


"++, d;, aj, to the reversed order without changing the value of ®, 


Further, we assert that the numbers a;, a; __, follow in this order in 
magnitude, within the pattern of the numbers a;, a;, a; already considered. 
In fact, if, for example, a;, > di, (B41, 2;n—-—1,n), then we would have (4;, 
— 4; Nai, — dip.) < 0. But since we have, moreover, (4;, — a; _ 4, — dq; ) > 
0, it follows that a;,,<a; |, that is,a;,=aganda; | = ds. 

It is similarly shown that a;, anda, __, follow in magnitude after a;,< a; _ 
, (44 = 6, i, 2 = 7), that the numbers a;, anda; _, follow in magnitude after 
the previously determined a;.<a; _, (is = 8, i, 3 = 9), and so on. Finally, 


we can set down the following scheme. 
If n = 2k (even), then 


/ Gy — A, — Ag — °° — Ga 
ay an; 
\@s — @s — A7— coe —— Zy-) 
if n= 2k+ 1 (odd), then 
A Az — Ay — Ag — *** — Ans 
ay | 
\ds — ds — Ay — + ** — An 


(The schema represents the order of the numbers; for example, for even n 
we have the order aj a5, A4 A6.° °°, Ay 95 Ans Ay — 15 °° *s Aq, A5, A). 

Second Solution. If the order obtained in the first solution could, in some 
manner, have been guessed at, the verification could be made by 
mathematical induction. In fact, for n = 4 the proof is quite simple [see the 
solution of problem (a)]. Assume now that for some even n the sum @®, in 


the arrangement given by part (a) for the numbers a, < a, <- +: <a, is less 
than the sum ®’, corresponding to any other order. We shall prove that the 
sum ®, , ; corresponding to the scheme shown in part (a), as it concerns the 
n+ | numbers aj < a) <*+** <a, <a, 4 1s less than the sum ®’, , | 
corresponding to any other ordering of the n + 1 numbers. We have 


On+1 — On = (An — Anti)? + (Anti — An-1)” — (Gn — Gn-i)? 
= Qans1 — Wandns1 — 2An—1nt1 + Zein 
= 2n+1 — GnGn+1 — Gn-1) « 
On the other hand, if in the order answering to a sum ®’, , , the number 
a, +1 were to stand between two numbers a, and az, and if ®’, answers the 


array of n numbers obtained from the array of m + 1 numbers leading to a 
sum ®’, , , by striking out the number a, ; ;, then 


On41 — On = (Ga — Gnti)* + (Anti — ap)* — (de — ap)* 
= Qa — 2daAn+1 — 24pAn+1 + 2aedp 
= Wdn+1 — GaXGn+1 — Ap) = Ons1 — O, . 
Thus, 
Dns: — Ons. = [O, — On] + [(On41 — O,) — (O14, — O,)] 5 0 


(the first pair of brackets parentheses encloses a nonpositive number by the 
induction hypotheses; the second pair does so by the proof). Here, if the 
sun ®’, _ , differs from ®, , ,; then either ®, — 6’, < 0 (and, consequently, 


P, +1 — O41 < 9), or (®, + 1 — Dy) — (On, + 1 — Oy) < O (and, 
consequently, ®, , ; < ®', , ;). The transition from 1 to n + | is carried out 


in a similar manner for odd n. 

Third Solution. This problem has a less involved geometrical solution. 
We represent the numbers a, < ay < a3 <-: ++ <a, by points Aj, A>, A3,°°°, 
A,, on a number axis; we designate the intervals A,A,, A2As, ---, An-1An, 
aaneiing by d, d>,:+ +, d, _,;. Then the sum 


= (ai, — ai)? + (ai, — mid Ae 88 2 Big Bi) + ae 
= A; Ai, A}, + A; Ai, A}, + -+A; Ai, Ai, 


is equal to the sum of the squares of interval lengths, or “links” 4; 4;, 4;, 


‘+A; A; Aj, [all of which lie on the one straight line; see Figure 14 (a)]. 
rr 
AAA a Aa A Am AAA A aD A, ah, 

a b 


Figure 14 


Since the closed overlying curve covers the whole segment A;A,,, each of 
the segments A, A;,, = d, enters at least twice into its composition (once in 
the direction from A; to A; ,, and again in the reverse direction). Therefore, 


regardless of the order in which we take the points, the expanded sum ®) 
when expressed in terms of the lengths dj, d>, - - :, d,, _ ;) must contain all 
the numbers 2d; that is, 2d}, 2d3, ---, 2d,-,. Further, let Ay, A, = d,-, and 
A: Aj., = & be two adjacent segments. It is clear that if the link of the 
overlying curve which covers the segment A,A,,, going from A; to A; + 1 
commences at the point 4;, then the link covering this segment in the 
reverse direction cannot terminate at the point A;. Therefore, in all cases 


there must exist a link which simultaneously covers the segments A,-;A; and 
A, Ay... It follows that the sum ® must in all cases contain all the numbers 
2d, _ \d,, that is, 2d)d>, 2d,d3, +--+, 2d, 5d, _ 1. 
Now we need only note that if the points are ordered as in the first 
solution of this problem, then 
O = 2di + 2dy + «++ + 2da-, + Bide, + Bids + «++ + Bdu-2dy- 


[see Figure 14 (b)]. It follows from this, and from what has been said 
above, that the sum ®) will be least for this ordering. 


186. (a) First, we may assume that the numbers a), a>, °° +, a, and by, bo, - 
-- 5, are all positive, since if some of them are negative it is clear that the 
inequality will be exaggerated. Consider the broken line Ap A; A, +: : A, in 
Figure 15, where the lengths of the 





Figure 15 


projections of the cep AvAi, AiAs ** ,A, onto the x-axis are 


denoted by a), ay, ° and onto the y-axis ie b,. b,: +: b,. Then, by the 
Pythagorean theorem, we see that 


AyA; = l ai+ bh, 
A\A:=Vai+b;, 


Anite =v a’, +53, , 


from which the inequality given in the problem follows immediately. 
The broken line Ay A, Ay: - - A, can be equal in length to the segment 


"5 An» 


A.A, only if it is a straight-line segment. This can occur only if 
ay az 


b, =< =e = ra and then we have the equality. 


(b) Let h be the height of the pyramid; let aj, a>, -- -, a, be the lengths 
of the sides of the base (a, + a, +--+ +a, =P, the base perimeter); and let 


b, bo, - + +, b, be the lengths of the perpendiculars from the foot of the 
altitude (the center of the inscribed circle, for a right pyramid) to each of the 
base sides, respectively, 
(then = 9 a,b, + 9 dap, ise + Fab, = S, the base area). Now, the 
lateral surface area » of the a is equal to 
1 
5a VeEth+ > aVbth'+---+>Fan.Vb+h. 


ee by part (a), 
= V(ab,! + Gah} + Vaabi? + Gh? + --- + Vanda + (GahY 
= M/4S* + h'P*, 
The equality here holds only if a,b,: abo: +++: a,b, = ayh: anh: + + +: a,h- 
that is, b} = b) =---=5,. 


The statement of the problem follows immediately. 


187. We shall investigate separately the cases for which n is even and n is 
odd. 

The integer n is even. Construct the broken line (Figure 16) connecting 
points A,, 4o,°-° +, A,, Ani}, Anin, forming a “step graph,” such that the 


segments A,A,, AzA;, «++, AnsjAns, are of unit length, and they are 
successively perpendicular (as shown in Figure 16, where n = 4). On each 
segment A,A,,, (i= 1, 2,: ++, + 1), or on its extension, we place a point B; 
such that the length of the segment B;A;,, is equal to a; (we shall assume 
that a, , 1 is equal to a); 





Figure 16 


that is, B,, . ; is selected such that B,,,A,42. = a,), In doing this, we place B; 
to the left of (or below) the point 4; , , if a; > 0, and to the right of (or 
above) the point 4; , , if a; < 0 (in Figure 16,0 <a, <1,0<a,<1l,a,>1, 


dg <0). We now connect the points B; to form the broken line B; By: -- B,, + 
1. By the Pythagorean theorem, 
BiBin = V BA + Bi Abn « 
Now, B;Aj4, = a;, and By, Ajs; = | 1 — aja, |; consequently, 
BiB = Vai + (1 — ais). 
Hence the sum in which we are interested, 
Val + (1 — ax)? + Vai + (1 — as* 
+0 + Vai, + (1a) + Vai + (1— a)? 


is equal to the length of the broken line B,B,--- B, 4 1. 
It is obvious that the length of the broken line B, B,--- B, , ; is not less 


than the length of the segment BB .. We shall now find the length of this 
segment. We construct the right triangle B,CB,, , , (Figure 16). Then 


—_——— n 


B,C = A:A3 + AiAs + oe +A Anni = 9» 





and 
CBa+ — A.A: + A3A, + +++ + Aa-ifis = 5 
(for A,B, =_ y, Py ; ae = | l—a, \). It follows that 
Bi Busi = V(BC} + (CBa+i) a (+) + (=) = : a : ‘ 


This proves the inequality sought. 
It is not difficult now to determine when the equality holds. In order to 
arrive at the equality, all the points B,, B;,---, B, must lie on the line 


segment £,B,,, (that is, B; must coincide with the points of intersection of 
the line segments B.B,,, and A;A;,,.- Because the segment 8,B,,, forms a 
45° angle with B.C (B,C = CB,,,),, it follows that 


BA; = A.B; = BA, = AB, = --- = BA, = ALB, 





that is, a; = (1 — an) = a3 =(1 — ay) = + + + =a,-; = (1 — a,). Thus for n even, 
the equality holds for 
QA, =@3=—°°° =4,-1>@4, 
@,=@=+::=a,=1-a, 
where a is any arbitrary number. 
The integer n is odd.’ Let a, 4 1 = Gy, Qj 49 = G5 °° ‘5 Aon = Ay and 
consider the sum 
Vai + (1 — a)? + Vai + (1 — a)? 
ts + Vain + (1 — Gan)? + Vain + (L— a)? 
which is equal to twice the sum 
V ai + (1 — a2)? + Va; + (1 — as)? 
+--+ + Vai, + (1—a,)? + Vai + (1 — a,)* 


(each term of the last sum is met with twice in the preceding summation). 
However, it has already been shown that the first sum is less than or equal 
to aay; it follows that 


V ai + (1 — a)? + Vai + (1 — as)? 
ovee +Vaatd—-al+Vatd—aye Sys; 


that is, we obtain the required inequality. 
The equality sign holds only if 


l 
Q=—@a.>°*:' =a, >= 


> 


188. First Solution. Both numbers of the inequality are positive; hence 
upon squaring both sides we have 


L=24+1—242V0-—2i1 = 4) 59 4=—(4+20m+), 


that is, 


2V(1— m1 — m)S2-—2mx,, 
V(l—m\l—m)sSl-—xmm. 


If again we square both sides, we have 
1 — xi — x3 + x05 S 1 — 2x,x, + xix}, 
and if all terms are transposed to the right side, we have 
05 (%1 — %). 

It is clear that the right member of the given inequality dominates the left 
member; also, the equality can hold only for x; = x5. 

Second Solution. This problem can also be solved by geometric means; 
analogous solutions are possible for many more involved problems of this 
sort. Consider in the Cartesian coordinate system (plane) the unit circle with 
center at the origin (Figure 17). The coordinates x, y of points on the circle 
are related by the equation 

e+y=1, (1) 

Select two points M, and M, on the x-axis having absicissas x, and x, 
and where!x,| S 1 and | x,| S$ 1 (thus both points are within or else on the 
circle). Construct perpendiculars from M, and M, intersecting the upper 
semicircle in the points NV, and N, respectively. It is clear from equation (/) 


that MLN, = v 1 — ki and MLN; =7V 1 — x}. 





Figure 17 


X; +X: 
2 


Note now that the absicissa will be the midpoint of the segment 


M.M..' We shall designate this point on the x-axis by M, and the point 
above it on the circle by N. 


Clearly, the length of MN is y1 on (224). Now, the sum 


MN, + M,N, 1s equal to twice the length of the segment MN’, where N’ is 
the point of the trapezoid M, N, N, M, just above M, and WN’ is obviously 
shorter than WN. The inequality of the problem follows immediately. The 
equality holds only if the points M/, and M, coincide, that is, if x) = x5. 
Remark: Many interesting inequalities are suggested by this last proof. 
For example, consider the unit sphere with center at the origin (Figure 18). 
Let M, and M, be any two points in the XY-plane within (or on) the sphere, 


and let N, and N, be the points of intersection, with the sphere, of 
perpendiculars to the plane rising from M, and M,, respectively. Let M be 
the midpoint of segment #™:, and construct the perpendicular WN. in the 
plane containing M,, M,, N,, and N>, where N is the intersection with the 
sphere. Obviously, MN will intersect the segment from N, to N, and this 
intersection point we label N’. If (x,, y,) and (x5, yz) are the coordinates of 
points M/, and M,, then 


MLN: = V 1-2} - yi; 
M:N: = V1 — 22 — y?; 


(42%) Wit y: \* 
MN = ft~( — (oe) (weHy. 
MN' => (MN, + M:N:). 
And since MN’ s MN, it follows that 
———— ? 2 
Vi-w—-y+Vi—-ai-yis2 1 - (28) - (Bow), (2) 


provided, however, that all the expressions under the radical are 
nonnegative. Equality here will hold only for x, = x5, vy; =>, that is, only 


when points M/, and M, are coincident. 





Figure 18 





Figure 19 


A somewhat similar inequality can be produced by using a triangle M, 
M, M; in the XY-plane and letting M be the point of intersection of the 
medians of the triangle (Figure 19). We obtain the inequality 


Vi-w—yit+ Vi —2i —- yi + V1 ai y? 


<3y/\ (tata y_ (minty) (3) 


This results from the fact that segment MN’ of the perpendicular from M 
does not exceed segment MN. Inequality (3) is valid only when the 
expressions under the radicals are nonnegative; the equality holds only for 


X} =X) = x3 and y; = y = 3; that is, when the points M,, M>, M; all 
coincide. 

Another inequality arises from the use of a right circular cone having its 
vertexat the origin and the x-axis as its central axis, and having a 
vertexangle of 90° (Figure 20): 


Verty?+ Vat y+ Voit y} 


> 3 (FAS te \, (Hebe). (4) 


This is valid for all x,, x», x; and 1, 2, ¥3. Equality holds only when a a 
Xe 


i i” that is, when N,, N>, and N; lie simultaneously on a generator of 


the cone. Algebraic proofs for inequalities (2), (3), and (4) are very 
involved. 





Figure 20 


189. Using the trigonometric identity 
cos (A + B)=cos A cos B— sin A sin B, 


we have 


7 7t e w 
cos (+ + cos x) = C08 C082 — sin — sincos x 


2 2 
7 7 * . 
=— sin > sin cos x = — sincos*, 
or, 
P 7 
sin COs xX = — COS (F 5 cos x) 5 
from which we obtain 
: ' , 4 
cos sin x — sin cos x = cos sin x + cos (+ + cos) (1) 


We employ the formula 


A+B A-—B 
5 cos ——; 


in the right member of (/) and use the fact that cos a = cos (— a) to find 
COS Sin x — Sin COS x. 


cos A + cos B = 2cos 


. wT , 7 
ee at See “SIS TF COBS 
= 2 cos ———————_ - cos ———__—___ 
2 2 
Now, 
|cos x + sinx| = /cos? x + 2cosxsinx + sin’ x 
=VYl+sn2rs7V2. 


(We note that |cosx + sinx|= V 2 only if sin 2x = 1.) In a similar 
manner we find that 


|\cos x — sin x| = cos? x — 2cos x sinx + sin? x 
=VYi-sin2dxs V2 


(and so !Cosx —sinx| = V 2 only if sin2x = — 1) 
«Bs ey ana ea 
Since 2 2 , we have 


wT . 
7 +cosx+sinx 


4 
— >0 
“hs 2 
and 
7 . 
=z +cosx—sinx 
FS erent 
2 2 , 
which means that 
5 + cosx + sinx 


cos 2 


and 

7 ° 

9 +cosx—sinx 
2 


are always positive. Hence the difference cos sin x — sin cos x is always 
positive; that is, cos sin x exceeds sin cos x for all values of x. 


cos 


190. (a) Write log, z= a and log, x = b. From the equalities 2“ = z and 5? 
=n we obtain 
xie=7Z, 
rveé=§, 
rl/e.z7'/6 = 2-5 =10, 
qi/a+i/b — 10), 


However, z* ~ (3. 14)? < 10, and therefore we must conclude that 


e + ES > 2, which is what we set out to prove. 
a 


b 
(b) Write log, z = a and log,” = b. Then we have 24 = x and 7” = 2. 


Since now 2!/6 = z, it follows that 2* = 2'*, or b= =. The left member of 


the given inequality now is of form 


2 
on a ae 
a l/a a a 


a+ 





We are required to show that > 2, or, equivalently, that a7 + 1 >2a 


(note that a > 0). But a? — 2a +1 = (a— 1)* > 0, which proves the validity of 


the given inequality. 


191. First Solution. We must show that if 6 > a, then 
(a) sin /-sina<f-a. 


However, 
sin d'— sina = 28in 2 —*- cog ETE i qf -l=B-@a@ 
2 2 2 
(for acute angles, sin x <x and cos x < 1). 
(b) We have 
tanf8—tana>fB-—a. 
Clearly, 


tan 8 — tana 


< tan 8 — tana 
1 + tan 8 tane 8 


B-—a<tan(S — a) = 


(for acute angles, tan x > x). 

Second Solution. We consider only part (a) since part (b) is analogous. 

In Figure 21, let the radius of the circle be unity; then the chord AF is 
equal to the radian measure of a, and AF =. If Ey and FP are 


perpendiculars from E and F' to OA, then, designating by S(OEA) the area of 
the triangle OEA, and so on, we have 


SOBA) = + sina, 
SOFA) = sing, 
and if S, (OEA) is the area of the sector OFA, and so on, then 
S(OEA) = +a, 
S(OFA) = +8. 


We readily read from the figure that a — sin a < f— sin f. 





Figure 21 


192. Reference is made to Figure 21, and the same terminology is used as 
in the second solution of problem 191. The perpendicular AC is tangent to 
the circle at A. We read from the figure that 





S(OAB) = + tan a,  SOAQ = + tan B, 
S(OAE) = 5a S(OAF) = =A . 
Consequently, 
tana  S(OAB) 
a SAOAE) ’ 
tang _S(OAC) 
B  SA(OAF) * 


Also, it is readily seen that 


S(OAB) z S(OAB) 
S{OAE) S(OEM) ’ 
S(O BC) s S(OEC) 
S(OEF) S(OEN) ’ 


and 
S(OAB) __S(OBC) 
S(OEM) ~ S(OEN) °* 
Thus 


S(OAB) ~ _S(OBC) 
S(OAE) ~ SAOEF) ° 
S(OBC) , S(OAB) 
S(OEF) ~ S(OAE)’ 
S(OAB) + SCOBC)_ | _S(OAB) 
S(OAE) + S(OEF) ~ SAOAE) ’ 


that is, that 


From the fact that it follows that 





S(O AC) S(O AB) 
S(OAF) ~ S{OAE) ’ 


which is what we wished to prove. 


193. Let arc sin cos arc sin x = a. The angle a is bounded between 0 and 
° 7 A 
; thatis,OSa@as 2° inasmuch as 0 S cos arc sin x S 1 


te|A 


7 5 <arcsinx < =). Further, 


Faire 


sin @ = cos are sin x. 


Consequently, 


arc sinx = (= — a) z 


x=sin[+(F-«)| =+t cosa. 


Similarly, if arc cos sin arc cos x = f, ttenOS#&S = (for 0S sin arc 


and 


cos x = 1, since 0 S arc cos x S 7), and 
cos f = sin arc cos x. 
Consequently, 


arc cos x = 7 +B, 
and 
x= cos (£8) =x+sinf. 
Since cos cos a = sin 8(= +x), conclude that 


T 
a +B =arc sin cos are sin x + arc cos sin arc cos ¥ + > 


2 


194. Assume that the series 
cos 32x + ds: COS 31x + 30 COS 30X + Gy COS 29x 
+ «++ + a, COS 2x + a, COSX (1) 
is always positive for all values of x. Substituting x + z for x in this series, 
we obtain 
cos 32(x + 2) + ds, cos 31(x + =) + dao cos 30(x + x) 
+ Ay COS 29(x + 2) + --- + a@;:CO0S2(x + x) + a, cos (x + x) 
= cos 32x — ds, COS 31% + Gso COS 30x — dys cos 29x 

+ +++ +a,cos2x — a, cosx, (2) 
which must also be positive for all x. Now if the two series (/) and (2) are 
added, we obtain 


cos 32x + ayy) cos 30x + --+ + a,cos4x + a, cos 2x, (3) 


which also can take on only positive value for any x. 
1 
In (3) we now substitute ¥ + => for x to obtain 


2 


cos 32(x f 4 + G39 COS 30(x + =) + Gy, COS 28(x ae =) 


2 
= cos 32x — ds. cos 30x + dy, cos 28x — --+ + a,cos4x — a, cos2x. 


+ oe + a,cos 4( x + =) + a, cos 2( x + =) 


The sum of (3) and the final series yields the new series 
cos 32 + zs cos 28x + a, cos 24x + --- + ascos8x + a,cos4x, 

which will have to be positive for all x. 

Replacing x by * + mY in the last sum obtained, and adding the resulting 
series to the previous one, we obtain 

COS 32x + Gy, COS 24x + Gi. COS 16x + a, cos 8x . 

Replacing in this series, x by * + = and adding the resulting expression 

to this one, we obtain 
COs 32x + dis cos 16x . 

Finally, in another step, we find that cos 32x can take on only positive 
values for all x. But this is a contradiction, since if * = a then cos 32x = 
cos z =— 1. This contradiction proves the assertion of the problem. 


195. The well-known half-angle formula of trigonometry can be written 
as 


2sin > = +//2—2cosa, 


where the plus-or-minus sign is determined by the quadrant in which = lies. 
We shall use this formula to find the sines of the angle 


2 
(a+ _ + ace) 45° , 


a,a a,Q,a @,4203°** Ay 


Assume that we have already found the sine of the angle 


(a. + a\a: 4 Q,Q:Q; hier: St.) 45°, 


2 4 at 
where a), a, 43, °* *, a; have the individual values +1 or —1. Since 
a;Q, @,Q2Q3 a:Q,*** Ae G,Q2*** Aki o 
a oO ————_—_——— eee — re . 
2 ( i+ 2 + 4 + + Onn + 3 ) 45 
A: G20, °** AxQk+ ° 
= | 290° canine Wild coe + Sa Sees) «45 if 


(where the plus sign refers to a, = +1 and the minus sign refers to a, =—1), 
and since 


cos| 290° (as + sa ihe wend Sete = Sess) . 45° 





Q*-1 


= — sin (a: + i + +s se — ee Le 





we may determine the following: 


2sin (a + 4 eer ap. eek Fits Soest) . 45° 





2* 





=+ 2+ 2sin (a, + 4 ave Se 





free + 


Keeping in mind that all angles are (positively or negatively) acute, we 
see that even 
1 1 1 


— — eee —u== | o tein 
(l+o+ q+ + or) 45° = 90 


l_a@ 
2e-t 90 


is less than 90°, that the sign of these angles is determined by the sign of a, 


and that the square root in the final formula must be taken with a plus or a 
minus sign in accordance with the sign of a,. In brief, we can write 


2sin (a, + “2 + coe +} 


G,\Q,°** a GA, *** AgAy+) o 
2 Okt Sts Se.) * 45 


+ OF 


a:a Q1xa3 +++ Ak ° 
‘ $ ace Se) <5 . 











= @, 2+ 2sin (a: + 


Now, it is clear that 
2sina@,45° =a,V 2. 


From this we obtain 


2sin (a + Sie) . 45° =a,V2+aV2, 


2sin (a + St 4 SO). 45° =a V2+qV2+aqV2 ; 





2 
2 sin (a + — a a i eet. ) - 45° 
= a; 248 4 ah 2+aV2, 
. a,Qz 4,203 Ses @iQ2Q3*** Gn \ aro 
2 sin (a + = 4 ~~ + + SS ) 45 


wa VeteVEee Vea +a.V 2, 


which is what we wished to show. 


196. The expansion of the given expression will take on the form 
(1 — 3x + 3x*)"**(1 + 3x — 3x*)* 
= Ay + Aix + Apx* + --- + A,x", (1) 
where Ap, Aj, A>, ** *., A, are the coefficients whose sum we wish to find, 


and the degree n of this polynomial is 743.2 + 744.2 = 2974. In equation (/) 
let x = 1; we then have 


17-17 = Ay+ A, + Art+---+ Ans. 


The sum we seek is equal to 1. 


197. Assume that we have expanded the two expressions, obtaining two 
polynomials in x. Now let us replace x by —x in each polynomial and rewrite 
them: the coefficients of odd powers of x change sign, and the coefficients 
of even powers do not. In particular, the coefficient of x?° in each of the 
expansions remains unchanged. Hence, insofar as the coefficient of x?° is 
concerned, we may as well compare the coefficients of x?° in the two 
expressions (1 + x7 + x3)! and (1 — x? — x3)!9°°, which are obtained, 
respectively, from the given expressions, by replacing x by —x. 

Now it is easily shown that the first of these new polynomials has the 
larger coefficient for x*°. In fact, the expansion of (1 — x* + x°)!000 
contributes only positive terms to the sum which makes up the coefficient 
of x7°; the expansion of (1 — x* — x)! cannot produce as large a 
coefficient for x7°, since the sum making up that coefficient is comprised of 
like terms having coefficients of the same absolute values as those of the 
first expansion, but some of them are negative. 

Therefore, the coefficient of x79 in (1 + x* — x*)!° is greater than that in 
(1 — x2 + x3)1000, 


198. The proof of the problem follows from the following: 


(L — 5 + 28 — 2P oe — 2 BOK + + a tt oes + 2 + lO) 
= [((1 + x® + xt + oe + x!) — x1 + x + x8 + ++ + x) 
x [C1 + xf + xt tt oe > + xi) + xl + x8 + x8 + +> + 2™)] 
= (1 + x? +t xt te oe xi) — xt (1 + x® + xt + o> + x). 


199. (a) Using the formulas for the sum of a geometric progression, and 


the binomial theorem, we obtain 
CE: 2p AE 2 LP en: 


xno 





—_ (1 + aye 
- 1+x = gioot — (] + x) 1001 = (1 + x)i001 — zt001 
x = x-—-l1-x 
l+<x 


= 1 + 1001x + Ciooix* + Ciooix® + +++ + 1001x1°™ . 
Therefore, the coefficient we seek is equal to 





™ 1001! 
tool = 50! 951! * 


(b) Designate the given series by P(x). Then we can write 
(1 + x)P(x) — P(x) 


= [(1 + x)* + 2(1 + x)® + «++ + 999(1 + x)! + 1000(1 + x)!°"] 
— [(1 + x) + 2(1 + x*) + 3(1 + 2°) + --- + 1000(1 + x)!} 
= 1000(1 + x)! — [(1 + x) + (1 + x)? + (1 + x8 + e+ + (1 + xd] 


= 1000(1 + x)! — RC Th sk pieson * a! 1000(1 + x)! 
P+e— 2 


_ ee = + 2) 


It follows that 
Pi = ion x) (1+ oo (1 + x) 


= 1000[1001 + Ciooix + Choorx® + +++ + 1001x9 + xt0ee) 
a (Cio: = Croix i Cioo1x? + +++ + 10017 + x] , 


Therefore, the coefficient sought is equal to 


000c?! _ 1000 - 1001! 1001! 
1000Ciéor — Cron = “Eat got — Bat - 9508 
1001! _ 51,050 - 1001! 

= Far - 9501 2° 1000 — 950] = Sr. 950! 

200. We shall first determine the constant term obtained by expanding 
(«= 9((x — 2)8 — 28 — --s — 2) 
ee 

k times 


and collecting like terms. Clearly, this term is equal to what is obtained if 
we set x = 0; that is, 


(«++ ((— 2)8 — 2)* — «+» — 28 = (-- (4 — 2)* — 2) — «++ — 2) 
eR, sR ey 
k times k —1 times 

= (---((4 — 2)? — 2)? — --- — 2)? 
ee 
k — 2 times 
= ++» +((4— 2)? —2? = (4-2)? =4. 


Designate by A, the coefficient of x, by B, the coefficient of x”, and by P, 


x? the sum of all the terms containing higher powers of x (this is x° times a 
polynomial in x). We then have 


(++ -((¢ — 2)? — 2)? — --- — 2)? = Pax? + Byx* + Arex +4. 
k times 
However, 
(-00((e— 2? — SP — of — 420-2 
k times 
= [(-+-(x — 2)* — 28 — --» — 2) — 2} 
"kl times 
= ((Pe-ix* + By-ix* + Ag-.x + 4) — 2]* 
= (Py-.x* + By-ix* + Aux + 2) 
= Py_x* + 2P,-,Bs-1x* + (2Py-1Ae-1Bi-1)x* 
+ (4Py-1 + 2Be-1Az-s)x* + (4By-1 + Al-s)x* + 4Ay-ix + 4 
= [Pr-ix* + 2Pe-1Be-1x* + (2Px-1 Aa. + Bis) 
+ (4P,-1 + 2By-1Ae-1) 9 + (4Be-, + Ab-i)x* + 4Anix +4. 
From this we obtain 
Ax — 4A,-, ’ 
B, = Ai-1 + 4Bi- . 
Since (x — 2)* = x7 — 4x + 4, we have A, =—4. Consequently, 4, = —4 - 4 
=-4?, A, =—43,---, and, in general, 4, =—4*. 
We shall now find B;: 


B, = Aib-, + 4Be-1 = Ai-1 + 4(Ai-2 + 4Bi-2) 
= Aj-, + 4Ai-2 + 4% Al-s + 4By-s) 
= Aj-, + 4Ai-2 + 4*(Aj-s + 45 Aj, + 4B,-,) 
= ++» = Ap, +4Ab.+ 4A, 
toss + 4 9Al + 4*2AT + 4B, 
If now we substitute 


we alrive at 
By = 4%*-* + 4-4-4 + 4%.4te-6 4... 4 4t-?.4? + 4k-!.] 
= Atk-2 4 gtk-3 4 Aetk-4n.,, + Akt + 4* + 4*-1 
= 4-1 + 44+ 4% + 45 + --+ 4 4F-? + 4F') 
wen 221, ae 


4-1 3 
201. (a) First solution. Since x* — 1 is divisible by x — 1, for all natural 
numbers k, and since we can write 
% A 2 + xo + x + x + x = (¢ — 1) + — J) 
+ (x® — 1) + (x** — 1) + (x — 1) + (2 -— 1) +6, 


we see that the given polynomial gives a remainder of 6 upon division by 
x-1. 

Second Solution. Let g(x) be the quotient resulting from division of the 
given polynomial by x — 1, and let r be the remainder. Then 


Kt xo eH xt + x + x8 = O(xlx—]) +7. 


The substitution x = 1 into this identity yields r = 6. 
(b) Let g(x) be the quotient and let 7; x + r, be the remainder obtained 


by dividing the given polynomial by x* — 1. Then 
Kt ot Pp xt + x tt 8 = (xXx? —Dt+rnxster. 


If we substitute, first, x = 1 into this identity, and then x = —1, we derive 
the two equations (both of which must hold): 


6=r, +r 
and 
6 =-1, +1. 


Solution of this system yields 7, = 6 and r, = 0. 
Therefore, the remainder we seek is 6x. 


202. Designate the unknown polynomial by p(x), and let g(x) designate 
the quotient and 7(x) = ax + b the remainder resulting from division P(x) by 
(x — 1)(x — 2). Then 


P(x) = (x — 1)(x — 2)g(x) + ax+b. (1) 
By the conditions of the problem, 
P(x) = (« — Dgilx) +2, 
whence p(1) = 2; 
p(x) = (x — 2)qx(x) +1, 


whence p(2)= 1. 
If we substitute x = 1 and x = 2, successively, in (/), we obtain the two 
equations 


2=pl)=a+b, 
and 
1= ~(2)=2a +5, 
from which we obtain 
a=-l 
p= 3: 


Therefore, the remainder sought is —x + 3. 


203. The polynomial x4 + x° + 2x? +x + 1 is factorable into (x? + I(x? + x 
+ 1). It follows that this polynomial is a divisor of 


xi? — ] = (x* — 1)(x* + 1) 
oe (x — 1x? + 1X? + 1X — 2* +1), 
and, specifically, that 


‘ : en ee) 
PE SE aE ae aie eT) 
ean 


~ Pp —xt— x +2 — 2 +a? +x—1 * 


1951 1951 


Dividing x!%! — 1 by x4 + x3 + 2x7 +x + 1 is equivalent to dividing x 
— | first by x!* — 1 and then multiplying the result by 


xo — x! — x8 + 2x — Ze? + x8 + z—1. 


However, it is readily found that 


Ye acne x 80 4 1027 4 ylOS 4 908 4, 4 yl 4 gt =. 
xi? ree l xi? ahh 1 
(this is conveniently found if we note that 
ies — l = x"[(x'2)162 — 1] + x’ oo 1 


and use the well-known formula for dividing the difference of two even 
powers by the difference of the bases). It follows that the coefficient we 
seek coincides with the coefficient of x!> in the product 


( 1939 1927 $1 19 7 eI ) 
xi pt ps pg 4 git 4p gt ¢§ 


xt — j 


x (x® — x? — xt + 2x — 2x? + *®§ + x — 1), 
and this coefficient 1s equal to 1. 


204. (a) Write x = f2 + 71/3. Then 
xt=24+2/2-VY3+3=5+2V6, 
from which we obtain 
x-—-5=2Y6, 
x*‘— 10x*° +25 = 24, 
x*— 10x*+1=0. 


This equation satisfies the condition of the problem. 
(b) Let x = VY 2 + 8/3. Then we can write 


s=V2+ 3, 
x=24+2Y2-73+99, 
= 2V2+3-2-9¥34+3-Y%2-Y9+3. 
Two of the three irrational numbers can be readily eliminated from these 
three equations, namely, 2, 8/3, and 8/9, by finding their 


corresponding expressions in terms of x, x’, and x. In fact, from the first 
and second equations we obtain 


Y3=x-V2, 
¥9O= x? -2-2Y2-¥3 
=x*-2-2V2(x-V2)=27+2-2V 22. 
If these substitutions are made in the third equation, we obtain 
x= 2V 24+ Ox -—V2) + 3Y 2(x* + 2-2 2x) +3, 
from which we find 
x6°+6x-3=1 2 (3x? +2). 
Now we may eliminate the radical by squaring and transposing all terms 
to the left side: 
x° + 36x? + 9 + 12x* — 6x* — 36x = 18x‘ + 24x° + 8; 
x* — 6x‘ — 6x* + 12x? — 36x +1=0. 
This equation satisfies the condition of the problem. 


205. Using the well-known relations between roots and coefficients of a 
quadratic equation, we obtain 


a+B=-p, ap=1; 
r+é=-q, re ar hes 
Therefore, 
(a — rXB — rX@ + 6X8 + 8) 
= [(@ — rXB + 8)][(8 — re + 8)] 
= (aB + ad — Br — rd\(a@B + BS — ar — 78) 
= (ad — Br\(B6 — ay) = aR? — a*yd — Bd + aBr* 
= 0 — a? — 6? + 7? = [(8 + 7)? + 267] — [(@ + B)* — 2a8] 
= (gt — 2)—(p?- 2) = qh —p*. 
206. If a and f are roots of the equation 
x+pxt+q=0, 
then (x — a)(x — B) = x° + px + q. Consequently, 


(a — rXB — rXa — 8XB — 8) 
= [(r — aX7 — B)){(6 — as — B)] 
= (7? + pr + qXe + pd +q). 
However, 
r+é=-P, 
76 =Q, 
which means that 
(a — rXB — rXa —8YB — 8) = (7* + pr + Qya + pd + q) 
= 7°0* + pr*d + qr? + pr& + p*rd + par + qe + pad + q* 
= (78)? + prd(r + 8) + gl(r + 8)? — 278] + p*rd + par + 8) + ¢ 
= Q@* — pPQ + g(P*? — 2Q) + PQ — pqP + 
= Q +g — pP(Q + q) + qP? + PQ — 2qQ. 


207. First Solution. We solve for the constant a in the second equation 
and substitute into the first: 


a= —(x* +x), 
x? — (x? + x)x+1=0, 
x'—1=0, 


(x — 1x? +2x+1)=0. 
We obtain the roots 
x= 1, 
and 
—1+i/3 


x2,3 = 2 ’ 
and, consequently, since a = — (x? +x), 
a, = —2, 
and 


a7.3=1. 


Second Solution. Using the results of problem 206, we can assert that the 
necessary and sufficient condition for the given equations to have a 
common root is the vanishing of the following expression: 


a+1l—a-la+1)+a@-—Ww=a—3a+2 
= (a — 1Xa* + a — 2) = (a — 1)Xa + 2). 
This implies that 
a, =-2, 
and 


ay 3 1. 


208. Let (x — a)(x — 10) + 1 =(x + b)(x + c). If we make the substitution x 
=—b in this identity we obtain 
(—b — a(—b — 10) + 1 = (—b + bX —-b + c) =0. 
Thus, necessarily, 
(6+ aXb+10)=-1. 


Since a and b are to be integers, b + a and b + 10 must also be integers. 
However, —1 can be the product of two integers only if one of the integers is 
+1 and the other is —1. Therefore, there are only two possibilities: 


(1) 5+ 10= 1, b=-9; then b+ a=-9+a=-1, that is, a = 8. In this 
case, 
(x — 8Xx — 10) +1=(x—- 9). 
(2)6b+ 10 =-1, b=-11; then b+ a=-11+a=1, that is, a = 12. In this 
case, 
(x — 12x — 10) + 1=(x- 11). 


209. A polynomial of degree four can be represented as a product of two 
polynomial factors in two ways: a first-degree and a_ third-degree 
polynomial, or two quadratic polynomials. We investigate each case 
separately. 

For the first case we have 


x(x — ax — bx —c) +1 =(x + pix? + qx*+rx4+s). (1) 


[The coefficient of x in the first factor on the right side and of x° in the 
second factor are both either 1 or —1, since the coefficient of x* on the left is 
1. However, the equation x(x — a)(x — b)(x—c) +1 =( x + py (2? + yx? + 





r, x + s,) can be written in form (/) by using —1 as a factor on both sides. | 
If in identity (/) we substitute, in turn, x = 0, x = a, x = b, and x = c, and 
note that 1 can be expressed as the product of two factors in only two ways, 
1 = 1-1 or 1 =(-1)-(-1), we see that the four distinct numbers 
O+p=?P, 
a+p, 
b+), 
c+p 
(distinct since, by hypothesis, a, b, and c are distinct) can have only two 
values, +1 or —1. This is a contradiction. 
For the second case we have 
x(x — a(x — bx —c) +1 = (x? + px + qXx*?+rx4+s). 
Substituting, successively, x = 0, x =a, x = 6b, and x = c, we find that both 
the polynomials x? + px + g and x* + rx +s can take on only values of +1 or 
—1. Now, the quadratic trinomial x? + px + g cannot have the same value a 
for three distinct values of x (otherwise the quadradic equation x? + px + q— 
a = 0 would have three distinct roots), and so for two of the four distinct 
values x = 0, x =a, x = b, and x = c this trinomial has value 1, and for the 
other two it has value —1. Supppse that 0? + p.0 + g=q=1, and letx =a be 
the other value among the numbers x = a, x = b, and x = c for which this 
trinomial has value 1. Then for x = 6 and for x = c this trinomial has value — 
1. This yields the equations 
a@+pat+i1=l1, 
b+pb+1=-1, 
ef+pe+1l=—l. 
From a? + pa = a(a + p) = 0 we find that a + p = 0 and p = —a (by 
hypothesis a # 0). Then the last two equations take on the form 
b? — ab = Hb — a) = -2, 
c—ac=c(c—a)=-2. 


If we subtract the first equation from the second, we obtain 


b? — ab—c?+ac=(b—cXb+c)—alb—c) 
=(b—c\(b+c—a)=0, 
which yields (since b # c) 


b+c-—a=0, 
a=b+c, 
b-—-a=-c, 
c-—a=-)b., 


Now, from the equation 
b(b — a) = —bc = —2 


we find the following values for b, c, and a: 


b=1, 
c=2, 
a=b+c=3, 
x(x — aXx — bx —c) +1 = x(x — 3X x — 1)(x — 2) + 1 
= (x* — 3x + 1)', 
and 
b=-l, 
c= -2, 
a=b+c=-3, 
x(x — a(x — b)(x —c) +1 = x(x + 3)(x + 1x +2) 4+1 
= (x* — 3x + 1)*. 


Analogously, if x* + px + g assumes the value —1 for x = 0 and x = a, and 
hence the value +1 for x = b and x = c, we have 


q=-l, 
a’*+pa-l=-1l1, 
&+pe-—l=1, 
c+pco—1l=1, 


from which we obtain 


p=-a, a=b+c, 
b(6 — a) = c(c—a)=2, b-—a=-c, 
bb — ab—c?+ac=0, —be=2. 
(6—c\b+c—a)=0, 


In this way we obtain two additional systems from which to obtain values 
for a, b, and c: 


5b=2, 
c=-l, 
a=b+c=l, 


x(x — ax — b)\(x — c) = x(x — I(x — 2)(x +1) 4+1 
= (x*— x— 1); 


b=1, 
c= -2, 
a=b+c=-l, 
x(x — a(x — bx — c) = x(x + I(x — 1% +2)4+1 
= (x* + x—1)*. 
Remark: Another solution of this problem is given in the final part of the 
solution of problem 210 (b). 


210. (a) Assume that 
(x — a;)(% — @y)(x% — ay) +++ (¥ — an) — 1 = plx)q(x) , 
where p(x) and g(x) are both polynomials of degree 2 1 with integral 
coefficients, and that the sum of their degrees is n. We may assume that the 
leading coefficient in each polynomial is 1 (compare with the preceding 
problem). If we make the successive substitutions x = a1, X = a),X = a3,°°°, 
x =a,, and take into consideration that —1 is essentially factorable only as — 
1 = 1- (1), we see that, for each of these values of x, either p(x) = 1 and 
q(x) =—1l, or vice-versa. Therefore, the sum p(x) + g(x) vanishes for x = ay, 
ay,°**, a, and the equation p(x) + q(x) = 0 has as its roots x) = a), X5 = a, ° 
-+,x, =a,. It follows that p(x) + g(x) is divisible by x — a, x —a),°° +, x-a, 


and hence by the product (x — a,)(x — ay) - - : (x — a,,). However, the degree 
of the polynomial p(x) + qg(x)is only the larger of the degrees of p(x)or g(x) 
which is less than n [n is the degree of (x — a,) (x — ay) + + ‘(x —a,) — 1). 
Therefore, p(x) + g(x) cannot be divisible by the product (x — a,)(x — ay) °°: 
(x — a,), and because of this contradiction we must conclude that the 
factorization assumed at the beginning of this proof is not possible, 
(b) Assume that 
(x — aX — Gy)(x — as) +--+ (% — Gn) — 1 = P(x)q(x), | 

where p(x) and q(x) are polynomials of degree 2 1, and whose leading 
coefficients are each 1. If in this identity we substitute, successively, x = ay, 
X = A),X = a3,°°**, xX =a,, then we find that for each of these values of x, 
p(x) = 1, g(x) = 1, or else p(x) =—1, g(x) =-1. 

Since p(x) — g(x) vanishes for n distinct values of x, we must conclude 
that p(x) — g(x) = 0, or p(x) = g(x) [compare with the solution of problem 
(a)]; also, the integer m must be even, say n = 2k, where k is the common 
degree of the identical polynomials p(x) and g(x). We can rewrite the 
identity in the form 


(x — asx — Gz)(X — Gy)- ++ (% — dx) = p(x)—1, 
or, 
(x — x(x — @2(x — ay) +++ (% — Gx) = [P(x) + 1] [P(x) — 1]. 
Now, the product of the two polynomials p(x) + 1 and p(x) — 1 vanishes 
for x = da,,X =a) °* +, X = a5, Consequently, for each of these values of x at 


least one of these polynomials vanishes, which means that either p(x) + 1 or 
else p(x) — 1 (or both) is divisible by x — a, and this conclusion holds also 


for divisibility by x — ay x — a3, and so on. Since a polynomial of degree k 
cannot be divisible by the product of more than é factors of form x — a; and 
since the polynomial p(x) + 1 of degree k, with leading coefficient 1, is 
divisible by & factors of form x — a; it follows that this polynomial is 
identically equal to this product. That is, p(x) + 1 is the product of & of the 
factors x — a}, X — a, °° *, X — Ay, and p(x) — | is the product of the 
remaining & factors. 
We may assume, with generality, that 


P(x) + 1 = (x — a,x — as) -++ (x — Gs), 
p(x) — 1 = (x — asx — a) --- (4 — au) . 
If the second equation is subtracted from the first, we obtain 
2 = (X — Gi (xX — Gs) +++ (X — Aae-1) — (% — A2(X — ay) +++ (X — Gx) . 
Now, to consider a specific case, if we let x = a5, we obtain the 
factorization of the integer 2 as the product of & integral factors: 
2 = (az — Q:)(@y — Gs) +++ (G2 — Aae-s) « (1) 
Since the integer 2 cannot be expressed as a product of more than three 
distinct integers [for example, 2 = 1 - (-1) - (-2)] it follows that & s 3. But 
the condition k = 3 is impossible in (/). Assume, for example, that 4 = 3 and 
that a, < a3 < as; then 2 = (a, — a))(ay — a3)(ay — a5), where ay — a; > an — 
a3 > Ay — as, and hence a, — a, = 1, a, — a, = —1, and a, — as = —2. If we 
substitute x = a, in the formula 
2 = (x — asx — as)(x — as) — (% — r(x — ay(x — as) , 
we arrive at the other representation of the integer 2 as a product of three 
“polynomials”: 
2 = (a — a:)(Q, — @3)(a, — as) , 
where also a4 — a, > a4 — a3 > a4 — as. It follows that ag — a, = 1, ag-— a3 =— 
1, and a4 — as = —2, which implies that a, = a», which contradicts the 


conditions of the problem. 
Hence only two cases are possible: A = 2 andk = 1. 
If k= 1, we have 


2= (x — a1) — (x — a), 
which implies that a, = a, + 2, and if we designate a, simply by a, we have 
(x — a,x — az) + 1 = (x — aXe —a—2)+1 
= (x —a—1)}* 


(compare with the solution of problem 208). 
If k= 2, we have 


2 = (x — a(x — as) — (x — a,x — a), 


where we will consider a, < a3 and a, < ay. If we substitute x = a, in this 

equation, and then substitute x = a,, (thus obtaining two equations) we have 
2 = (a; — a:)(az — as) , @,—a@, > 4,—4;, 
2=(a,—a,(@.—a3), G@—a>a—as. 

However, the integer 2 can be expressed (in diminishing order) only in 
two ways: 2=2- 1 and 2 =(— 1): (— 2). Since, moreover, a, — a, < a4 — a, 
we obtain 

@:—-a,=-l, @,—-a,;=>-2, 
a,.—a,=2, a,—a,=1, 


from which, replacing a, by a, we find 


@:;=a-l1, 
a@js=—a+l, 
a,=a+2, 


and 
(x — a,)\(% — a,x — asx — a.) +1 
= (x —a\(x—a+l1)\(x-—a-—1\(x-—a—2)4+1 
= [x* — (2a — 1)x + a? + a — 1}? 
(see the solution of problem 209). 


211. As in the solution of the preceding problem, assume that 
(x — a,)*(x — ay)*(x — as)* +++ (x — ay)? + 1 = p(x)q(x), (1) 


where p(x) and q(x) are certain polynomials with integral coefficients (each 
with leading coefficient 1). In this event, either p(x) = 1 and q(x) = 1, or else 


P(x) =—1 and q(x) =—1, for each of the values x = ay, x = ay, X = a3, °° °, X= 
a, We shall show that the polynomial p(x) [and, of course, g(x)] will be, for 
all values x = a,,x =a,°°*,x =a,, either equal to 1, or for all these values 


of x equal to —1. 
In fact, if (for example) the polynomial p(x) takes on the value 1 for x — 
a; but assumes the value —1 for x = a; ¢ #/), then for some intermediate 


value of x between a; and a, it must become zero [the polynomial p(x)is 
continuous; its graph will go from the —1 value for x = a; to the value +1 for 


x = aj, thus crossing the x-axis for some x such that a; < x < aj]. However, 


this is impossible, since the left side of equation (/) is always greater than 1 
and therefore cannot become zero. 
Let us assume that p(x) and q(x) both take on the value | for x = a, x = 


ay,°**,xX=a,,. In this case, both p(x) — 1, and g(x) — 1 become zero for x = 
a\,X = a>,°**,x =a,, and, consequently, p(x) — 1 and g(x) — 1 are divisible 
by the product (x — a,) : (x — ay) +: : (x—a,). Since the sum of the degrees of 
the polynomials p(x) and g(x) must be equal to the degree of (x — a,)*(x — 
ay) - ++ (x—a,)* + 1, that is, 2n, it follows that p(x) — 1 = (x—a,)--- (x«- 
a,) and q(x) — 1 = (x — a,) +++ («—a,) (compare with the solution of the 
preceding problem). We also have the identity 
(x — ay)*(x — az)* +++ (x — ay)* + 1 = p(x)q(x) 
= [(# — a) +++ (# — ay) + IJ [(% — a) --- (% — an) + 1 
= (x — a,)*(x — az)* +++ (% — an)* 
+ 2(x — ai\(x — a:)-*+(x—a,) +1, 
from which we must conclude that 
(x — a,)\(x — ay) +++ (x — ay) = 0. 

This is impossible; hence we must conclude that neither p(x) nor g(x) can 
take on the value 1 for all the x = a,. It can be shown in exactly the same 
way that neither p(x) nor g(x) can assume the value —1 at the points x = a, x 
=a>,°°*,x =a, (if they could, we would obtain p(x) = g(x) = (x — ay)(x — 
Ay) + (x—a,)—1). 

Therefore, the proposed factorization of as the product of two 
polynomials with integral coefficients is impossible. 


(x — a;)*(x — az)* +++ (x— ay)? +1 


212. Let the polynomial P(x) be equal to 7 for x = a,x = b,x =c, and x = 
d, where a, b, c, and d are integers. Then the equation P(x) — 7 has four 
integral roots a, b, c, and d. This means that the polynomial P(x) — 7 is 
divisible by x — a,x —b, x —c, and x — d,' that is, 


P(x) — 7 = (x — aXx — bx — cx — d)p(x), 


where p(x)is the remaining factor (it may be constant). 





Now let us suppose that the polynomial P(x) takes the value 14 for the 
integral value x = A. Upon substituting x = A into the preceding identity, we 
obtain, since P(A) = 14, 


7 = (A —aXA — b(A —chA—d)p(A), 


which is impossible, since the integers A — a, A — b, A —c, and A — d are all 
distinct, and 7 cannot be expressed as a product of five factors of which at 
least four are distinct. 





213. If a polynomial of seventh degree is factorable as the product of two 
polynomials p(x) and g(x) with integral coefficients, then the degree of one 
of these factors does not exceed 3. Let us assume that p(x) is such a factor. 
If P(x) has the value +1 or else —1 for seven integral values of x, then p(x) 
has the value + 1 or —1, for those same values of x [since all coefficients are 
assumed to be integers, and since p(x) g(x) = P(x)]. Among the seven 
integral values of x for which p(x) has the value +1 or —1, there must be at 
least four for which p(x) will have the value 1 or else four for which p(x) 
will have the value —1. In the first instance the third-degree equation p(x) — 
1 = 0 has four roots, and in the second instance the equation p(x) + 1 = 0 
has four roots. No such polynomial p(x) of third degree can exist, since 
neither p(x) — 1 = 0 nor p(x) + 1 = 0 can have four roots [They would have 
to be divisible by a polynomial of fourth degree. Compare with the solution 
of problem 210 (a). | 


214. Let p and g be two integers which are either both even or both odd. 
Then the difference P(p) — P(q) is even, since the value is divisible by the 
even number p — q. 

P(p) — P(q) = ao pb" — g*) + a,(p*"* — g*") 
+ +++ + Ay-2( p* — Q*) + Gn-i(P — Q) 

In particular, for even p the difference P(p) — P (0) is even. But by 
hypothesis P (0) is odd; consequently, P(p) must also be odd, and therefore 
P(p) #0. Analogously, for odd p the difference P(p) — P (1) is even. Since 
by hypothesis P (1) is odd, it must follow, by the same reasoning used 
above, that P(p) # 0. 

Consequently, P(x) cannot become zero for any integral value of x (either 
even or odd); that is, the polynomial P(x) does not have integral roots. 


215. Let us assume that the equation P(x) = 0 has the rational root 
x= <, this is P(+) = 0. Let us write the polynomial P(x) in powers of 


x — p; we shall express it as 
P(x) = Cox — p)* + e.(x — p)*" 
+ €(¥ — p)*? +--+ + Ce-i(X¥— Pp) t+ ea, 


where Co, Cj, C2, °° *, C, are certain integers which are readily found in terms 
of a; [cp 1s equal to the leading coefficient ag of the polynomial P(x), cj is 
equal to the leading coefficient of the polynomial P(x) — cp (x — p)” of 
degree n — 1, c, is equal to the leading coefficient of the polynomial P(x) — 
Cy ea py eC. a= py ' of degree n — 2, and so on.] If in the last 
expression for P(x) we set x = p, we obtain c, = P(p) =+1. 

If in the same expression we set x = 4 and multiply the result by /,, we 
obtain 

np(=) = cole — pl) + elk — ply 
+ c,l%(k — pl)? + +--+ + coil “(Rk — pl) +c" =0, 


from which it follows that if P(*) = 0, then 


ef + 
k—pl kp 
= —¢(k — ip — clk — ply? mee ee 
— Cn-al**(k — pl) — Cy-l"“" 


is an integer. But since p/ is divisible by J/, and & is relatively prime to / (we 


assume, of course, that the fraction - is in lowest terms), then k — pl is 


relatively prime to /, and, consequently, k — pl is also relatively prime to /”. 


It follows that oa can be an integer only if A — p/ =+1. We may show, in 


exactly the same manner, that k— g/—+1. 

Subtracting the equality k — p/ = +1 from the equality k — gl = +1, we 
obtain (p — g)l = 0 or (p — g)E +2. But (p — g)l > 0, since p > g and / > 0, 
and, consequently, (p — q)l = 2, k-—pl=-l, andk-gql=1. 


Hence, if p — g > 2, then the equation P(x) = 0 cannot have any rational 
root. If, however, p — g = 2 or p—gq = 1, then a rational root . may exist. 
Upon adding the equations 
k—pi=-l, 
k—ql=1, 
we obtain 
2k —(p+ql=0, 
.. pry 


—=— 


l is 
which is what we sought to prove. 





216. (a) Let us assume that the polynomial can be expressed as a product 
of two polynomial factors having integral coefficients: 


xaees 4. Zz thee + Ax stie +... + 2220x* + 2222 
= (AqX”" + Aq-1X"—! + Ag—gX™-? + +++ + Ao) 
X (O_X™ + Du—1X"-! + Bu—2x"-* + +++ + do), 
where m + n = 2222. Here, dy by = 2222, and therefore one of the two 
integers dg and bp will be even and the other will be odd. Let us assume that 
dg is the even integer and boy is odd. We shall show that all the coefficients 
of the polynomial a,, x” + a,_, x"! +--+ + aq must be even. Indeed, suppose 
that a, is the first odd coefficient of this polynomial to appear, reading from 
right to left. Then the coefficient of x* in the product 
(GyX* + An-1X"! + > + + Gedur™ + Du-1x"-' + > ++ + Dy) 
will be equal to 
Ando + AyD, + Ge-2be + +++ + Goby (1) 
(for A > m, this sum ends with the term a,_,,b,,). This coefficient is equal to 


the corresponding coefficient of x* in the initial polynomial. That is, it is 
equal to zero if & is odd, and even if k is even (since all the coefficients of 
the polynomial, except the first, by hypothesis, are even, and A Sn < 
2222). But since, by assumption, all the numbers a;_, aj,» a;_3, °° *, Ap are 


even, then in sum (/) all the terms other than the first must be even, and, 


therefore, the product a,b) must also be even, which cannot be since a; and 
by are both odd. 
Therefore, all the coefficients of the polynomial 
AnX* + Aq-X""' + +++ + Ay 
must be even, which contradicts the fact that a,b, must be equal to 1. Our 
assumption that it is possible to write the given polynomial as the product 
of two polynomial with integral coefficients is therefore untenable. 
(b) Let us set x =y + 1. We then have 
BP 28 fe OO 4 000 + 24] 
= (y + 1) + (y + 1 4+--- + (9+) +1 
= y80 4 25] y24e + Cis y?"* of Cis?” dawsete Cos? +251. 


Further, since all the coefficients of the last-written polynomial, 
except the first, are divisible by the prime number 251 [ inasmuch as 
Pa 251-250-249 --- (251 — k + 1) 

on Tee cared 

constant term of the polynomial is 251, which is not divisible by 2517, we 
can, by using reasoning almost identical to that used in problem (a) and 
merely replacing eveness and oddness of coefficients with divisibility by 
251, conclude that a necessary condition for the given polyomial to be 
expressed as the product of two factors 1s that all the coefficients of one of 
the factors be divisible by 251. However, this is impossible, since the first 
coefficient of the given polynomial is 1. 


} and since the 


217. Let us write the polynomials in the forms 
A =o + GX + GqxX* +--+ + Gnx", 
B = by + b,x + bax* + +++ + Dp x”. 
Since by hypothesis not all the coefficients in the product are divisible by 4, 
not all the coefficients in both polynomials can be even. Consequently, in 
one of them (say, polynomial B) not all the coefficients will be even. Now 


assume that polynomial A also contains some odd coefficient. Let us 
examine the first of these to appear (that with the smallest subscript), and 


let us assume that this is the coefficient ag. Further, let the first odd 


k +8 


coefficient of polynomial B be b,, and consider the coefficient of x* "° in the 


product of the polynomials A and B. The term x* *® in this product can be 


obtained only from those powers of x the sum of whose exponents is equal 
to 4+ s; consequently, this coefficient 1s equal to 


ADere + A:Dese—1 + ++ + Gender + Gabe + Geride-y + +++ +Qeskdo . 

In this sum all the products appearing before ag b; are even, since all the 
numbers dp, a}, °° *, @,_, are even. All the products appearing after agb;, are 
also even, since all the numbers b;_;5;_>, - - +, bp are even. But the product 
ag b, is odd, since both ag and 5, are odd numbers. Consequently, the sum is 


also odd, and this contradicts the requirement that all the product 
coefficients be even. Therefore, the assumption that polynomial A has odd 
coefficients is untenable. Therefore, all the coefficients of A must be even, 
as was to be proved. 


218. We shall prove that for an arbitrary rational, but not integral, value 
of x, the polynomial P(x) cannot be an integer, (nor zero, which we consider 
an integer). 

Let «= ms where p and gq are relatively prime (that is, this fraction 1s in 
lowest terms). Then 


P(x) = x* + ax"! + agx™? + +++ + Gai + An 








ee a ee Sig Receetick Sesiide Weg Meni 
q" a-l n—2 q 
p™ + a.p*"'q + a2 p*"*q* + - + + Gn-1 Pg" * + ang" 








The number p”, as well as p, is relatively prime to g; consequently, p” + 
qa”! +-+-4+ ag) is also relatively prime to g, hence also to q”. 


Therefore p(x) becomes an irreducible fraction which cannot be an integer.* 


219. Let N be a certain integer and let P(V) = M. For any integer k, 


P(N + RM) — P(N) = a.[(N + kM)" — N*] 
+ a,[(N + RM)*"! — N*"] + +++ + an-i[(N + RM) — N] 


is divisible by kM—since (N + kM)! — N’ is divisible by [(N + kM) — N= kM 
|—and hence also by M. Therefore, for any integer 4, P(N + kM) is divisible 
by M. 

Thus, if we prove that among the values P(N + kM) (k = 0, 1, 2, - - -) there 
are integers distinct from +M, then this will prove that not all of them can 
be prime. But the polynomial P(x) of nth degree assumes a given value A 
for at most n distinct values of x (since otherwise the nth degree equation 
P(x) — A = 0 would have more than n roots). Hence, among the first 2n + 1 
values of P(N + kM) (k = 0, 1, 2, -- -, 2m) there must be at least one which is 
distinct from M or — M. 


220. First we show that every polynomial P(x)of degree n can be 
expressed in terms of (as “a linear combination” of) polynomials of the 
form 


P(x) = 1 , 
P\(x)=x, 

_ Az — 1) 
1) ; 


“eee ee eee eee wnenee 


x(x — 1)(x — 2)---(x—n+1) 
1-2-3---n . 


each supplied with suitable numerical coefficients 5;, namely, 

P(x) = ba P(x) + bn-1Pa-1(x) + +++ + O,P\(x) + ara 
To prove this, we note that if 5, 1s chosen such that the number 2 — is equal 
to the leading coefficient of the polynomial P(x), then P(x) ana b oe (x) + 
b, 1 P,(x) + + + + + bo Po(x) have identical coefficients for x” If 5, | is 


Pris) = 


i 


chosen such that che is equal to the leading coefficient of the new 

polynomial P(x)-5,P,, (x), then p(x) and b,P,(x) + b,_1 Py) (&) +++ ° + bo 
ba-2 

> (n — 2)! 

is equal to the leading coefficient of the polynomial P(x) — b,P,, (x) — b,_, 





P(x) have identical coefficients for both x” and x". If, in addition 


P,,1@), then p(x) and bP, x)+ By — 1Pr1Q@)+ Bn 2Pn2) + +++ + bo Pole) 
have identical coefficients for x”, x, 1, X,-», and so on. Thus, we can 
determine b, b,, ° + °, 6; bg in such a way that the polynomials p(x) and 
bP, (x)+ 6, Py 1)+ +++ + bp Pox) + 6) P;(x) completely coincide. 

Express the given polynomial P(x) of degree n, which has the property 
that P(0), P(1), - - -, P(n) are integers, in the form (as outlined above) 


P(x) = byPo(x) + b,Pi(x) + 02P2(x) + +++ + bn Pa(x) . 
We see that 


n—l 


P,(0) = P,(0) = -++ = P,(0) 
= P,(1) = P,(1) = +++ = P,(1) = Ps(2) = --+ = P,(2) 
=--> => P,_d(n—2)= Pn —2)=P,(n—1)=0, 
P(0) = P,(1) = Px(2) = +--+ = Pain —1) = P,(m) = 1. 
Therefore, 


P(0) = boPo(0) , 
whence bo = P(0); 
P(1) = boP(1) + &:P,(1) , 
whence 5, = P(1) — bp Po (1); 
P(2) = boPo(2) + 5, P,(2) + b2P,(2) , 


from which it follows that 
b, = P(2) — boPo(2) — 6, P,(2) , 


P(n) = boPo(m) + 6,Pi(n) + +++ + bx-1Pa-s() + 5,P,(n) , 
and so 
b, = P(n) — boPo(n) — 6, Pi(m) — «++ — bn-1Pa-i(m) . 
Thus, all the coefficients bo, b;, bz, -: :, b,, are integers. 
221. (a) It was shown in the solution of problem 220 that a polynomial of 


degree n can be expressed as a linear combination of polynomials of form 
Po(x), P(x), «+ +, P(x) (see problem 220), where the coefficients of P; in the 


linear combination (series) are integers, and provided that P(A) is an integer 
for all integers &. The proof needed only the fact that p(x) had integral 


values for k = 0, 1, 2, -- +, n. Hence the polynomial of the present problem 
can, under the given conditions, be so represented. It is clear that the linear 
combination 6,P,(x) + : - : by Po (x) must have integral value for all 


integers, hence, so must p(x). 
(b) If the polynomial p(x) = a,x" +a, x"~ 1! +a, _9x"~2 +++++ a,x 


+ ag has integral values for x =k, k + 1,4 + 2,-°--+, k +n, then the 
polynomial 

Q(x) = P(x — k) = an(x — R)* + ay-s(x — R)*' + +--+ + a(x — kh) + a 
has integral values for x = 0, 1, 2, 3, -- -, 1. It follows from problem (a) that 


Q(x) has integral values for every integer x. Therefore we must conclude 
that the polynomial P(x) = O(x — k) also has integral values for every 
integer x. 

(c) Let the polynomial P(x) = a,x" + a,_4x"~ 1} +++++ ax + ag have 
integral values for x = 0, 1, 4, 9, - - «, 2”. Then the polynomial Q(x) = P(x’) 
=a) (x2)? + Gy (x2)? bt + ++ ayx? + ay of degree 2n has integral values 





for 2n + 1 consecutive values of x, that is, for x =—n, —(n— 1), —(n — 2), - - 
*,—1,0,1,---,2-—1,n. In fact, it is obvious that 
Q(0) = P(0), Q(3) = Q(—3) = PY), 
Q1) = QH—1) = PU) coc ccccccccscccosens 
Q(2) = Q(—2) = P(4), Q(n) = Q(—n) = P(n*) , 
and all these numbers, by hypothesis, are integers. Consequently, basing our 
reasoning on problem (b), we may say that the polynomial Q(x) has integral 


values for every integral value of x. This also means that P(k*) = O(k)is, for 
any integer k, an integer. 


P(x) = x(x — 1) 
As an example, we may use 12 , for which 
= P(x) = SED _ Se-VGEt+D) 
a 2 12 


= 9 &+2e+Vxx—-1)  (x+1)x(x—-)) 
1-2-3-4 — 


222. (a) Using De Moivre’s formula and the binomial theorem, we have 
cos 5a + 2 sin 5a = (cosa + isina)* 
= cosa + 5cos‘a-isina + 10cos*a- (i sin a)* 
+ 10 cos’ a - (isin a)* + 5cosa- (isin a)* + (isin a)’ 
= (cos'a — 10 cos*a - sin?'a + 5cosa- sin‘ a) 
+ i(5 cos‘ a - sina — 10 cos*a + sin'a + sin‘ a) . 
Equating the real and imaginary parts of the left and right sides, we obtain 


the required formulas. 
(b) As in the solution of problem (a), we have 


cos ma + isin na = (cosa + isina)" 
= cos*a + Ci.cos*"'a-isina + C, cos" a - (isin a)? 
+ Ci cos*-* a - (isin a)* + Ci.cos*-*a-(isina)* + --- 
= (cos* a — Ci cos*-* a - sin? a + Ci cos*~* a - sin‘ a — ---) 
+ i(C, cos*-' a - sina — Cy cos*"*a-sin*a + ---). 


Verification of the desired identities is immediate. 


223. Using the formulas of problem 222 (b) we have 
g 

i Hie ce sin6a_ __—_—sd6 cos’ asina — 20cos*asin*a + 6cosasin‘a 

cos6a —swcos*a — 15 cos‘asin*a + 15cos* asin‘ a — sin*a 


Dividing the numerator and denominator of the last fraction by cos® a, we 
obtain the desired formula: 


6 tana — 20tan'a + 6tan‘'a 


tan 6a = += 15 tan* a + 15tan‘a — tan*a 


224. We may rewrite the equation x + 4 = 2 in the form 
x*'+1=2xcosa 
or 
x*?—2xcosa+1=0. 
Thus, 
x=cosa+//cos'a —1=cosa+isina. 


It follows from De Moivre’s theorem that 


x" = cos ma + isin na ; 


l l =— 
=— = Cosma +isinna. 
= COS ma + 1S1n na 





By addition we obtain 


ro a a =2cosna. 
x" 


225. Let us consider the sum 
[cos ¢g + 1 sin g] + [cos(¢ + @) + isin(¢ + a)] 
+ [cos (g + 2a) + isin(g + 2a)] +--- 
+ [cos (gy + na) + isin )y + na)]. 
We have now only to compute the coefficients for the imaginary and real 
parts of this sum. By designating cos g + i sin g as a and cos a + i sin a as 


x, and applying the formula for the multiplication of complex numbers, and 
De Moivre’s formula, we find that the sum under consideration is equal to 


ax"*'—a 
x-1 
cos (a + la +isin(a + la—l 
cosa +isina—1 
) [(cos (m + l)a — 1)] + i[sin (m + la] 
[(cos a —1) + isina] 
ns ek 


@+ax+ax*+---+ax*= 
= (cos ¢ + isin ¢) 


=(cos¢g +ising 





n+1 
—a 


a+ 2isin 7 


—2 sin? 
=(cos¢g+ising 


cos 


—~Jaint & ® tn & a 
2 sin 9 + 2¢ sin > cos > 
2i sin" ee cos*** a + isin tha] 
oe Me = sea. 
2i sin $ | cos $ +isin $| 





(cos g + i sin ¢) 


n+1 





sin a 


(cos g + isin ¢) 
sin — 


2 
(cos #4 w + isin "++ a) (cos $ — isin $) 








2 2 2 2 


Qa ° Qa 
Cc 1 eatet 2 a 
Os D + sin D 


x 


n+1 


sin —— a 
2 [es (¢ ~ 5a) + isin (° + +a) . 
. @ 2 2 

2 


[ Here we have again used the formula for the multiplication of complex 


a, tT — _ fc} _f 
numbers and also the fact that cos 5 isin 9 cos ( 5) + isin ( 5) | 


The required identities follow immediately. 


saan and the result of the 


226. Employing the identity cos? x = 


preceding problem, we obtain 


cos’? a + cos’ 2a +--+ + cos* na 


F [cos 2a + cos da + ++» + cos 2na@ + n| 


1 home + lia cos na -1] 4 2 


2 sina 
sin (m + lja cos na@ n—1 
= ee tH 
2sina 2 
But since sin? x = 1 — cos” x, we have 


sin? a + sin’ 2a + --- + sin* na 
_ sin(n+Dacosna  xn—1 


2 sin @ 2 
_n+1 _ sin(m + lacosna 
2 2sina 


227. We must compute the real part and the coefficient for the imaginary 
part of the sum 

(cos a + isin a) + C,(cos 2a + i sin 2a) 

+ Ci(cos 3a + isin 3a) + --- + [cos(m + la + isin (m + la]. 

Designating cos a + i sin a as x, and using De Moivre’s formula and the 

binomial formula, we can transform the sum into the following form: 
x + Cox? + Sixt +--+ + xt! = x(x + 1)" 
= (cosa +isina\cosa +1+isina)" 


= (cosa +isin a)(2 cos? 4 + 2 cos & sin $s) 
2 2 2 
= 2" cos* 5 (cos a +isin a)(cos + isin *) 








= 2 cost (cos *** a + isin ** a). 


It follows that 


cos a + Clcos 2a + C2 cos 3a + --- + cos(n + la 


= 2*cos £ cos "4 a ; 


sina + Ci sin 2a + Cisin3a +---+sin(” + l)a 


— On nG oo nt+2 
= 2* cos* > sin 9 a 


228. We use the trigonometric identity 
sin A sin B = [cos (A — B) — cos(A + B)) 
for the terms of the sum, obtaining 


5 [cu tS wna. = + cog SSE. + cos ——_—— St — He 
- - p 
+++ bong P= Die — 8 | 


— 5 [cos EME + con SBE ME + coe 3(m_ + n)x 
Remon chitin’ = ie | 
p 
The sum 
cos AE + cos = + cos 5 4+ +++ +08 e— 


is equal to p — 1 if k is divisible by 2p (here, every summand of the sum is 
equal to 1). In the event & is not divisible by 2p, however, this sum, 
according to problem 225, is equal to 


sin BE cos (P— the . cos (#5 ‘st =) 
—2P_P_ _) =sink= - 1 
sin “2, - ss Re 
2p 2p 
~ | if k is odd , 
~ |—1, if & is even. 


Both of the numbers m + n and m —n will be simultaneously even or odd; 
in particular, if either of m + n or m — n is divisible by 2p, then both m + n) 


and m —n are even. The equation sought follows immediately. 


229. Consider the equation x7” * '! — 1 = 0, which has roots 














“eee eee eee eer ere rere rere 








Since the coefficient of the absent term x?” in this equation may be taken 


as 0), the sum of all these roots is equal to zero: 


2r 4r 
1 cee pore snl 
(1. co ot + cos SE) 








PY ae 2n 4r ‘ 
+i(sin E- + sin + baa 


Consequently, the expression inside each set of parenthesis is equal to zero; 
































in particular, 
2x 4x 4nx 
eet ae 
However, 
poe 2x at 4nx 
2n +1 2n+1' 
ese 4x - (4n — 2)x 
2n +1 2n+1 ’ 
and so on, which implies that 
2x 4x 2nx \ _ 
That is, 
2x 4x 2nx_ lL 
eae MRE 


8 On +1 


Remark: It is also possible to prove this result by using the results of 
problem 225. 
230. (a) From the result of problem 222 (b) we have 
sin (2m + lla = Cia+i(1 — sin* a)* sina 
— Cin+i(1 — sin*ta)* sin? a + «++ + (—1)*sin***'¢ , 


whence it follows that the numbers 
0, 


























sin (- = )= — gin —2= 
2n +1 2n +1 
are the roots of the following equation of degree (2n + 1): 
Cra+i(l = x*)*x = Cavi(l — etn igd 4 eee +H (—1)"xt*+! =0. 


Consequently, the numbers 








“ee eee ween nee 





are roots of an equation of degree n, such as 
Cinsi(1 — x)* — Cingi(1 — xx +--+ + (—1)*x* = 0. 
(b) Let us replace n with 2n + 1 in the formula of problem 222 (b) 
and write it in the following form: 
sin (2n + l)a = sin®*t'a(Cin+, cot**a — Cin+1 Cot?*-*a 
+ Cnr; Cot?*-"“g — +++), 
Whence it follows that for 


2n+1’ 





a= 





the following equation holds: 


CG cot**a — Chass cot*"*-*@ + Coss cot*"*~*g omece 0 ‘ 


Therefore, the numbers 





nr 
2n +1 


are roots of the following equation of degree n: 


Cin+iX* _ Crovit*™ + Cone x*-? —---=0., 





cot? 


231. (a) The sum of the roots of the nth degree equation 





x*— Cints gant + Cinss xe? — .-- = 0 
Const intl 


[see the solution of problem 230 (b)] is equal to the coefficient of x” ~ ! 
taken with the opposite sign (see the remarks preceding problem 222); that 
1S, 

















17 a: 2_3n _ 
cot on +1 + cot 4% + cot inl + 
3 
2 nT - Cnt = n(2n — 1) 
ieee Ss haar 3 ' 

(b) Since csc? a = cot” a + 1, the formula of part (a) implies 

2 ud 2 2n Cc 2 3x 

OO Sey ea eed 
5 55 gigi iat n(2n — 1) +n = 2n(n + 1) 
2n +1 3 3 . 


232. (a) First Solution, The numbers 











are the roots of the nth degree equation obtained in the solution of problem 
230 (a). The coefficient of the highest-degree term x”, of this equation is 
equal to 
(—1)"(Coee1 + Cist1 + aie i Conti + i) 
But the sum in the parentheses is half the sum of the binomial coefficients 
l + Cx + Coeti +: o+ Corks + 1 ’ 


which is equal to (1 +1)?”*! = 22”*!, Consequently, the coefficient of x” in 
the equation is equal to (— 1)”2?”. Furthermore, the constant term of this 
equation is 

Co = 2n + l ° 
Now, the product of the roots of a polynomial equation of degree n with 
leading coefficient 1 is equal to (— 1)” times the constant term [if the 
polynomial has leading coefficient ay # 1, then the constant term a, is equal 


to (— 1)” times the product divided by ag]. Therefore, we have 

















; : 2x . 2n +1 
1 aint. = 2 oes in? = a oe Ts 
(—1)* sin STi aa er = (-1) on? 
and, consequently, 
T ‘ orgs nxr  V2n+1 

Sati ae atl 

It can be proved, in an analogous manner, that 
2x - (n—l)r Yn 


sin >— sin [— on ee = pe * 





Second Solution. The roots of the equation x*” — 1 = 0 are 1, — 1, 


cos — + isin, cos = + isin =, os = + isin 2, nee ? 
n n n ” 
0s (2n — lr + isin (2n — Ix . Therefore, we can write 
n n 


x — 1 = (x— 1x + 1)(x— cos = — isin =) 
n n 


x (x — cos — isin) +++ [x — cos (n — 1)x 
n n n 


~iein De |-- cos EDF. _ in Ot De | x 
n n n 


x [ = — cos See — isin OE). 
n n 
However, 
ae ad) , 
n n 
n na hie - — sin™ 
n n 


whence it follows that 


Qn—l)x _ ,,., (2a — De] 
n n 


Tw  » 
x— cos = — isin ~) x — COS 
n n 


= xt — 2xcos— +1, 


(«—cos 25 — isin =) | x — cos (2m — 2)x =: tai ome 
n n n = oe” ae 
= 2¢— 2ec08 — +1, 

n 
[= cos #— i din (n ie.) 
x | x — cos EOE — isin Se | 
n n 
= x — 2xc0s @— 1" re a 


Therefore, the decomposition of the polynomial x2” — 1 into factors can be 
written: 


xi — 1 = (xt — 1)(2* — 2x cos = + 1)(2* — 2x 008 = + 1) x vee 


x (x ~ 2x cos AOE. +1), 
It follows that 
Etat Se a | 
x—1 


= (x — 2x cos = + 1) (2 — 2x cos 2 +1) xX +e 


x [# — 2x 008 ASE +1]. 


If here we set x = 1 and use the identity 
2—2cosa= 4 sin © ’ 


we obtain 


n = 4" sint sin? on .++ Sint (nm —1)x 
2n 2n 


from which it follows that 





1% oi 2k (a — lt Oo an 
sin On sin On sin on = <5 


It is proved in the same manner that 

© sin St... gin —8F_ a, Vt 
m+1° ntl ht CU 
(b) We can obtain the required result by reference to either the first or 


the second solution of problem (a). We shall not repeat those solutions here, 
but we shall derive the formulas we need from the formulas of problem (a). 





sin 








Since 
sin ey oe 


it follows that 
ox sin 4x sin oe sin anx 
2n +1 2n +1 2n +1 2n+1 


a in —M@_ _ VV On +1 


-— i x i er rf 
ee ae apa eee Dr 











sin 











[see problem (a)]. If we divide this formula by 


us , i nr V2n+1 


+l +i” lm 











and use the identities 


























sin ———— = 2sin ——— cos —~—-, 
2n 7 1 2n + 1 on rr) 
: ‘e. Bs on On 
a et etl oe tS 
oie eet nO ct BE nr 
2n +1 2n+1 In 4-3 * 
We obtain 
ud 2x 3n nx 1 
wl atl al a 
Similarly, we have 
—#.. a 5 a. n= De) 
[cos $ = cos es a5 |= sin sin — 
= Pret 2 sin et 
Qr-! n n — 
But 
sin — = sin (ma — 1)x ; 
n n 
sin = = sin 4-2 
. 7 = 
sin 7 1 
Therefore, for odd n (n = 2k + 1): 
ds gn Sata (n—1)x , 
n n n 
— . 7 e Qn ~~ kr *: = i 2 - 
= (sin 7 8 sin er) = (et = Qe 


For even n (n — 2k): 





ein = sin =. ..- gin @— DE 
n n 
. ax  (kR—-1e fF (/YR\ 28 
=|sin $ Ob sin Ob sin eo |- (¥*) = Fant 
[see solution (a)]. Whence we obtain 
Sn Soo) Ae 
ig OE ee a Set Vent ee 


Remark: If we divide the formulas of problem (a) by the corresponding 
formulas of problem (b), we arrive at 


nT 2x x OY, 
ak “ES Ce me ett 
2n (n—1) _ 
tan>~ tan on ean On =l., 
Moreover, the second of these ae is obvious, since 
3 (n—1)n 
tan On —————— on = tan = ct —— S =l, 
as 2n rea (n — 2)x a (n — 1)x as (n + 1) =" 
2n 2n 4n 4n 
nn 
tan i oe 


From this equality and from the second formula of problem 232 (a) we 
may readily derive the formula 


2n (n-l)x wx 


These solutions can also be obtained in a manner analogous to that used 
in the first solution of problem 232 (a). 


233. We first show that if a (in radians) is an acute angle, then 





Figure 22 


sina <a<tana. 


We have (see Figure 22; Sis area and the circle has radius 1) 


Ssson -- + sina . 


But since 
Ssaon < Ssecwr son < Saoe » 
We have 
sina <a<tana. 
This double inequality implies that 


cota <>< csca. 


Therefore, it follows from the formulas of problems 231 (a) and (b) that 


2x 


n(2n — 1) _ 2% 2 
Oat oS Sri 

















3 
+ cott — - + cot? 
2n+1 are 
3 2 2 
< (2+) (842) + (4) soe (tay 
7 2x 3x nr 
2 = 2 2x 
ee et eal 
nr _ 2n(n +1) 


3x ‘ 
intl + CSC 


If we divide all the terms of the last double inequality by (a+ 1* 
nt 


2n+1 3 





+ csc* 
, we 











obtain 
aaa eons ate maa) s 
2n+1 6 ee 6 
1 y 2 
elie’ 3 t erin 
2n _ 2n +2 a 











2n +1 _ +1 6 
(\- et)! * et) S 

2an+1/ 6° 
as was to be proved. 


234. (a) Assume that the point M is on the arc A, A,, of the circle (Figure 
23). Designate arc MA, as a;) then the arcs MA, MA3, -- -, MA, are equal, 
respectively, to 


t=. 
n 


But the length of a chord AB of a circle with radius R is equal to 2R sin ae : 


(This is readily discerned from the equilateral triangle AOB, where O is the 
center of the circle.) It is clear, then, that the sum which interests us is equal 
to 


4R'{sin' © + sin? (+ af. =) + sin? (+ + =) + os. 
2 2 n 2 n 


+ sin* (= + =e) ‘ 


We shall now evaluate the expression in the brackets. Using the half- 


angle formula, sin? x = = 08 Be. , we find that the bracketed expression 


is equal to 
S=+- {cosa + cos (a +=*) + cos (a + =) 5 
2 n n 
+ cos (a + asa e 


But, by the identity in problem 225, we have 


P —_ 7 
sin x cos[ a + 4—2" 
= n ee 
a koe eS | 
- 4 
sin — 
n 


consequently, S = “= . The assertion of the problem follows. 





Figure 24 


Remark: For even n = 2m (Figure 24) the assertion of the problem is 
obvious, since, by the Pythagorean theorem, 


MA; + MAns: = MA} + MA: = +++ = MAL + MAin = 4R?. 
(b) Let A,B), A, Bo, + -, A,B, be perpendiculars drawn from points 
A, A>, ° ++, A, to the line OM [Figure 25 (a)]. Then it is readily found (from 
the law of cosines and consideration of the triangle OA, B,) that 


MA; = MO* + OAj — 2MO-OB, = I* + R* — 21-OB, 
(k = Lye, -o*, 8), 


where the segments 0B; are taken with the plus or minus sign depending 

upon whether the point B; is located on the segment OM or on its extension. 
Consequently, 

MA; + MA; + «++ + MA, = n(l? + R*) — 2U0B, + OB, + --- + OB,). 

But if < MOA, =a, then 


OB, = OA,cos <A,OM = Rcosa, 


OB, = Rcos (a + =) ; 


OB; = Ros (a +) : 


OB, = Rcos| a + Meads |. 


n 


However, it was shown in the solution of problem (a) that 


cosa + cos (a + —*) forse +cos[a + A8— DE} =o, 
and so OB, + OB, +:::+OB, = 0. 
The assertion of the problem follows. 


Remark: For even n = 2m the assertion of the problem is obvious from 
Figure 25 (b). In this case 





Figure 25 


(C) Let M, be the projection of point M onto the plane of an m-sided 
polygon (Figure 26). We have 


MA; =M,Ai+ MM; (k=1,2,-::,n), 
and, consequently, 
MA} + MA; + --- + MA = M,Ai + M,A3 + --- + M,AL+n-MM;. 
But 
M,Ai + M.A; + +++ + MAl= n(R* + OM?) 
[see problem (b)], and 
I? = OM?=O0OM; + M.M?, 


whence follows the assertion of the problem. 





An+ 
Figure 26 


235. (a) The solution of this problem follows directly from the theorem 
of problem 234 (a), if we take into account that for an even n, the even (and 
odd) vertices of the n-sided polygon are also the vertices of those regular = 
-gons (abbreviation for polygons with = sides) inscribed in the circle. 


(b) Let nm = 2m + 1. We deduce from the solution of problem 234 (a) 
that it is sufficient to prove equality of the following two sums: 


$= sin 5 +sin(F + >=) + sin($ + 4r ) 


2 2 2m+1 2m +1 
: a 2mr 
. +sin($ +5"), 


and 


eee 1 _ (a 3x 
S,=sin($ +>") +sin(F +57) 
_ (a , (2m—I1)r 
+ +ain($ + ) 


But, by problem 225, we have 
sin (m + 1)x sin (= ri mir ) 


Ee 2m +1 2 2m +1 
=a: : rt , 
co "ES 
: mr a ie! ca | 
oi rey sin| 4 + om+1* Qm+1 
S: = x S. 
ee Se 1 


236. In problem 234 (a) we found that the sum of the squares of the 
distances from a point on a circle circumscribed about a regular n-sided 
polygon to all of its vertices is equal to 2nR’. If we assume that M coincides 
with A,, then the sum of all sides and diagonals of the n-gon emanating 
from one verte x is equal to 2nR?. If we multiply this sum by n (the number 
of vertices of the n-gon) then we obtain double the sum of all the sides and 
diagonals of the n-gon (since every side or diagonal has two ends, it counts 
twice in the sum). The sum we seek is therefore equal to  2nkR® = n'R', 

(b) For a regular polygon, the sum of all the sides and diagonals 
which emanate from one vertex A, is equal to 


2r| sin = i gts wax 4 gee Ri BE | 
n n n 


_ mw. (n—1)x 
a3) —_——_—— 
wr 2n 
sii. 
2n 


[compare with the solution of problem 235 (b)]. When we multiply this sum 
by n and halve it we obtain the required result: *” cot 
(c) The product of all the sides and all the diagonals of the n-gon 
emanating from one vertex is equal to 
2"-'R.-! sin Lm sin 2n -++ Sin (m — l)x =_ Qn-1pn-1_t _ 
n n n an-! 
[see the solution of problem 232 (a)]. By raising this product to the nth 
power and extracting the square root, we obtain the required result. 


237. Let us compute the sum of the 50th powers of the sides and 
diagonals emanating from one of the vertices, say A,, This problem reduces 


to finding the sum 


. 2r\® . 99nr\™ 
R ones Ja non 
r= (2 sin an) + (2R sin a) - + (2R sin 100 ) 


[compare with the solution of problem 234 (a)]. Thus we must make a 
summation of the 50th powers of the sines of several angles. But 





a j 88 + isin a) — (cosa — i sina) 
2i 

(F-3) 

tr- = 

_ x) _ 1 Le 

= — 950 =—se(2-=) ’ 


where we write COS a + i sin a = x; in this case, COS a —i sina= =. . 


Therefore, 


; —l 1 1 
sin” a = a - Cir — 4 Curt" ant 00% 


+ Cte ame Cyt + CaS, ee 


1 1 1 
a 5 Cot _ Ch* a + =) 


1 1 1 1 
— Fra (= + =) - Cu( =" + =) + Ca x + -5) — ese 


+ Cu(x* + =) + cs| 


—z_{2.c0s 50a — 2C}, cos 48a 


+ 2Ci, cos 46a — --+ + 2C# cos 2a + C#) 
[ here we make use of the fact that 


xt + = = (cos ka + isin ka) + (cos ka — isin ka) = 2.c0s ke 


Hence the sum » may be expressed in the following way. 


eed x ar... 99x_ 
a= Ref 2 (cos 50-7 + cos 50-7 + + cos 5075) 
2n 997 


—_— 1 ud ————— fre ————— 
2Ci( cos 48-7 + COs 48%. + +++ + cos 48 100") 


: bd 2r 99xr 
+ 2Cio( cos 46-7 + cos 46% + + cos 46-77) 





24 #.. ae ~ 99C 
+ 2CH( cos 2775 + cos 2-7 + + cos 2 or) 99C3 | 
= — R*(2s, — 2CroSs + 2CbeSs am cee op 2C roses = 99C50] , 


where sj, S>, °° *, S95 replace the sums in the parentheses. But from the 
formula in problem 225 it follows that s; = 5s, =- +--+ =s,5; =— 1. Therefore 


we have 


S = R22 — 2Ch + 2Ch — --- + 2CH + 99C2 
= R°(1 — Cy + Cro — Cro + ++» + CH — CH 
+ Ci — --+ +C$—C$ +1 -—100C8 


= R*((1 — 1) + 100C%] = 100CHR* . 


From this we immediately obtain the result that the sum of the 50th 
powers of all the sides and diagonals of a 100-sided polygon is equal to 


1002 _ coggc2spse — 5000-50! 
2 = (25!) sll 


238. We make use of the fact that in a triangle with integral sides a, b, 


meee (law of cosines, where A is the angle 
c 


between 5b and c)is rational. Further, if A = ™-180° , where m and n are 


and c the number A = 


integers, then cos nA = cos (m. 180°) = (— 1)™. 

We shall now show that 2 cos nA for an arbitrary integer n can be 
expressed as a polynomial of degree m in terms of 2 cos A with integral 
coefficients and having leading coefficient 1; that is, that 


2cosmA = (2cos A)" + a,(2 cos A)*"? + a,(2 cos A)*"* + +++, 


where a), a>,‘ * * are integers. This assertion may by deduced from the first 
formula of problem 222 (a), or else proven by mathematical induction. 


Indeed, it is true for n = 1 and n = 2, since 
2cos A =2cosA, 
2cos 2A = (2 cos A)? — 2. 
But from the known product-to-sum identity we have 
cos(" +2)A +cosmA =2cosAcos(n+l1A, 
and so 
cos (n + 2)A = 2cos Acos(n+1)A—cosnA, 


from which it immediately follows that if the assertion is true for the values 
n and n+ 1, then it is also true for n + 2. Since the assertion is valid for n = 
1 and n = 2, it follows that it is true for all values of n. 


By setting 2 cos A = x and cos m A = (— 1)™ in the resulting formula we 
obtain the following equation with respect to the unknown x: 


x" + a,x*-* + agx*-* + --> —A—-1)* =0. 


Thus x is a rational root (since, here, x = 2 cos A 1s rational) of an 
equation with integral coefficients whose highest-degree term has 
coefficient unity. But all the rational roots of such an equation must be 
integers (see problem 218); therefore, x = 2 cos A must be an integer. Since 
0 Scos A S 1, the only possibilities are cos A = 0 or else A = + ; that is, 
A may be 60°, 90°, or 120° (these are the only angles greater than zero but 
less than n = 180° for which 2 cos A is an integer). 

The existence of 60°, 90°, and 120° angles in triangles with integral sides 
may be shown by simple examples. A triangle with sides (3, 4, 5) is a right 
triangle — it has a 90° angle. In a triangle with sides (1, 1, 1) all the angles 
are 60°. Finally, we cen verify (by the law of cosines, for example) that a 
triangle with sides (3, 8, 7) will have a 60° angle (between side 3 and side 
8) and a (3, 5, 7) triangle will have a 120° angle (see also problem 128). 


239. (a) Let us assume that the ratio of @ = are cos = to 180° is a 


rational number, that is, that # = ™ 180° , where m and n are integers 
(which will be considered relatively prime). From the second formula of 
problem 222 (b) we have In the case of interest to us we have 

sin n@ = Ci.cos*-'@ sin @ — Ci. cos*-* 6 sin? @ + Ci.cos*-* @ sin’ @— +--+. 


In the case of interest to us we have 


l 
cos #@ = — 
p 


sind=V1 = cost = VERS l ; 
and sin m@ = sin 180° m = 0. Substituting these values into the last equality, 
we obtain 


0 = VAN » — Man he A) pt — 1) 


+ RRR ae = Shs Oy — ye — «|, 
Since p # 1, we have ve, #0 , and therefore the sum within 


brackets must be equal to zero. Since all the terms of this sum, except the 


first, are even integers (p? — 1 is even, since p is odd), the first term must 
also be even. Hence 7 is even, n = 2k, and therefore m is odd. 
Since m is odd, it follows that 


cos kd = cos “2 = cos x =0. 


From the first formula of problem 222 (b) we have 


cos k@ = cos* 6 — Ci cos*-* 6 sin? 6 + C} cos*-* @ sin‘ @ — ---. 


ae Vp 
By setting cos @ = —, sin#@ = ve , and cos k@ = 0 we 


obtain 


0 = “fl — CH(p* — 1) + Cpt — 1)* - ee], 


Here all the summands in the brackets, except the first, are even integers, 
and the first is equal to unity, that is, is odd. Therefore, the resulting 
equality is impossible. This contradiction proves that the ratio of 


@ = arc cos rs to 180° cannot be a rational number. 
(b) Let us assume that # = are tan o contains a rational number of 


m 
degrees, that is, that @ can be expressed as 9 = a. 180° where m and n are 


integers. We shall consider p and q relatively prime, which is permissible, 
since we are interested only in the ratio = We shall use the DeMoivre 


formulas 


(cos @ + isin 6)" = cos n@ + isin né 


and 
(cos 0 + isin 0)" = (cos @ — isin @)". 


m ° . . 
Since @ = - 180° | we have sin n@ = sin 180°m = 0,a nd, consequently, 


(cos 6 + isin #@)* = (cos@ — isin 8)". 


Dividing both sides of this equality by cosn 6 (cosd # 0, since 
sin@  p 
as a , where q # 0), we obtain 


(1 +2tan 0)" = (1 —itan@)", 


(14:2) = (1-22), 


or, after multiplying by q”, 
(q + ip)" =(q — tp)”. 
We shall now show that this equality is impossible when p and gq are 


integers, relatively prime, p # 0, g # 0, and p and gq are not simultaneously 
equal to +1. To this end we express the equality as 


(q — ip)" = [(q — tp) + 21p]" 
= (q — ip)" + Cx(q —ip)""'2ip + Ca(q — ip)"-*(2ip)? + --- 
+ Cr-'(q — ip)(2ip)* + (2ip)* . 
Eliminating the term to (qg — ip)” from the left and the right sides, dividing 
by 2ip, and transposing (2ip)"~ ! to the left side, we obtain 
—(2ip)""' = (q — ip)[Ca(q — ip)? + 
Cxlq — ip)*“*2ip + +++ + Ca '(2ip)*] . 
Each side of this equality is a complex number; by equating the moduli of 


these complex numbers and taking into account the fact that the modulus of 
the product equals the product of the moduli of the factors, we find 


(2p)*** = (q? + p*)B, 


tan 0 = 


that 1s, 


where B is the modulus of the expression within the brackets on the right 
side of the preceding equality. Thus B is equal to the sum of the squares of 
the real and imaginary parts of the number, 


x(q — ip)*-* + Ca(q — ip)”*2ip + «+» + Crip), 


and is therefore an integer. Thus (2p)*” ~ is divisible by p + g?. But since 
p and gq are relatively prime, p” + g* does not have common factors with p 
and q; that is, 2*”~* must be divisible by p? + g*. The numbers p and g are 
either both odd, or one is even and the other odd. If one is even and the 
other odd, then p* + gq? will be odd, but if p = 2r + 1 and g = 2s + 1 (both 
odd), then 


p? + q? = 2(2r? + Or + 2s? + 2s + 1) 


will be even, but it will contain the odd factor 2(77+ r+ s* +s) + 1. This odd 
factor becomes unity only for p = +1, g = +1. Therefore for all remaining 
p 


cases 27” ~~ * cannot be divisible by p* + g?. That is, @ = arc tan 7 cannot 


contain a rational number of degrees. 


240. First Solution. Assume that a 1s not divisible by p. Then the integers 
a, 2a, 3a,°- +, (p—1)awill also fail to be divisible by p, and they will yield 
different remainders when divided by p [if ka and /a(p — 1 => k > 1) produced 
identical remainders when divided by p, then the difference ka — la = (k — 
Ja would be divisible by p, which is impossible, since p is prime, a is not 
divisible by p, and k — / is less than p. |] But since, upon division by p, all 
possible remainders are exhausted by the p — 1 numbers 1, 2, 3,---, p—1, it 
necessarily follows that 


a=qpt+a,, 
2a=Q:p +a, 
3a =q:p+as, 


(p— la =Qp-i1p + ap-1, 
where aj, ay, °° *, a, _, are the positive integers 1, 2,---, p — 1, taken in 
some order. Multiplying together all these equalities, we obtain 


[1-2---(p — 1)Ja?-“' = Np + aiQ2-+-Gp-1, 
[1-2---(p — lar? — 1) = Np. 


Therefore it follows that a? ~' — 1 is divisible by p, and a — a is also 
divisible by p. (If a is initially divisible by p, then the assertion of Fermat’s 
theorem is obvious.) 


Second Solution. The theorem is obvious for a = 1, since in that case a? — 
a = 1-—1=0. We shall now apply mathematical induction to the positive 
integer a, and show that if a” — a is divisible by p, then it will follow that (a 
+ 1 — (a+ 1) 1s divisible by p. 
By use of the binomial theorem we find that 
(a + 1)? — (a + 1) =a? + pa? + Cya?* + Cra? + +++ + pat+1l—a—l 
= (a? — a) + par"! + CyaP-* + ++» + Ca? + pa. 
But all the binomial coefficients 
oa p(p — 1p — 2)---(p—k +1) 
r 1:2-3---p 
are divisible by the prime number p, since C§ is an integer and since the 
numerator of the above expression for C§ contains the factor p whereas the 
denominator does not contain this factor. But since, by the induction 
hypothesis, a — a is also divisible by p, it follows that (a + l? — (a+ 1) 1s 
divisible by p. 
We shall detail a more elegant variation of the same proof. Because all 
the binomial coefficients C§ are divisible by p, the difference 
(A + B)? — A? — BP 
= pA®"'B + C)A?-*B? + «+» + Ch AtBr-? + pABr* 
where A and B are any integers, is always divisible by p. If we apply this 
result, we find that 
(A+ B+C)— A? — B»-—C? 
= {{((A + B) + Cl)? —(A + By — C*} + (A + B)? — A? — BP 


is always divisible by p; that 


(A+B+C + Dy — A? — Be —C*— Dr 
={{((A+B+C)+D»?-—(A+B+C)— D*} 
+(A+B+C)— A*— BP—C 


is always divisible by p; and that, in general, 


(A+B+C+--- +K)?— A?— Br—Cr—.--— Ke 
is always divisible by p. 
If in the last expression we now set A = B= C=:-:=K=1, and if we let 


the number of these terms be equal to a, we arrive at Fermai’s theorem: a? — 
a is divisible by p. 


241. The proof of Euler’s theorem is completely analogous to the first 
proof of Fermat’s theorem. Let k,, k, -- -, k,. be the set of natural numbers 


which are less than, and relatively prime to, the integer NV. We consider the r 
numbers k, a, ky a, +++, k, a. All of these are relatively prime to N (since a 


is by hypothesis also relatively prime to NV), and all of them, when divided 
by N, will yield different remainders (this is proven exactly as in problem 
240). We may write 

k 12@=—@q iN +a, 

k.a=q.N+a:, 


k,a=q,N+a,, 


where a, a> °° :, a, must be the same numbers as k,, k>, °° *, k,, 


though in 
different order (since clearly the a; are distinct, all less than N, and if a; 
were not relatively prime to N, then neither would be {;). 
If we multiply together all the equalities, we obtain 
kik,---k,a’ = NM + aia2---a, , 
kik.---k(a" —1)= NM, 


whence it follows that the integer a’ — 1 is divisible by N. 


242. We shall prove this by mathematical induction. First, it is evident 
that for m = 1 the proposition of the problem is correct: 


2?—-1=1, 

2—1=3, 

2—1=7 
are not divisible by 5. We shall show that the proposition holds also for n = 
2. Let 2" be the smallest power of the number 2 which will produce a 
remainder of 1 when divided by 57 = 25. (That is, & is least such that 2“ — 1 
is divisible by 25.) Now, assume that k < 5* — 5 = 25 — 5 = 20. If 20 is not 
divisible by & (that 1s, 20 = gk + r, where 0 <7 <k), then we obtain 


220 — | = Qektr — J] = 27(2e* — 1) + (27 — 1). 


But 279 — 1 is divisible by 25 (by Euler’s theorem), and 27 — 1 = (27 — 14 
is divisible by 2 — 1, which, by assumption, is also divisible by 25; 
therefore 2" — 1 must be divisible by 25, which is a contradiction of the 
assumption that & is the smallest number for which 2“ — 1 is divisible by 25. 
Therefore, k must be a divisor of the number 20; that is, & can be equal to 
only 2, 4, 5, or 10. But 27 — 1 = 3, 2° - 1 = 31, and 2!° — 1 = 1023 are not 
divisible by 5, whereas 2+ — 1 = 15 is divisible by 5, but is not divisible by 
25. Thus, the proposition of the problem holds also for n = 2. 

Let us now assume that the proposition of the problem holds for some n, 
but is invalid for n + 1, that is, that the least k such that 2* — 1 is divisible by 
5”*1 is less than 5” + | — 5” = 4-5”, We can show, exactly as above (for n = 
2), that & must be a divisor of the number 4-5”. But, moreover, we can show 
analogously that the number 5” — 5”~ ! = 4-5"~! must be the divisor of the 
number k. If it were true that k= q. 4-5"~ | + 1, where 0 <r < 4-5"~!, then 
5'— 1 would be divisible by 5”, which contradicts the hypothesis that the 
proposition of the problem is valid for the number n. Thus k has only one 
possible value: k = 4-5"~!. 

Since the number 


} lita alii = 1 soe Da-sn—2 = 1 


is divisible by 5” ~ ! (from Euler’s theorem) and is not divisible by 5” 
(otherwise the hypothesis would not be true for 7), then 


Qe-s8-? = g-5-1 +1, 


where g is not divisible by 5. From the expansion 


(a + b)* = a® + 5a‘tb + 10a*b* + 10a*b* + Sab‘ + 5° 
we obtain 
pase) _] = (243"-*)s —1l=(q-5*' + 1)-1 
= Hatl(gs.5in-6 4 gt. 5in-§ 4 Jas. 5en-4 4 gt. 5a-8) + 9.5m 


whence it is clear that 2*>”* ' — 1 is not divisible by 5”* '. Hence, the truth 
of the proposition for 1 implies that it is also true for n + 1, whence the 
statement holds for all integers. 


243. According to Euler’s theorem (see problem 241), the number 
gsi0-s? _ y — pas? _ J] — 27,812,500 _ 


is divisible by 5!°; therefore, for n > 10 the difference 


27,812, 500+n —_ 2" = 2*(27 012.500 = 1) 


is divisible by 10!°. That is, the last ten digits of the number 2”: 812. 500+ 
coincide with 2”. This means that the last ten digits of the numbers of the 
sequence 2!, 27, 23,---,2”,--- will repeat after every 7, 812, 500 numbers. 
Moreover, this periodicity begins with the tenth number of this sequence, 
that is, with 21°. 

It follows from the result of problem 242 that the period is, actually not 
less than 7, 812, 500. 

Remark: It can be proven analogously that the last n digits of the numbers 
in the sequence under consideration will repeat every 4-5” — ' numbers, 
beginning with the nth number of this sequence (for example, the last two 
digits would repeat, beginning with the second number, every 20 numbers). 


244. We shall prove an even more general theorem, namely, that for any 
integer N there is always a power of 2 whose last N digits will always be 
ones and twos. Since 2° = 32 and 2? = 512, the proposition is valid for N = 
1 and N= 2. We shall carry out the proof by mathematical induction. 


Assume that for some natural number WN the final N digits of the number 


2” are ones and twos. We are to show that there is a power of 2 whose last NV 
+ 1 digits will be ones and twos. 


According to the induction hypothesis, 2” = a - 10% + b, where b is an N- 
digit integer whose digits are all ones or twos. Let us designate the number 
5N— 5N~-1 = 4.5"! by the letter 7; then by Euler’s theorem (problem 241), 
the difference 2' — 1 will be divisible by 5”. It follows that if the integer k is 
divisible by 2" * | then the difference 2” — k = k(2” — 1) will be divisible by 
2. 10”. That is, the final N digits of 2"k and k will coincide, and the (N + I)st 
digit from the end of each will be both odd or both even. 

Let us now consider the following five powers of 2: 

a 

Qtr = 2r.2n : 

Qetir = Qr.Qutr , 

Qatar _ Qr ..Qnter , 

Qrtrer — 2° . Qatar K 
From what we have shown, the final N digits of all of these numbers will 
coincide (each of the numbers, as well as 2”, will terminate in the same 
number, b, which consists entirely of one and twos), but the digits in the (V 
+ l)st place from the end of all of them will be simultaneously even or odd. 


We shall now prove that the digits in the (V + l)st place from the end cannot 
be identical for any two of the five numbers. In fact, the difference of any 


two of the numbers can be expressed as 2”*1" (22" — 1), where m, = 0, 1, 
2, or 3, but m, = 1, 2, 3, or 4. If this difference is divisible by 10\*!. then 
2"°r) _ 1 must be divisible by 5*!; but since 
mr = m,°(5" — 5*-1) < 5.(5" — 5-1) = 5Nt1_ 5 

this contradicts the result of problem 242. 

Therefore, the digits standing in the (NV + l)st place from the end of the 
above five integers must be either 1, 3, 5, 7, and 9 (all appearing) or else 0, 
2, 4, 6, and 8 (in what order, we do not know). In either event, in one of 


these integers the (NV + I)st digit from the end must be | or else 2. This 
means that, in any event, there exists a power of 2 whose final N + 1| digits 


can comprise only the digits | and 2. This induction proves the proposition 
of the problem. 


245. Let a be one of the numbers of the sequence 2, 3, -- -, p — 2. 
Consider the integers 


a, 2a,:--,(p—la. 


Clearly, no two of these integers can yield the same remainder upon 
division by p; therefore those remainders will be the positive integers 1, 2, 
3, °° +, p — 1 (all appearing, but in what order is unknown and not 
important). (Compare with the solution of problem 240.) In particular, there 
will be an integer b in the sequence 1, 2, - - -, p — 1 such that ba, when 
divided by p, will have a remainder of 1. Now, b # 1 and b# p — 1, since 2 
< a Ss p —2, and were b = 1 then the number ba = a when divided by p 
would yield remainder a # 1; and were b = p — 1 the number ba = (p — 1)a= 
pa-—awhen divided by p would yield the remainder p — a # 1. Moreover, b 
# a, since if a* yielded a remainder of 1 when divided by p, then a? — 1 = (a 
+ 1)(a— 1) would be divisible by p, which is possible only for a = 1 and a= 
p — 1. Therefore, 2 = bs p— 2, and b # a, which means that each of the 
numbers 2, 3, - - -, p— 2 can be paired with one other distinct integer of this 
set such that the product of this pair yields a remainder of 1 upon division 
by p. Accordingly, the product 2. 3. 4---p—2 itself yields a remainder of 1 
when divided by p. 

Now the number p — | may be thought of as yielding the remainder — 1 
upon division by p. It follows that 


(p — 1)! = 1-2-3---(p — 2p — 1) = [2-3---(p — 2)]-(p — 
has the remainder —1 when divided by p. That is, 
(p-—l)!=kp—1; 
which says that (p — 1)! + 1 is divisible by p. 
If p is not prime, it must have a prime divisor g < p. Then (p — 1)! is 
divisible by gq, since g is one of the factors in (p — 1)!. But then q cannot 
divide (p — 1)! + 1; hence neither can p. 


246. Let p = 4n + 1 be a prime number. By Wilson’s theorem (problem 
245), the number (p — 1)! + 1 = (1. 2. 3: +--+ 4n) + 1 1s divisible by p. Now in 


(4n)! we shall replace each factor exceeding 2n by the identical number 
expressed in terms of p and n. For example, since p = 4n + 1, we may write 
2n+ 1 =p-—2n,2n + 2 =p -—(2n-1), and so on, until, finally, 4n = p — 1. 
Then (p — 1)! = (4n)! = 1- 2: 3-- +. (2n— 1)2n(p — 2n)[p — (2n — 1)]-- (p— 1). 

It is readily seen that if the right side is expanded, then every term will 
have p as a factor, except a final term which will be equal to [(2n)!]’. 
Therefore, (p — 1)! + 1 = Ap + [(2n) !]*+ 1, where A represents an 
expression unimportant to us. Since this number is divisible by p, and the 
term Ap is divisible by p, it follows that [(2n)!]? + 1 is also divisible by p. 
Therefore, the number x = (2)! = (25+): satisfies the conditions of the 


problem. 
Remark: We note that if the integer x has the remainder x, when divided 


by p, then since 
z?+1=(kp +a)? +1=(k*p + 2ka)pt+az3+l1, 


it follows that x? + 11s divisible by p. Therefore we might stipulate, as an 
additional condition of the problem, that x < p, since such an x = x, does 
exist. 


247. (a) The assertion of the problem follows immediately from the 
identity 


(a? + b*)(ai + bi) = (aa, + bb,)* + (ab; — bay)? . 


(b) First, it is easily shown that no number of the form 4n + 3 can be 
expressed as the sum of two squares. In fact, the square of every even 
number may be expressed as 4k, and the square of an odd number may be 
expressed as 4k + 1, since 


(Qa +1)? =4a?+a)+1. 


Accordingly, the sum of the squares of two even numbers may have the 
form 4n; the sum of the squares of two odd numbers may have the form 4n 
+ 2; and finally, the sum of the squares of an even and an odd number may 
have the form 4n + 1. Thus, an integer which can be written as 4n + 3 
cannot be the sum of two squares. 

It is a more involved matter to show that every prime number of the form 
4n + 1 may be expressed as the sum of the squares of two integers. Let p be 
a prime of form 47 + 1. We know from problem 246 that some multiple of p 


can be expressed as the sum of two squares; in fact, since there exists an 
integer x such that p divides x? + 1, there is an m such that 


mp=x*+1. ye 


From the remark following problem 246 we may find x < p, whence x7+ 


1 <p’, and so in (/) we may assume that, because of the suitable choice of 
x,m <p. If m = 1, the proof is completed. Hence we shall assume that m # 
is 


Now, if m is even, then x? + 1 is even, whence x must be odd. 
Then we can write 
m, /(x+1\ xz-1i\' 
2? = ( 2 ) * ( 2 ) 


That is, there exists an m' = = such that 
mp=xai+ty. 
If m! is again even, then either x, and y, are both even, or else both are odd. 


In either event, we can easily determine (reasoning as above) that there 
! 
exists an integer m'( = =) such that 


m'p= x+y, 


Now, if m is a power of 2, then the proof concludes in an obvious way. 
Hence we need consider only the case in which m is odd (to which the 
problem reduces if m fails to be a power of 2) and that we have 


mp = x* + y* 
(whether y? = 1 or not is not important in the sequel). 
Let x, and y, be the least remainders in absolute value which can result 
when x and y, respectively, are divided by m: 
x=mr+x., 
y=ms + Y: 
(either of x, or y, or both, may be negative integers). Then | x, | and | y, | are 
both less than c (equality cannot hold, since m is odd), and we can write 


mp = x* + y* = (m*r? + 2mrx, + xi) + (ms? + msy, + y?). 


It is clear that x? + y} is divisible by m: 
mi+yi=mn 
(it is readily found that n = p — mr? — 2rx, — ms, — 2sy)). 
We note that m < = indeed, since x; < - and ¥: < — it follows 


Z 
that 





m\? m\? m? 
mn = ai + yi < (2) + (3) _ 
2 
In addition, n # 0, since otherwise x and y would both be divisible by m 
and mp = x* + y* would be divisible by m7, which is impossible since p is 
prime and m is distinct from 1| and less than p. 
We shall now show that np may be expressed as the sum of the squares of 
two integers. From the identity in problem (a) we have 
mn-mp = m*np = (x* + y*)(xi + yi) = (xxi + yy.)® + (xy, — yx)? . 
But since x =mr+ x, and y= ms + y, the numbers 


xX, + yy; = mrx, + x2 + msy, + ¥} 
= mrx, + msy, + (xi + yi) = m(rx, + S¥, + M), 
XV, — YX, = My, + XV; — MSX, — X1y; = mM(ry; — $xX)° 


are divisible by m. Thus we obtain 


np = (= + ws) 4 ju = ay)" 


m m 


which displays np as the sum of squares. 
If, now, 7 = 1, we are finished. If n # 1, we can, by using exactly the 
same method, decrease this number, that is, find an n, <7 such that n, p can 


be expressed as the sum of the squares of two integers. If n, fails to be 1, 
we can find an 1, < n, such that n, p may be expressed as the sum of the 
squares of two integers. Continuation of this process produces a strictly 
decreasing sequence of positive integers for n,, which must terminate with 
1. Therefore, the number 1. p can be expressed as the sum of the squares of 
two integers: 


p= X*+ Y?, 
as was to be shown. 

(c) First, it follows almost immediately from the theorems in 
problems (a) and (b) that if a composite number N contains prime factors of 
the form 4n + 3, but only even powers of them, then N can be expressed as 
the sum of the squares of two integers. Indeed, in that case the number NV 
can be expressed as a product P?. O, where all the prime factors of P are of 
form 4n + 3, whereas all the odd prime factors of Q are of form 4n + 1. 
Since 2 = 17 + 17, then, from the theorems of problem (b), all the prime 
factors of O can be expressed as the sum of the squares of two integers. In 
that event, it follows from the theorem in problem (a) that even O may be 
expressed as O = x* + y*. But since this is so, 

N = p*-Q = (px)? + (py)? 
may also be expressed as the sum of the squares of two integers. This 


proves one part of problem (c). 

Let the composite number N, now, contain a prime factor p of the form 
4n + 3 to an odd power: N = p***! -m (where m is not now divisible by p). 
We shall prove that NV cannot be expressed as the sum of the squares of two 
integers. Indeed, assume that 


N=x2 +y%, 


where x and y are integers. Then upon dividing x’, y*, and N by the square 
of the greatest common factor of x and y, we must arrive at the equality 


M = X. . + y; : 
where MM is still divisible by p: M = M, p. By substituting for_X, and Y, their 
remainders x, and y, upon division by p, we obtain the equality 
— 2 
mp = x + Yi, where m < p [compare with the remarks after problem 
(246)]. But here, as in solution (b), p can be written as the sum of the 


squares of two integers, which is impossible [see the beginning of the 
solution of part (b)]. This completes the proof. 


248. For p =2 we have, trivially, 2 = 1? + 0* + 1. For an odd prime p we 
shall give a constructive method for finding two numbers x and y, both less 
than E. which satisfy the condition of the problem. 


Consider the ett integers 0, 1, 2, --, pot. The squares of any two of 


these numbers, when divided by p, will yield different remainders. In fact, 
the equations 


nm=kpt+r, 
w=kipt+r 
would imply that 
Xi — xa = (4, — %)(41 + 42) = (Ri — Ae) p. 
That is, 


(x, — XX, + 2X2) 


would be divisible by p, which is impossible since x, < 3 and fGpae x 
and so 
Xi +%i2</p, 
|x — m1 <p 
(remember that p is a prime number). Hence the numbers of the set 
O12, +, (B=) 
divided by p. This implies that the pet (negative) numbers 





2 
) yield pet distinct (nonnegative) remainders when 


ee ae -(25*) — 1 when divided by p also yield 


ett different (nonnegative) remainders (if —x?}—] and —x3— 1 yield 


identical remainders, then x? and x? also yield identical remainderst’). But 
since there are only p distinct (nonnegative) remainders possible after 
division by p (namely, 0,1,2, ---, p— 1), it is clear that of the p + 1 numbers 


= 2 
Of, 12, Qt... ew —1,—1? —1, —Z — 1, >>>, -(4) —1 at 
least two of them must yield the same remainder when divided by p. From 
what has been shown above for pairs of this kind, one number must be of 


the form x? and the other of the form — y” — 1. But if 
xt=kp+r, 
—y—l=lpt+r, 


then 
v+y=(k—l)p—l=mp—-1; 


that is, x7 + y* = mp is divisible by p. 

Remark: The problem could have required that neither of the integers x or 
y is to exceed p/2, that is, that the sum x* + y? + 1 be less than p? and the 
quotient m resulting from the division of x* + y* + 1 by p be less than p. 


249. (a) The assertion of the problem follows from the following 
identity: 
(xt + x + x3 + x(t + yt + 93 + yD) 
= (Xi: Yi + X2V2 + Kas + THe)? + KV — Hei + Hse — Xs)? 
+ (41s — XY + XsV2 — Xa Ya)® + (Lis — Xi + Has — Xa 2)’, 
the validity of which can readily be verified. 
Remark: Since the identity just displayed is rather involved, let us note its 


relationship to the simpler identity in problem 247 (a). The identity in 
problem 247 (a) may be generalized in the following manner: 


(aa’ + bb’Xaia{ + bib{) = (aa! + bb{ aia’ + bib’) + (abi — baiXa’b{ — b’a}). 


If in the last identity we now set 


a=2+ tr, a: = yi + tye, 
a'=2— tx, ai=yi— ty, 
b= a3 + 1%, b = ys +tys, 
b’ = a3 — it, (=ys—tys, 


where ; =7/—1, then we arrive at the identity of the present problem. 

(b) Since each integer may be expressed as a product of prime 
numbers, the result of problem (a) reduces this problem to showing that 
every prime number p may be expressed as the sum of the squares of four 
integers. 

The proof of this proposition is completely analogous to the solution of 
problem 247 (b). We know, from the result of problem 248, that there exists 
a number m such that mp may be expressed as the sum of the squares of at 
most four integers: 


mp=n+neatutx 


(we can consider x; = 1 and x4 = 0, although we do not need that 
information). We can further consider m < p (see the remarks on the 
solution of problem 248). We shall show that if m > 1, then m can be 
reduced; that is, we can always find some number n < m such that np can 
also be expressed as the sum of at most four squares. 

This proof is straightforward if m is even, since in that case 

mp = xi + xa + x3 + x 

is even, and either all x, (A = 1, 2, 3, 4) are even, or two of them are odd and 
the other two even, or they are all odd. In every case the four numbers x, x, 
x3, and x4 can be grouped into two pairs (say, x; x, and x3, x4), each pair 
consisting of two even or two odd numbers. Then the numbers 


X; + Xe X3 + X% 
2 , 2 ‘ 

ae “= Ze ag om 2s 
2 , 2 


will be integers, and we will have 
m ,_ (x +t %\' <i — %\* x; + x,\’ aoe | 
rene) ee) FCS tS | 
That is, the number =p can also be expressed as the sum of the squares of 


at most four integers. 

The case where m is odd is more involved. Let us substitute y, (A = 1, 2, 
3, 4) for the remainder, smallest in absolute value, which can appear when 
x, 18 divided by m (if when x; 1s divided by m there is a positive remainder 


greater than =. then we increase the quotient by | and show a negative 


remainder, whose magnitude 1s then < >) 


Xe = MQ + Ve (k = 1, 2, 3, 4) : 
* 


5 (none of the 


where y, is a positive or negative integer and | ye! < 
integers y, can have magnitude ~ , since m is odd). 


We now have 


xe = meget 2mguye + Ye = MQ t+ yi (k=1,2,3,4) | 
where Q, = magi + 2qyy% 1S an integer. Therefore, 
mp=ntmetuatu=mt+yityityit yi 
(here q = Q, + OQ) + O3 + Oy) and 
Vit yet yse+ y= mn 
(here n = p — q). In this connection n < m, since 


2 
mn=yityitytsi<4() = m 


moreover, 1 # 0, since otherwise all x, would be divisible by m and 


Xi + x2 + x3 + xi = mp would necessarily be divisible by m?, which 
is impossible, since p is prime and m is different from 1 and less than p. 

We now show that the number np also can be expressed as the sum of not 
more than four squares. We shall see that each of the numbers mp and mn 
can be expressed as the sum of not more than four squares. From the 
identity proven in problem (a), it follows that the product 


mp-mn = m'*np 
may also be expressed as the sum of the squares of four numbers: 
m'np = (X1¥1 + X2Vo + Xs Vs + Xs)" 
+ (Xi: ¥2 — X21 + Xa Ve — Xs)" 
+ (Xi Vs — XsVi + X24 — Xs V2)? 
+ (X14 — Xi + Xs — Xa V2) 


We shall show that both sides of the last equality may be divided by m7. Let 
us substitute on the right side of the equality mq, + y, for all x,. We see that 


all the expressions in parentheses on the right side of the equality are 
divisible by m: the expression in the first set of parentheses is divisible by 
m, since vi + y; oh ¥3 a yi = mn is divisible by m, and the 
expressions in the remaining three sets of parentheses are divisible by m 
because after the substitution x, = mq; + y;, all the products of the form y,y, 


and so on, cancel. Now if we divide the last equality by m’, we obtain 


2 
mp=zit+2at+at+2 
) 


as was to be shown. 
Thus, if the number m in the equation 
mp=xnitmatxuytx 


is not equal to 1, it can always be decreased; that is, there will always be a 
positive n < m for which a similar equality exists. If m # 1, we can still 
decrease the number n. In this way we obtain a strictly decreasing sequence 
of positive integers m >n>n,>--- until in at most a finite number of steps 


we obtain 
p= X+X+X4+X . 


250. Let us assume that 4”(8k — 1) = X* + Y? + Z*, where X, Y, and Z are 
integers (one or even two of which may be zero). For n > 0, the numbers_X, 
Y, and Z must all be even, for if precisely one is odd (and the other two 
even), then the sum X? + Y* + Z will be odd, and if two are odd (for 
example, ¥ = 2k + 1 and Y= 2/ + 1) and the other (for example, Z = 2m) is 
even, then the sum 

X* + Y* + Z* = (2k + 1)* + (21 + 1)* + (2m)? 
=4k+kR+P+1+ m")+2 


is not divisible by 4. Now if we set 
X 
=X, = =2, 


a 
Y 
Oo = Y; ’ 
we atrive at the equation 

4*-*(8k —1)= X3+ Y¥}3+Z} - 
Ifn>1(n—1>0), it can be shown, exactly as before, that all three of the 
numbers X;, Y, and Z, also must be even, from which we obtain the 
equation 


4°-*(8k — 1) = X7+ Y¥3+2Z; 


where X>, Y>, Z, are integers. Continuing to reason in exactly the same way, 
we are finally led to the conclusion that the number 8, — | also must be 
expressible as the sum of three integers: 
R-l=+y+2. (1) 

Either one, or else all three, of the numbers x, y, z must be odd; in any 
other case the sum x? + y? + z* would be even. But the square of an odd 
number 2n+ 1, 

(2n + 1% = 4n* + 4n+1=4n(n+1) +1, 

always has a remainder of 1 when divided by 8 [since one of the 
consecutive numbers 1 and n + 1 must be even, which means that 4n(n + 1) 
is divisible by 8]. The square of an even number has a remainder of 0 when 
divided by 8 (if the number itself is divisible by 4) or else a remainder of 4 
(if the number itself is not divisible by 4). This implies that if all the 
numbers x, y, z are odd, then the sum x? + i + z* has a remainder of 3 when 
divided by 8, and if two of them are even, and one is odd, then when x2 + y 
+ z* is divided by 8 there must be a remainder of 1 or 5. Thus, the sum of 
the squares of three integers can never yield a remainder of 7 when it is 
divided by 8. This contradiction of (/) proves the theorem. 


251. We employ the identity 
(a + b)* + (a — 6) = 2a* + 12a°b? + 25° | 
which follows from the expansions 
(a + b)* = at + 4a°d + 6a°*b* + 4ab® + Dt, 
(a — b)* = at — 4a*b + 6a*b? — 4ab®> + Dt 
It follows from this identity that 
[(a + b)* + (a2 — b)] + [(2 + c)* + (2 — c)] 
+ [(a@ + d)* + (@ — d)*] + [6 + c)* + O— €)'] 
+ [((6 + d)* + (6 — d)‘] + [(c + d)* + (c — d)‘] 
= 6at + 6b* + 6c! + 6d* + 12a*b* + 12a%c* + 12 a*d? 
+ 12b%c? + 12b°d? + 12c*d? = 6(a? + 6? + c? +d’) | 
Thus 


6(a* + b? + ct + d*)? 
= (a + b)' + (a — 6)' + (a+) + (@—c)'+(a+d) + (@—d) 
+ (b+ c+ (6—c)'+ (6+ d)'+ (6—d)'+ (c+ d)*+(c—d) 
or, expressed in words: if a number can be expressed as the sum of four 
squares, then six times its square can be expressed as the sum of twelve 
integers, each raised to the fourth power. But, from the result of problem 
250, each integer can be expressed as the sum of four squared integers 
(some of which may be zero); this implies that six times the square of each 
integer can be expressed as the sum of twelve integers, each raised to the 
fourth power (some of these may be zeros). 
An arbitrary integer N divided by 6 has a remainder of 0, 1, 2, 3, 4, or 5; 
that 1s, 
N=6n+r, 


where r = 0, 1, 2, 3, 4, or 5. Further, from the theorem of problem 249 (b), 
the number 1 may be expressed as the sum of four squares of integers 
(some of which may be zeros): 


n=xrty4+27te, 


By what has been shown above, each of the numbers 6x”, 6y’, 6z*, and 677 
(which are expressed as six times the squares of integers) can be expressed 
as the sum of twelve integers each raised to the fourth power (some of 
which may be zeros). Thus the number 
6n = 6x" + 6y* + 627 + 6. 
can be expressed as the sum of 4. 12 = 48 integers, each raised to the fourth 
power. But since r = 0, 1, 2, 3, 4, or 5, that is, 
r= 0+0°+0'+0'+0', 

or r=1°+0+0°+0°+0', 

or r=1'*+1*+0'+0'+0', 

or rv=1'+1'+1'+0°+0, 

or v=1]'+1'+1*+1+0', 

or r=1*4+1'+1'4+1'+1', 
the integer NV = 6n+ r can be expressed in the form of the sum of 48 + 5 = 
53 fourth powers of integers (zeros allowed). 


252. Set 
a=x3+y3+23, 
From the identity in the solution of problem 162 (b) we have 
+9 fae -@e et s+ef~s—/—F 
= 3(x + yx + zy + 2) 
or 
a=(x+y+2)? — 3x + yx + 2)y + 2) 
(see the hint for the present problem). This brings us to the new unknowns, 
xt+y+z=Z,x+y=Y, and x. We have y = Y—-x and z = Z — Y, and, 
therefore, 
a=(x+y +2) — Xx + yx + zy + 2) 
= Z'—3Y(x+ Z2— YXY-—-x+Z-—Y) 
= Z°—3Y(Z+ «— YXZ— x) 
= Z'—3Y(Z* — **) + 3Y%Z— <x). 
We can now simplify the equation considerably by supposing that the 
unknowns x, Y, Z are related by 


Z'=3Y(Z* — #*), 


2-of\-(8) 


(see the hint for this problem). In this case our equation will take the form 


or the equivalent 


a =3Y"Z—x)= 3¥#Z(1 “ +) 


2-of\-(8) 


by 


a = ov*(1 ~ S)(1 + 5) | 


2 


or, since 


the form 





Let us introduce, together with the unknown x, a new unknown, X = = : 
We then obtain 
a=9Y*%1 — X)*(1 + X); 
22 3Y(1 — X*). 
Finally, let us introduce, together with the unknown Y, a new unknown, 
Y=3 Y(1 —« ) Then the relation concerning the unknowns will take 
the form 
Z=Y(1+X) , 
and the equation will be in the form 
le, 1+X 
= —Y? 
pee 


We are now at the end of the solution. Indeed, from the last equation _X is 
expressed rationally in a (and y): 


_3a-¥ 
3a+ Y* . 
ee Sele : 
Thus 1 ee and A= Ya + X), then 


a= x* + y® + 2° : 


where x, y, and z are as in the following formulas: 


gu.ZX, 

a 
y= Y-x 3 — X) t+. ae 
+, Y 
=Z-—-Y=Z- ——_ 
. x1—X) * 


From these formulas it follows, in particular, that x, y, and z are rational, 
if only the unknown Y is rational. We may choose any desired y in the 
formulas. (This circumstance is analogous to that where we simplify the 
equation x* + y° + z? = a using the relation y = — z; then the unknown z may 
be chosen arbitrarily. See the hints for this problem). 

We have thus found the solution to the equation 


e+y+2=a 

in rational numbers (and even as many solutions as are desired which are 
related to the chosen distinct rational values of y). We have only to show 
that y may be so chosen that x, y, and z will be positive (here we may 
employ the positive number a, which we have not used as yet). Let us 
express Z=x+y+z,Y=x+ty,andZ—x=y+zin terms of x and y, 

xt+ty+z=Z=Y(1+X), 

Y 

HX1— X) ’ 
yt+z=Z-—x=(1—X)Z= Y(1— X?), 


and in these formulas let us set 


x+y=Yo= 


i= Fei eee 


3a+Y* 3a+Y*’ 
3a — Y* 6a 
1 AT a 
™ *3a+ YY? 3a+¥? 
We obtain 
6a Y 
EIST A ee Zi 
_ 3a+ Y* 
aT ee ys 
12aY* 
— — | 
yy? @at+Y¥) 
In these formulas let us set ¥ = #/3a, that is 
3a = Y* 
(this value of # may, of course, be irrational). We obtain 
x+y+2z=-/Y, 
1 —_ 
=—Y 
or? =" % 
y+z=Y; 


that is, 


~-liyils-z 
2s 
2=29=2 yaa. 


Let us choose a ¥ such that it will be rational and sufficiently close to ¥/3a 
(it is possible to find a rational ¥ as close as we wish to #/3q. In that case y 
and z remain close to 4 ¥/3a and to 3 %/3@, respectively (they remain 
positive). Further, from the formulas we find 

xt+y+z 3a+Y 
¥+s @Y? 


Therefore, if it is still necessary that the chosen value of Y be less than {/3a 
(so that 3g >» ys and 3g + Y > 2Y%), then we have 


Sie a A ot SO a ab I 
yt2z 2Y* : 
and therefore x will also be positive. This cancludes the proof of the 
theorem. 


For example, consider the case @ = §. By setting Y = ] in the formulas 
we can easily obtain 


Sie 
9’ 
Bem 
+= 18° 
M, 
6 ’ 


in fact, 


253. It follows from the result of problem 159 that there must be an 
infinite number of prime numbers. (That problem implies that prime 
numbers occur in the sequence of integers sufficiently “often”; for example, 
they occur “more often than” squares. See the remark to that problem). 
Also, from problem 65 we see that there must be an infinite number of 
prime numbers: if there existed only n prime numbers, then there would be 
no more than 1 number-pairs relatively prime to each other. 

A much simpler and more direct proof of the theorem of the infinitude of 
prime numbers, ascribed to Euclid, is the following one. 


Let us suppose that in all there are m prime numbers 2, 3, 5, 7, 11, °°, p,. 
Let us form the number N= 2-3-5-7-11---p, + 1. The number N is 
greater than all the prime numbers 2, 3, 5,-- -, p,, and must therefore be 


composite. But since N — | 1s divisible by 2, 3, 5, 7,---, p,, it follows that NV 


is relatively prime to all prime numbers. This contradiction proves the 
theorem. 


254. (a) The proof given here will be quite similar to Euclid’s proof of 
the existence of an infinite number of primes. The integers comprising the 
first sequence given in the problem are all those of form 4k — 1. Assume 
that only a finite number of primes appear in the sequence, that is, 3, 7, 11, 
19, 23, +++, p,. Consider the number 


N = 4(3-7-11-19-23-++p,) —1 | 


This integer exceeds every prime which appears in the given progression, 
and so, being a number of form 4k — | (hence belonging to the progression), 
it must be composite. Factor N into its prime factors, none of these factors 
can be of form 44 — 1, since N+ 1 = 4(3:7-11-15-19---+p,) is divisible 
by all primes of form 44 — 1, and, consequently, N is relatively prime to all 
these numbers. Since N is odd, it must then be represen table as the product 
of primes of form 4k + 1. This is impossible, since the product of numbers 
of form 44 + | is again a number of this same form, 


(4k, + 1)(4k, + 1) = 16R,k, + 4k, + 422 + 1 
= 4(4kk, + k, + k2) + l = 4k, +1 , 


and Nis of form 4k — 1. 


Thus the assumption that there is a finite number of integers of form 44 — 
1 produces a contradiction. Hence the number of primes in the given 
sequence must be infinite. 
The proof for the second sequence, which contains all the integers of 
form 6x — 1, is quite analogous. 
(b) The proof of this problem is based on the same idea as that just 
presented in part (a). Assume that the sequence 5, 9, 13, 17, 21, 25,-- - 
contains only a finite number of primes: 5, 13, 17, - - -, p,. Consider the 


number 
N = (5-13-17---p,)? +1 | 


The number JN is clearly not a perfect square (it is one more than a square). 
However N is the sum of two squares; from problem 247 (b) it follows that 
N can only be of form 4k + 1 (no number of form 4k — 1 can be expressed as 
the sum of two squares). From this point the method of proof is analogous 
to that used in problem 253 or 254 (a). 
(c) The proof is somewhat more complicated than the proofs of parts 

(a) and (b), although it is still based on the same idea. 

Assume that in the sequence 11, 21, 31, 41, 51, 61, - - - there exists only a 
finite number of primes: 


11 31,41,61, 2°. p>: 


Consider the integer N = (11 - 31- 41 - 61 -- - p,)? — 1. This number is 
relatively prime to all the integers 11, 31, 41, ---, p,, since N + 1 is divisible 
by all these integers. We shall designate the product 11 -31-41--- bya. 
Then 


N=a@—1l=(a—ly(at+a+a8#+at+l) 


Let us investigate what factorization of N can produce a factor of a* + a? 


+a*+a+1. Clearly, a4 +a? +a? +a+1 is not divisible by 2 (it is the sum 
of five odd numbers). Further, at + a? + a* + a + 1 is divisible by 5, 
inasmuch as a itself terminates in the digit 1 (a is a product of numbers all 
ending with 1; a’, a*, and a* each end with the digit 1, and so the sum a* + 
a> + a*+a+1 ends with the digit 5). Now let p be a prime divisor of a* + 
a+a*+at| differing from 5. Here, a — 1 cannot be divisible by p, since 
otherwise a would be of form kp + 1, and so a’, a, and a* (which are equal, 


respectively, to (kp + 1)’, (kp + 1)°, and (kp + 1)*) would be of the same 
form, and the number 


a+a+aé+at+1=(kp +1) + (kp +1) + (ep +1) 4+ (kp+1)+1 


would yield a remainder of 5 upon division by p. It follows that p — 1 must 
be divisible by 5; in fact, suppose that p — 1 yields the remainder 4 when 
divided by 5: 


pH-l=dsk +4, 


We note (Fermat’s theorem, problem 240) that a? ~ ' — 1 is divisible by p. 
But in this case 


ae-'§—] = q**t*4 — ] = at(qg** — 1) + (at — 1) , 


and since a** — 1 = (a°)‘ — 1* is divisible by a> — 1, which means that it is 
divisible also by p, it follows that a+ — 1 is divisible by p. However, 
a —1=a(a*—1)+(e-1) 


consequently, if a> — 1 and a* — 1 are divisible by p, then a — 1 also must be 
divisible by p. This, as shown above, is impossible. It may be shown, in 
analogous fashion, that p — 1 cannot yield the remainders 1, 2, or 3 upon 
division by 5. 

Thus, p — 1 1s divisible by 5 and is an even number (p being odd). 
Consequently, p — 1 is divisible by 10, which means that p is of form 10k 
+1; that is, it belongs to the given progression. Therefore, it is established 
that the prime divisors of the number a*+ a? + a? + a +1 can be only 5 and 
prime numbers of form 10¢ +1. 

However, the number a*+ a* + a* + a +1 is obviously larger than 5, and it 
is not divisible by 5* = 25. In fact, the integer a ends with the digit 1 and is 
consequently of form 54 +1. Further, by the binomial theorem, we have 


a+a+at+at+l 
= (5k + 1)* + (5k + 1) + (5k + 1)? +5k +141 
= 625k* + 4-125k* + 6-25k? + 4-5k + 1 
+ 125k* + 3-25k? + 3-5k +1 
+ 25k? + 2-5k+1+5k+1+1 
= 625k* + 5-125k* + 10-25k? + 10-5k + 5 
= §-[5(25k* + 25k° + 10k* + 2k) +1). 


It follows that this number, and, consequently, NV = a> — 1, must have at 
least one prime divisor of form 104 +1. But, as noted above, WN is relatively 
prime to all prime numbers of form 104 +1. This contradiction proves the 
theorem. 

Remark: We note that this proof, almost as it stands, will allow us to 
prove that any infinite arithmetic progression consisting of integers of form 
2pk + 1, where p is an odd prime, contains an infinite number of primes. 


255. (a) Let a and b be adjacent sides of a rectangle; then its perimeter is 


P = 2 (a + bjand its area is S = ab. From the so-called theorem of the 


: a+b 
geometric and arithmetic means [that is, ab S ( 





2 
) ; see the discussion 


of Section 11 (Problems)], we have 


a+b\? ae Ny 
= s(t] =I 
ie ( 2 ) ( 4 | 
It is obvious that the area S will be maximal when s in this expression 
represents equality; this happens only for a = b. Therefore, of all rectangles 
having the given perimeter P, the rectangle of greatest area will be a square. 


(b) The solution is analogous to that of part (a), except here S is fixed 
and P becomes least when a = 5. 


256. Let a and b be the lengths of the legs of our right triangle, and let c 
be its hypotenuse. Then 
c2 = a? + b*. 
Let d=a+b be the sum of the legs. From equation (/') of the discussion of 
Section 11 (Problems), we have 





zs 
that is, 
d C 
22/2" 
or, 
2C 
ds75 - 


257. In view of equation (/) of the discussion of Section 11 (Problems), 
we may write 


tana + cota 2 2//tana-cot a = 2 
The equality holds only when tan a = cot a that is, for a = 45°. 


258. We shall rewrite the inequality 


oer 2 (24) 
2 2 : 
; l 1 
Using SEE e Sand gemeeaer:. Then 
2 2 
4 Fe zq(a+> ++ 5) 
2 a b 


1 
4 

1 1)\?_1/,, a+b\*_1/,, 1) 

(+245) =4(1+ ab )=<0+<5) 


The fraction = is least when ab 1s greatest; hence by inequality 


| 


(Z) of the discussion in Section 11 (Problems), we have 


ab s (44°) 1 





i or 


Thus, ae >4and ] + se => 5. It follows that 
ab ab 


1\? ) Ge a g 25 

saan py Ge Se 
(2+7) + (0+ 5) B2(1+ ap) Bz 2° 
which was to be shown. The equality is attained only for a=b= > 


259. In view of inequality (/) of the discussion of Section 11 (Problems), 


we have 








ate > Vab é 
ores i. 
oot Va. 


If these three inequalities are multiplied together, we obtain 


BE ONO LCT D2 VaR = abe 


Equality takes place only if all three inequalities are equalities, that is, for 
a=b=c. 


260. By inequality (/) of the discussion of Section 11 (Problems), we 


have 
a+bx‘_ a 2> y a = 
oe + bx? 22 abt 2V ab | 
Equality holds only if 
< = bx, 
x 


= a 
LVS . 


261. Let the lengths of the two beams of the scale be a and Jb, 
respectively. Then in order to balance a weight of 1 pound placed in one of 
the pans—say on the pan hung from the beam of length a—the butcher 


stn a 
must place in the other pan an amount of meat weighing actually ' * = % 


pounds (since the moments a - 1 and b- x must be equal in order to produce 
equilibrium). Similarly, if a one-pound weight is placed on the other pan, it 


will be balanced by = pounds of meat. Therefore, the butcher gives out 
b 


= += pounds of meat, and this is weighed out as 2 pounds. However, 
ab ab a*—2ab+b* (a—b) 

SS ee I ee Sg 4" 
tps [ since Pre 2 ah ab 20, and 


equality can hold only if a = b| This means that the butcher gives out more 


meat than he charges for. 

On the other hand, suppose the butcher sells his meat in the following 
way: A given piece is divided into two equal parts, and each part is weighed 
on a different pan. Let us assume (since other cases can be easily handled 
by similar reasoning) that the true weight of the whole is exactly 2 pounds; 
thus, each piece has true weight, by assumption, of 1 pound. When one 
piece of meat is placed on one of the pans, the total of the weights needed to 
balance it comes to 7 pounds, and when the other piece is placed on the 


F d b 
other pan, the total of the weights needed to balance that piece comes to _ 


pounds. Thus in this case, the sum of the markings on the weights exceeds 
the total weight of the meat—that is the butcher is shor-weighing his 
customers. 

Thus, whether the customer gains or the butcher gains depends upon the 
procedure used. The reader is invited to answer the equestion: Is a paradox 
involved here? [Editor. | 


262. (a) The harmonic mean H of two numbers a and 6 is defined by 


i,t 
_ ©... 22, 


l 
H : eo 


thus = _2ab _ We see that 
a+b 


a+ 2a = 
“sayy OO 


(b) The result called for follows from part (a) and from inequality (/) of 
the discussion in Section 11 (Problems). 


263. It is to be shown that 
a+b+c—3¥Vabe 20. 


If we refer to problem 162 (a), we find 
at+b+c—3¥abe =(Y¥a+¥b+%Vc) 
x (Ya? + YR + Yet — Yab — Ybe — Yac) 
=SVT+ YO + VO) Va —2 Yad + VE 
+ YF —2¥be + Vo + Va? — 2 Vac + Ye?) 
=H YE + YT + YO) 
x((Y¥a — Vb 4+ (YO — Yer +(Ve — VYayj20 © 
The equality sign is obtained only if all three differences 


Ya —¥b, 
¥b —V¥Ve , 
Yo-Va 


are zero, which happens only when a = b=c. 
264. By Heron’s formula, the area of a triangle having sides a, b, c, is 
equal to 
S = Vp(p — a)(p — b)(p — c) 
=VpP-V(p—a)(p—b)(p—o) , 


a+b+e 


where p = is the semi-perimeter. In view of problem 263, 


_ __ —_ 3 
(p-0)(f-D(d-0s (Poetpaotp—s) 


(52-9). 


Since the sides of an equilateral triangle having perimeter 2p are each equal 


to 2p , we have 


(p —a)(p — bp —0) =(p-2 6) =(40) 


b] 


which yields the greatest possible area for the triangle. 


265. The volume of the pyramid is 


} a 
6 


However, from problem 263 we see that 
& +9 + sy a‘ 
s (2) - = 
iia ( 3 27 
Since the number = is independent of x, y, and z, the condition for 
maximal volume is 


a 
x=—=yr2-— 


3 


266. It suffices to prove that 
(a, + bi((@z + bz) (as + bs) = ( Yavaras + Yb. )° 
We have 
(a, + ,) (a, + bz) (as + bs) 
= A,G2d3 + bibebs + (aid2bs + aiasb, + a243b;) 
+ (aibebs + aebybs + asb,bz) . 


However, 


( ¥a,a.a3+ ¥/b,b.b3) 
= @0:03 + bybebs + 3 Vatataib,b.b, + 3 Va,a,abibb, 


In view of the inequality of problem 263, we obtain 


b b 
a 


Debs + A2bsb, + a3b,b —— 
ee ¥a,a.a.b bb ' 


A comparison of the last three formulas yields the result sought. 


267. The inequality of the problem may be written in the form 


Qa, + Q2+°:: tan)" 


aay +++ aan < ( Om 


From inequality (/) of the discussion on of Section 11 (Problems), it 
follows that 


and we also have 


2 ( a; + my 
a3, = ~~ 2 ’ 


from which we obtain 


i + Gs a3 +a,\"- 
< ae a oa sas. a 
4,4,4;8, = D 2 = 9 


a0 (* + a2 + a3 + | 
aj co Oe 
We find, in an analogous manner, that 


as + dg + a; + as\* 
G;452703 S oo , 


and from this we obtain 


aaa) . 
4 4 
ag Bs" 2 — 


= (4 eae a) 


Repetition of this process finally yields 


’ (2) 


(4 + Qo tes t+ an)" 
a2, @,:50OoOr—X—X—m—"—S———— 


2 


which is what we wished to show. We note that in (/) the equality is 
obtained for a, = a>. If this fact is employed repeatedly, we find that the 


equality holds for (2) only for 


Oy Ae ee Se 


268. There exist many proofs of this theorem, some of them not 
elementary. In view of the importance of this theorem, three different 
elementary proofs will be given. The first will be based on the result of 
problem 267, and the second and third will use mathematical induction. 

First Proof. We show first that if the statement of the theorem concerning 
arithmetic and geometric means holds for n + 1 positive numbers, then it 
holds for n positive numbers. Assume that for any set of 1 + 1 positive 
numbers ay, as,-+-, as, ae»; 


Q, + G2 +++ + Ga + Gnti . ooo 
a coe — 'Y aia2° **AnGn+) 
or, 


(4: + az +°+++a, + om 
=  £e——— a = aa, 


n+ 1 ** "Annis 


If we substitute into this inequality 


a, + a: +°°*'+d, 


aanei = 
n 9 
then we obtain 
. A, + Gp t++++ +p 
oe duevdag ag, “TET Tet n 
n+l n+1 
n+l 


a tae +++ + an 


——— (a; + a: +-** Gn) 
S:: _ Seaa ees ee — 
n+l n 


Consequently, we have 


oo gene aaa 
(Set i 2 aya, -a, (S74 ae) 


a, + @, +°'' +4, 
If we cancel aia” ‘aai on both sides and take the nth root, n we 


arrive at the desired result, 


et ee nonisiade 
at - —>"V/aias---a, 


But in view of the result of the preceding problem we know that the 
theorem of arithmetic and geometric means holds for arbitrarily large 
integers, in particular, for integers of form 2”. Therefore, the theorem holds 
for arbitrary n, since given any n it is dominated by some number 2”, and, 
by what has just been shown, the theorem holds for 2” — 1, 2” — 2, and so 
on, and thus for n. 

Also, if for n + 1 numbers equality holds only if all the numbers are 
equal, then the same condition must clearly hold for n numbers. Since this 
condition for equality was shown necessary in problem 267 for n = 2”, it 
also applies in this problem. 

Remark: This method of proof, which somewhat resembles that of 
mathematical induction, is sometimes called transfinite induction. It may be 
stated as follows: if the truth of the theorem for n = x + 1 implies that it 
holds for n = k, and if, no matter what positive integer n is chosen, the 


theorem can always be demonstrated for some integer exceeding n, then the 
theorem holds for all natural numbers n. 
Second Proof (mathematical induction). For n = 2, we have 


a,+a 
2 Vana, 


Assume that the inequality of the problem has been proved for some 
number n of positive numbers; we shall show that it must hold for n + 1 
positive numbers. Let a), a) + °°, a,, a, + ; be n + 1 positive numbers, 


arranged such that a, , ; 1s the largest. Since 


Qn4i1 2A, 

An+1 = a2, ee, Ants = ayn ; 
it follows that 

ilies >% + Gz +°:"+Gn 


n 
We shall write 
GQ, + Ap +++++ a4, 


= A,, 
n 
G1 + Grt-+++Gn+Gnr1_ 
n+1 err 
Then 
_ NAg + Gnas) 


Aa = n+1 


But since @,4; 2 A, we can write a,,, = A, + 6, where 20, then 


mA.t+Art+b_, , 6 


Aart = n+1 n+1 


If both members of the last equation are raised to the (n + 1) st power we 
have 


(An =(Aat+ 535)" 
b 


ae n+! 1 a 
= (Aa)! + Chei(Aa*—— + °- 


= (A,)"*! + (Ax)"b = (An)“An + 5) = (As)*@uti | 


Since, by the induction assumption, the inequality holds for n numbers, that 
1S, 
(Ax)" 2 02° + +n 


it follows that 


(Anss)**! = (An)"Qn+1 = @\d2***AnGn+t » 
and, consequently, 


An+1 = "t11/aia2- **Gnit. 


Now, if not all the numbers are equal, then b > 0, and the strict inequality 
holds. 


Third Solution (mathematical induction). Designate a, by b,", and so on; 
then the inequality whose proof we seek takes on the form 


bf + bf +---+b2 = nbibo-+ +d, 


Suppose that this inequality is assumed to hold for any n positive numbers; 
we shall show that it holds for n + 1 numbers: 


BET + Ba ee + ORT + BEG S (+ Wdides + Dass 
Dividing both members of this inequality by o*}} , and designating 2 es ~ by 
c;, and so on yields 
ch ter tee ten +1 (m+ Leics: + en 
or, 
Cer tees He SB (+ Deiee-+*tn — 1 | 


But by the induction hypothesis, 


Crt et eee fh S (Crees cg) Ot 


Hence it suffices to show that 
(n + 1)e,¢2° °°Cy l _ n(C;C2° . “Cy)ieti/s ; 


or, designating "\/¢,c,--- c, by k, that 
(n+ 1k*—1ls nk | 


The last inequality follows from the following computation: 
(m + 1)k™ — 1 — nk**! = —nk(k — 1) + (R* — 1) 
= (k — 1)(—nk* + kk" + Re? +--+ +k +1) 
= — (k — 1)[(k* — k™"') + (R* — Re-*) +--+ (R* — 1] 
= — (k —1)*[k""! + kk +1) +--- 
+ R(k™-* + R®-? +--+ +h +1) + (R1 +k? 4+--- +k +1) 50 
(for & > 0, the expression in brackets is clearly positive). 


The final inequality shown reduces to equality for « = 1. Mathematical 
induction may be employed to show that equality will hold only if 


GQ=Q="-=c¢=1. 
that is, if 
b, = db, =+-+= by = Dats | 
Remark: Other proofs may be found in the volumes referred to at the 
beginning of Section 11 (Problems); see, for examples, the volume by 
Hardy, Littlewood, and Polya. Moreover, the inequality of this problem is 
easily established from the results of problem 269 (a) and (b) and problem 


270, provided problem 268 is not used to establish it. (See, for example, the 
second proof of problem 269 (a) and (b). 


269. (a) First Solution. Designate the n positive numbers by x), x5, ° °°, 
x,. By the imposed conditions, the sum x; + x» +: -+++x, 1s given, and 
hence so is the arithmetic mean 

Hs Xe 22° + Re 


=A 
n : 


By the theorem of arithmetic and geometric means 


XXq" +X, S A" 


for which the equality is obtained only for 


X= X= = 2 =A | 


Therefore, this product assumes its maximal value A” for 
Ay = Xe 99 = Xn 
Second Solution. Arrange the n positive numbers in increasing (non- 
decreasing) order: 
HSXM BMS **' DK. 


If all the numbers are equal, we have 


Xi + Xe fot in)" 


XXq** *Xy_ = ( n 


Assume that not all these numbers, are equal. We shall show, under this 
assumption, that there exists another set of nm numbers having the same sum 
but whose product exceeds x; x7 °° xX). 


Let A be the arithmetic mean of the numbers x, x, °° -, x,. We have, 
from our assumptions, 
1 < Xe 
Ce sae 
Z>A. 


Replace the numbers x, and x,, respectively, by new numbers x} and x} 
which preserve the arithmetic mean: 
Xi + Xp + Xs ++ +Kn-1 + Xs 


n ae 
To do this, we can set 
m=A, 
Xi =X, + (xn — Xs) 
In the product x, x, - ++: x, all the factors except the first and last are left 


unchanged; we shall show that the product x’, x’,, exceeds x, x,: 


Gt, > Bike. 


We designate x — x’, by ¢; then x’, =x, — tand x’; =x, +t. We have 
XeXi = (x, — f(x, + 1) = Xux, + (x, — x,t -—8 

But since x’, = A> x ,, we have 

in — Xi > Xe — Me =l 
from which we obtain 

(%,—%1)—-i?>0, 

(x, —x,t-—#>0, 
and, consequently, 
XOX} = XeX, + (x, — XL — LA D> Xam | 


If the new set x,', x», x3" °°, X, _ 1, 4 1S now not yet composed of equal 
numbers, then, arranging them again in increasing order, we may repeat the 
previous procedure to find a new set whose sum is the same but whose 
product is greater: In this new sequence at least two of the numbers will be 
equal to A. Repetition of this reasoning must finally produce a set all of 
whose elements are the number A. 


(b) First Solution. Set 


ay 

— —— xX, > ser ee ef . ’ 
ae 

ae QAn-1 
——=—2:, —— = Xn-1 
as an 

as a 

—= 2%, — =X, 

a, a; 


The geometric mean of the n numbers x), x5, - - ‘x, 18S equal to 1. Hence, by 
problem 268, we have 
xi a 


that is, 


X +X t+ X20 7 


Second Solution. The given inequality is readily proved by mathematical 
induction, without recourse to the theorem of arithmetic and geometric 
means. Assume the inequality valid for n — 1 positive numbers, that is, 


a a an- an- 
Sp i eal. (1) 
GQ, Gy an-1 ay 
We shall show that the inequality is then implied for n positive numbers. 
Let a, be the least of the n numbers a), a, °° +, a,. Then 
ay 7 an = 0 ’ 
An-1 2 Ay. 


Hence @y-;(@; — Gx) ]} Gn(Qy — G@,), and then 
2 
Q,an-1 + Qn — GnQn-1 = Qn, . 


Division by a, a, yields 


Soot 5 Ge_ Set > 1, (2) 
a» a; a, 





If inequalities (/) and (2) are added, we obtain 


Ai Sr rere o Bos, 5 Gat, 5. Sent 4 Se. Bact 
ae as Qu-1 ai as ay ay 
ay az an-— a 
= pp KF en - 1) +1 EM; 
Qe as; an ay 
the inequality holds for the nm numbers a), a, - : -, a,. Therefore, the 


inequality holds for all natural numbers n. 


270. By the theorem of the arithmetic and geometric means (problem 
268), we have 


from which we obtain 


m(2 4+ 4-4) = Youre 
ay ay a, ; 
The equality holds only if a, =a, =:-:-:=a 

Remark: The inequality here can be proven in many other ways, 
independently of problem 268, (it is recommended that the reader try to find 
such a proof). Then this result may be used to ffnd a new proof for problem 
268. 


271. By problem 268, we can write 
"Vad =" abd 
eS 


at+b+b+---+b a+nb 
< ———_- - - 
n+1 n+1 





The equals sign holds only if a = 5. 


272. Since the arithmetic mean of 7 positive numbers exceeds the 
geometric mean, and the harmonic mean is less than the geometric mean, 
we have 


A(a) = Ha), 


or 


Q; + Ap ++++ +n n 

—— Zs 6 Ch T: 
mee a eee 
ay az an 


which yields the required result. 
Equality is attained only if a, =a, =-- +: =a,. 
273. Use the theorem of the arithmetic and geometric means, making the 
following substitutions: 


a=-—l1, 














a&=2, 
Qn — nN. 
We obtain 
we Se oan nae 
"Yn! ="/1-2---n Ss r= 
_nn+1)_n+1 
— von _ * 


If the first and last members shown are raised to the power n, the 
statement of the problem follows. 


274. By the theorem of the arithmetic and geometric means, we have 


AQA3As = 4\020:0405030,0,0,0, 
<(* +A,+@, + As + Qst+astatata ta)" 
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-(2 + 2a, + 3a; + ua." 
(4). 


Equality holds only for a, = ay = a3 = ay. 


275. (a) We first note that the left side of the given inequality contains 
two factors + , three factors a and so on, and finally n factors lin all, 


rs 
there are 1+2+3+-+++n= wn such factors. The geometric 


mean of these factors is equal to the nat 


root of this product; the 
arithmetic mean is 


1 1 1 


L1+274+3y ttm ne 
nin + 1) “aed n+1 
2 


The validity of the given inequality follows immediately from the theorem 
of the arithmetic and geometric means (problem 268). 

(b) The solution here is analogous to that of part (a). The arithmetic 
mean of the factors of the left member is equal to 


1-1+2-2+3-3+---+n-m, 12+27?+ 3° +---+ n° 


n(n + 1) - n(n + 1) 
2 2 
_ n(n + 1)2n + )). n(n +1)_ 2n+1 
6 2 3 


[see the solution of problem 134 (a) ]. 


276. By the theorem of the arithmetic and geometric means we have 


n+a,+ ay ae | 
n 


=(1 + <= 1 + n(£) +P (E) +--+ ()’, 


where the last equality is an application of the binomial theorem. We note 
that the coefficient of s” will be 


+a)0 +4):--A+a)< ( 


n! 1 
mi(n —m)! n™ | 





However, (n—m)In™2 nl > whence 
! ! 
n' i a Jem _ 1 
m\(n—m)! n™ ~ min! ml! 
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from which the assertion of the problem follows directly. 
The inequality reduces to equality only for n = 1. 


277. Rewrite the left member of the inequality in the form 


1 #/2"21/2(22)1/2?, . »(Qn)i/2™ ’ 


where «@ is an arbitrary integer. 

Now the solution of this problem is analogous to that of problem 275 (a) 
and (b). It follows from the theorem of the arithmetic and geometric means 
that 


]@/2"21/2(22)1/2?, : -(2")ue" (1922""'(22)2""2. ; (28) ]O/2 n 


<|(* + 2-Qn-1 4 92.Dn-24... ave" - 
is & + Qe! + Je-8 +. +] 


2 
=( a + n-2” = 
~ \a+2*-1 


If a = 1 the last exponent shown above is 1, and the expression on the right 
becomes 


stn 
2 P 


The statement of the problem immediately follows. 


278. The expression (1 — x°(1 + x)(1 + 2x)) is negative for | x | > 1, and is 
positive for | x | < 1. In fact, 


(1 — x)°(1 + x)(1 + 2x)? = (1 — x)(1 — x*)(1 + 2x)* 


The first and third factors on the right are always positive for x # 1, and 
the second factor is positive or negative, respectively, depending upon 
whether | x | < 1 or |x| > 1. Accordingly, we shall consider only values of x 
such that | x | < 1. We now use the theorem of arithmetic and geometric 
means on the five factors 1 — x, the single factor 1 + x, and the two factors 1 
sae 


(1 — x)(1 + x)(1 + 2x) 
oa 9+1+2 


5+1+2\ 
Meciae ~ 


The right side of this inequality is independent of the value assigned to x. 
Hence, the left side will be maximal for that value of x which makes all the 
factors equal. The only value of x which will accomplish this is x = 0. Then 
for this value of x the given product reaches its maximal value 1. 


279. Let r be the radius of the circle; designate the known length OM by 
a, and the unknown length ON by x (Figure 27). Then we can write: 


MN=x-—a, 
NQ=VFa# | 


and, consequently, the squared area of the rectangle is equal to 


4(x — a)*(r* — x*). 





Figure 27 


We must determine for which value of x this expression is maximal. We 
rewrite our product in the form 


4 
aa * — a)-(x — a)-a(r — x)-B(r + x)] 


where a and f are chosen such that the sum of the factors in the brackets, 
that is, 


’ 


(x — a) + (x — a) + ar — x) + P(r + x) 
=(2—a+8)x + (a+ 8)r—2a, 
will be independent of x (such that a — / = 2). 
The product (1) attains its maximal value if 
ar—x=Ar+x=x-—a 


[see the solution of problem 269 (a) |. But the equation a (r — x) = f(r + x) 
implies that 


(a — B)r 


er 
P 4 


a+ Bp= 


From this, and from the condition a — f = 2, it 1s readily found that 


Yr 

a a 
x x 
f= Z 

a= x 


Substituting this value of a in the equation a (r— x) =x — a, we obtain 
x 





=x-—a; 
2x*—ax-—r?=0, 
from which we have 


a+Va + 8r 
4 
(the positive sign is taken for the root, since x > 0). 
The segment of length x, and hence the rectangle sought, can be 
constructed using ruler and compass. 


<= 


280. The volume of the box is equal to 
(2a — 2b)*-b = 4b(a — b)* 
We can write the right member of this equality in the form 


4 (b-a(a — b)-a(a — 5)] 

a ) 
and we shall select a such that the sum of the factors within the brackets, 
that is, 


b + 2a(a — 6) = 2aa + (1 — 2a)d | 

does not depend upon 5 (we take a= +). 

The maximal value of the product (1) [see the solution of problem 269 
(a) | is obtained when 


Thus, we find 


281. (a) The inequality of this problem has the same relationship to 
inequality (/') in the discussion of § 11 (problems) as does the theorem of 
arithmetic and geometric means (problem 268) to inequality (/) of that 
discussion. A proof of this is possible in any one of several ways, all of 
them analogous to the proofs given for problem 268. 

The solution here will be analogous to the first solution of problem 268. 
Inasmuch as 


(# tas)" < ai + a} 


2 2 ; 
and 
2 3 2 
(# £8) = Ste 
2 — oe , 
we have 
J a 3 
(Ste tae tas) 2 2 
4 _ 2 
m+ as) (see ata ar+a 
af 2 2 < 2 2 
2 
_atartata 
~ 4 
Also, since 


(terete og taadin 
4 ae 4 


and 


2 2 2 
(fA eto tay as + ao + a; + as 
acmeeiet ieee: ammmemaa” Goomennii” 
4 4 
we can conclude that 
(* + ds botany ay + a; +++++a% 
— s ees 
8 8 
Continuation of this process enables us to prove the theorem for 2” 
numbers, where m is any arbitrary natural number. 


We now shall show that if the theorem is valid for n + 1 positive 
numbers, that is, if 


(Gomee">s woe | ai +a; +++:+a2 + as, (1) 


n+1 = n+1 ° 


then it holds for n numbers. Substituting in (1) 


a, + @: ++--+@n 
n 


anes = 


we obtain 


_ 2 
al tal+---+ai+ (Stat tee tes) 


(Stet ter! , 
Re n+1 


n 


(compare with the first solution of problem 268), from which we conclude 
that 


Cee ai +a; +-++-+an 
n a n 
The remainder of the proof does not differ significantly from that of the 


first solution of problem 268. 
It is easily established that equality holds only if a, =a, =--:=a 


n 


(b) The validity of the inequality will first be established for two 
numbers; that is, we shall establish that 


k k & 
(Sym) 35". (D 


For k = 2 this inequality has already been proved [see (/') of the 
discussion of Section 11 (Problems)]|. Assume now that the inequality holds 
for some given k. We have 


(# pay =(4 fas) ay + a: at +a: a + Az 
2 2 2 2 2 


k kt 
_ a t+as"_ af"! + ai"' — aia: — aa} 
2 4 
k+1 kil k k kel k+l 
ea (a; — @:)(a; — az) <4 + a3" 
2 — 
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from which it follows that the inequality holds for k + 1. By the principle of 
mathematical induction, the proposition holds for all natural numbers. The 
remainder of the proof follows as in (a). 


282. Let a > 0. Using the theorem of arithmetic and geometric means, we 
have 


a a a 
"\/sie eee + as 


n 


Taking the a > 0 power of both sides produces the desired result. 


The case in which a < 0 is proved in a similar manner (see the solution to 
problem 270). 


283. If a and f are of different sign, the theorem of power means follows 
from the result of problem 282. Hence we shall investigate only the case in 
which a and f have the same sign. Assume now that 0 < a < #. Designate 
S/(a) by K, and divide both sides of the investigated inequality by K; 
designate (ey by 5,; and so on. The inequality assumes the form 

( HAVO 4. pelP a. 00 4 ad <1 
n 


Here we have 


b+ bet+-:-+b, 1 af +af+---+a% 1 
n Ke n Ke 
b, + bg +--+ 4+bn =m, 


Assume now that b) = 1+ %x,,b) =1+%,:-::, b, = 1+ x,; then the 
equality b; +b, +-:-:-+b,=n becomes 
x, tx,+-+--+x,=0. 


Suppose that “ =~ (a rational number). Then we have 
PP ra 


bl = Cpa = Vota ta Fad 
i | gel “—s— 


k times (1 — k) times 
g Mt tC etn aits x . 


for which the equality holds only if 1 + x, = 1 and b = 1. Using a limiting 


process we find that for an irrational ratio = 
a 
ee sl+ p* 


Equality holds only if x, =0 and b, = 1.7 
Similarly, we have 


ae 


s" 


+, 00" S1 + Se 


As aresult, we find 


CORP + bP +--+ BEDS 


nm 
a a ‘i Bie 

Par 2 ae a) + +(1+ i) | 

n 
AX tx tes' t+ In ‘calle 

=(1+4 n ) “AG 

which concludes the proof. 
Equality holds only if b; = b, =:-:=5, = 1, that is, ifa, =a, =: =a,. 


Proof of the case in which a < # < 0 is quite analogous. 


284. (a) Since S; = 2, we have 
B+ atata yz sy=4: 


atatael2. 


Equality holds only for a, = ay = a3 = 2. 
Similarly, 
me @ _ (5 >(S,)'=8; 
at+ata=u%. 
(b) Proceeding as in part (a), we obtain S; = 3 =V 6, from 


which we obtain 


BAGS _ (sy 2 (Sy = 66 
ait+a;+a32=18V6 
and 
a eed th eet AE 
aQ+mtas3V6. 


Equality in both cases is obtained only a, = a, = aa = V 6. 


285. A proof by induction will be given. It will be convenient to 
introduce a special designation for (2;,) ‘(the arithmetic mean of all possible 


products of the n numbers a), a>, - : :, a, taken k at a time); this summation 
will be designated as P;. The inequality we wish to prove may then be 


written 
Pi = Peri: Pr-s 


For convenience we also introduce the notation P)(a), which will be taken 


equal to 1. 


The inequality is obviously true if there are only two numbers, a, and ap. 


In fact, in this case there are only three expressions P;(a): 
P(a)=1, 


Pia) = 1, 


Pa) = aa: , 


and the inequality assumes the form 
P,(a)* > P,(a)Po(a) = P;(a) . 


or 
+ 2 
(“5s 5} =) > 4:0: 


(which we have already encountered). 
Assume now that the inequality has been established for n — 1 positive 
numbers aj, a>, °° *, a, — 1; we shall show that the inequality must also be 


valid for n positive numbers a, a5, °° *, a,. Designate the sum of all the 
possible products of the n numbers, taken k at a time, by Si@) and the sum 
of the products of the n — 1 numbers aj, a>, °- *, a, _ ;, taken & at a time, by 
S; (a). If we factor a,, out of each term of S; (a) which contains this number, 
we derive the identity 


S,(a) = S,(a) + GnSk-1(@) 


Further, let us write P, to designate the P, expressions for the n — | 
; We have 


= 3) = SO) +a, Sis(@) 
i 


numbers a), ay °° *, dy, _ 


a. =a Sit _* m3 + <0 Pea 
2 a a 
a= 


We now consider the difference 








Pi — Pen Pi 
=< 2 = 
=[* 4+ 4a, [-[- ttt] 
—k+1 k— 
x [Sete as Res + ata, = 


=F — ky P}— (mn —k —1)(n —k + DP Pra] 


+ Qn[2k(n — k)PLP — (k — In —k —- DP APs 
—(k+1)(n —k + 1)PLPi-.) + a2{k* Pi? 


~ (k + 1)(k — )EP.)} = tia +a.B +020), 


where A, B, and C designate, respectively, the expressions enclosed by 
brackets. 
The induction hypothesis implies that 


Pi> PaesPa-i, Pe-1*? > BLP 


from which, by multiplying these two inequalities, we obtain 
P.Pi- > evil at . 


Therefore, in the expression for P? — P,P. we have 
A = (n — kYPi — ((n — kh) — Pe Pia 
= Pi + ((# — k)* — 1)(Pi — PiviPi-) > Pi, 
B = 2k(n — k)PiPi-1 — (k — 1)(n — k -) PP 
—(k+1)\(n—k+1)P,P,- = — 2PPi-. 
+ (k—1)(n—k-1(PPia — PP) > 2PPo, 
C=#P,_.? - (# — ) PP. 
= Py + (@ —)[R- — BP] > Bo" 
As a result, 
Pi — PrisPr-1 > Pi — 2a,P.P,-. + aiPh” 
=(P, —a.Ppi 20, 


which proves the theorem. 


286. Excluding as obvious the case in which a, = a) =: - - =4a,, we shall 
show that 2), < 2} First, since Po(a) = 1, it follows from problem 285 that 
P? > P,P, = P, > 


Zi>Zi or 21>22. 
Further, by multiplying the inequalities 2; > 2) &*, > 3°, -2), we obtain 
33, > 393, X> > 23. Similarly, taking the products of the inequalities Y, > x9, 
wy Ss Pa 2s 24 S275, We ainive at 2°, >2°,, 2, > 2. Similar 
procedures show, finally, that 
2, > 22> 2a > OSs . 


287. We have, 2, 2 = 2 Further, by the theorem of the symmetric 
mean, we have 


2,(a) = 2;(a) = 


4,+@,+a;+a,24:2=8 
and 


2,(a) S$ 2,(a) = 


4,0;0,a, S 2‘ = 16. 


In both cases, equality holds only if a, 


ay = a3 = ag 23 
288. Since the sum of the angles a+ f/+y =a, tan 8 cot x , or 
a B 
tan 2 + tan > _ 1 
aw bei oes 8 tant 
1 — tan 9 tan 5 2 
from which we obtain, after simplification 








tan tan & + tan Z+ tan + 


r 
—=]. 

5 > 9 tan 5} 

We write 


tan 


i 
LS 


tan 


aQ:, 


twolw |e 


e 
tan 5} as 


z=. 


Then we see that the symmetric mean 2, of the numbers a, a, and a; is 
equal to ibe 
problem 287, that 


It follows, by reasoning analogous to that used for 


(a) tan +tan£+ tan 23 


i. =Vvs; 

a 
(b) tan > tan€. tan S <(%5 s\-vs 
In both cases, equality holds only ifa=,f=r= 


60°. 


289. The Cauchy — Buniakowski inequality is of sufficient importance to 
justify the giving of four proofs of its validity. 
First Proof. We can write 


(xa, + 5,)* + (xa, + 6;)? +++++ (xa, + 5,)? 
= (x?a} nF 2x00, si bi) 
+ (xtal + 2xarb. + bi) ++++4+(xtak 4+ Qxanb, + b2) 
— Ax? +2Bxr+C, 
where 

A=ait+ait+---+an, 
B= a,b, + arb, +-+- +a,b,, : 
Cm B+ pe -e 408. 


The left member of this equation is, as a sum of squares, non — negative 


for all x; in particular, it is non — negative for x = — 4. Substitution of this 
value for x in the equation yields 
Bt B AC— B 
AG 2B +030. 


Since A > 0, AC — B? 20, or B* Ss AC. 
We obtain the inequality sought by substituting for A, B, and C their 
expressions in terms of a; and b;. 


The equality sign is possible only if 
xa, + b, = xay + bp = xa, + bs =+++=XAn +b, =0 | 


from which we find 


Second Proof. Given two numbers a and b, we have (a — 6)? 20, or 
a®? + b? = 2ab. and so 
ab < 14s + +o 


Now let 


A=Vai+--++aa 
B=Vbi+---+b3 


Pe | 
= A’ 
b= (@=1,2,- , n); 
then, 
2 
+++ +a4= ame 
2 2 
Bh e+ Bh = Bt Ay, 
We can write the n inequalities 
— c l ; _¢c ie 1 
abspat> 1, °°, Gada Syant+zh 
If we add these together, we arrive at 
iby ++++ +d SSH =1 


Substitution of the appropriate quantities for a; and 5; yields 


aby Axbs 

). he AB Sok 

a,b, +++++anb, S AB, 
(aby +++ + Aub)? S (ai +--+ + ae) (OE +e 0+ +08) | 


which is what we wished to prove. 
Equality holds only if 





a, — 6, = 4, — b, =---=a, —b, =0 


which implies 


Third Proof. The inequality holds, trivially, for n = 1; that is, 
(a,b,)* S ajdt 
We shall show that if the inequality is assumed to hold for n pairs of 
numbers, that is, 
C’ = AB, 
where 
A=aitait+-+:+an, 
B=) +b; +-++-+b5, 
C = ab; + Grd, +--+ + Anda , 
then it must hold also for n + 1 pairs of numbers: 
(C + Gusidasi)® S (A + aass)(B + bags) | 
In fact, we can write 
(A + ansi)(B + bass) — (C + Gay dati)? 
= AB + Abie: + Bates + Gn+ibh+1 — Ct — 2Cansidass 
— (An+ibn+1)* 
= (AB —C) + (Abiy: + Bans: — 2Can+iba+1) 
= (AB—C) + (VA bari — VB auss)* 
+ 2(VAB- VC? )ansibar1 2 0 


(since each of the three terms is equal to or greater than zero). 

Therefore, by the principle of mathematical induction, the inequality is 
valid for all natural numbers n. 

The equality sign holds only if 


Fourth Proof. It can be proved by mathematical induction that 


(> ai)(3, ti) - (> ass) = >> SY (abi — aide)? | 


k=1l=1 


The right member of this inequality is nonnegative and vanishes only in 
the event of equality of the ratios a;: b;. If this expression is not zero, we 


(3at)( 342) -(Hams) >o 


which proves the theorem. 


have 


2 


290. By the Cauchy — Buniakowski inequality we have 


(a, + a; teeta > +4 sieies oh +) 
a, a; a, 


= (Va, * + (Var +--+ + (Vary) 
*((V Tat + (V Tas) +--+ +(/ Tan)") 
= (Va, Vila +V ar Vay +++ +, VT) = 
which yields the result sought. The equality sign holds only if a, = a, = 


a 


291. By the Cauchy — Buniakowski inequality we have 
(a,-1 + ay-1 +---+ a,-1¥ 
Sit ai+---+ayl+l+---+)) , 


from which we obtain 


(teeta. @ +a, +---+a 
Ma ie nh a lb hE 
n n 


The equality holds only for a, =a,=--::=a 


2 
292. In the solution of problem 288 it was shown that 
tan (5) tan( )+ tan (£) tan(Z)+ tan ( }) tan (+) = 1 
By the Cauchy — Buniakowski inequality, we can write 
[($) +r( 8) +tm($)][ean(2) a (Z) +n] 
=| tan ($) tan (£)+ tan (5) tan (4) + tan (+ ) tan ( ($)J- ry, 


from which the desired result follows. 
Equality can hold only for a = 8 = y= 60°. 


293. We can write the following expansion: 


(xi + M)® tee + (Ute + Ye) = (+ WDE 
Hee (Xn + VedlXn + (UX + Hid +--- + lee + Yadl¥e : 


Let us make the following substitutions in the Cauchy — Buniakowski 
inequality: 
K+ M Hy, Xe t+ Yn = an, 
4 = d,s, ee =O, 


The following inequality is then valid: 


(x, + ¥s)x eile 2 (Xs + Walks 
S (Cx, + yi) ee + ee + ye te + xe]? 


Analogously, we have 


\x% + as ere +(x. + ¥al¥s 
S [lai + yt tet Cte + ye ADT tee eye 


If we combine these two inequalities, we obtain 


(x, + yi)? ++-++ (te + Yn)? 
Sl (xi + yu? +++ + + (ee + yeh)? 
x [Gt 7 xy * (yt noes +yn)¥*] ; 


If both members of this last inequality are divided by 


[Cx + yi tee + (ta + ¥aP}? ; 


we obtain 


Vin +9)? Fe > he + a? 


SVU ab +--- 408 +V yh ¢---+ yh : 


which is what we set out to prove. 
The equality can hold only if $*=<t=---= > 


Yn * 


294. The Cauchy — Buniakowski inequality yields 


4Q* = (aia, + G20, + Aid, + yd, + +++ +Oy- Gy + Bgy~1)* 
S (ai + ah + al +++ + at)(a} + a) + a) +++ + ah.) 
=(n—1)P-(n—1)P 
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from which the result immediately follows. 
We have equality only if a; =a, =---a,. 


295. From the Cauchy — Buniakowski inequality, we can write 


(VB. V Pits +V Da V Pate +22 + Da V Pu Xn)* 
sR +tVP +t o+VR Vs 


+V pistes + V pias) 


The equality sign can be used only if x, =x, =-+-+: = x,. 


296. We make the following substitutions in the inequality of problem 
LS: 


1 
h=>° 

1 
h= 3» 

1 
A= >: 


We then have 
¢ Sees eeeat Fes. dete ty ttttarta) 
(Fatpatgn) s(F+Z+el(gitgarga 


The equality can hold only for equality of the ratios 


ail 


ote eee We Bar | 


297. This inequality is merely a restatement, in another notation, of the 
Cauchy — Buniakowski inequality. In fact, if we substitute in the latter a,* = 
x, and b,? = y,, and take the square root of both sides, we obtain the 


inequality of the problem. 


298. By two applications of the Cauchy — Buniakowski inequality, first to 
the pairs a,b), ayb>, - + +, a,b, and c,d), cd, - * *, c,d, and then to the 
squares of the numbers a, a>, °° *, d,, bj, bo, ++ +, Dy, Cy, Co, °° 5 Cys A, do, °° 
‘,d,, we obtain 


(a,6,¢,d; + azb,c,d, +++ AabaCad.)* 
S (aibi + ab} +++ + ald Mcidi + di +--- +cads? 
SB (at + ay +++ ah) (Ot + BF +++ + BS) 
x (coh +h Hee + cd) (di + dp +-++ +d) 


Equality holds only if 


@;2 by: Cy: dy = Gy: Dy: Cat dy = +++ = Agi Dg Cady 


299. We shall rearrange the a; in nondecreasing order, assuming 
(renumbering if necessary) that 


453454 5°*'S4, , 
Now we may consider the 5; to be in nonincreasing order; that is, we 
assume that 


bth ezhe--- 2b. , 


[Once we have rearranged the a. and written the given fraction 


(ai + ay +++++a2)(b} + b} +---+ b2) 


(a,b, + ashy ++++ +a,b,) ; 


if b; < bi, for i < j, for any i, an interchange of these two 5 within the 


fraction can only increase its value, inasmuch as the value of the numerator 
will remain unaltered, but the denominator will become less (we will have 
supplied a greater a; with a lesser 5; factor; consider the difference 


(adh; + ajh,) — (aib; + asb;) = (a, — aX; — b,) < 0)] 


Now, in the event that all a; are equal and all 5; are equal, the fraction has 
a value of 1. Hence we may assume that either not all the a; are equal or 
else not all the 5; are the same (or both). Let us write the system: 


a; = aa + Bai, 
=adi + 602 (i = 2,3, -++,n—1) | 


This system may be solved for a; and B:: 

andi — aids 
a,bi — aid; 
aib; — aybi 
axb; — ayb, ° 


The denominators of these fractions are positive, 


a; = 


B; = 


abi — aibi > 0 : 


or 


and for the numerators we have 


a,b) — aibs = 0 ; 


or 
ab 
a b : 
bs 
and also 
abi — abi =O , 
or 
a 8 
at 


Accordingly, a; = 0, and £; = 0. Now, a; = 0 only if 


hind, 

i= 
and, analogously, 

f,=90 


ifa;, =a), b: = by, a; = L; 
We introduce the terminology 
1 +a, t+ast+--+a,-1.=A , 
Bet Bste + Rs tl=B. 


Then the numerator of the fraction of the problem can be rewritten in the 
form 


(Aa} + Ba?)(Ab; + Bb:) . 
As for the denominator of the given fraction, we shall use the Cauchy — 


Buniakowski inequality (a,b, + ab) <(@i +a) (+0) (see the discussion 
immediately following problem 288) to obtain 


abi = V (Vea; a)" + (WB: @n)® V (Vex; B® + Bi bn)? 


= a;a,b, + Band», . (1 ) 


If the inequalities of (1) are added, for i = 1, 2, 3,---,n— 1,7 (here we 
assume a, = 1, 6; =0 anda, = 0, £, = 1), we obtain 


a,b, + a,b, $e + a,b, = Aa,b, T Ba,b, . 


Thus, the given fraction does not exceed 


(Aa; + Bat)( Ab; + Bb’) 
(Aa,b, + Ba,,)* 


However, 


(Aai + Ba’)(Ab} + Bobi) _ 1+ AB — ashe = aba)! 
(Aa,b, + Ba,b.} ~ (Aa,b, + Bagby) , 


In view of the theorem of arithmetic and geometric means, we have 
Aa,b; + Ba,b, < 2V Aa,b, Band, e (2) 
Finally, we obtain 


(ai + a2 +-+-+ai)(bi +b +-+-+d,) 
(a,b, + Geb, ++++ +Gnd,)* 


(a,b, ree a,b,)* (a,b; cae a,b.)* 
31+ ABCC S, + Babs =) + 43) /ABa bab? 


= + (Vala = Vala 


which is what we wished to show. 

Inequality (/) cannot become an equality for positive numbers, since 
= 2 3. Hence this possibility exists only if all a; are zero or 1 (in the latter 
case, f; = 0), that 1s, if 

Gy = Gy =+** =Og < Akt: = Aye =" = A, 
by = by =+ ++ = De > desi = Derr =-+-=),. 
Then for (2) to become an equality it is necessary that 
Aah, = Banbn , 


that is, 
ka,b, = (n — k)andn ' 


or, 


This determines a condition for the equality 


(ai + a; +++++a5) (bj + bs +--+ +03) 
(a,b, + Geb, +--+ + Gabd,)* 


=1 + (Vim — Vm 


300. We can write 


n(a,b; + ay, “Rees t+ a,b.) 
_— (a, + Gz +++++ a,)(0; + db, +-+-+b,) 


_ > [(a: — @x)(b, — b:) + (a: — as)(b, — by) 
ey eer | eee en 


from which the required inequality immediately follows. 


301. The condition = 7 1 implies that p + g = pq, and so 
_b+q_ pita 
p —— te , 
q M7 
gente, Fits 
p | 
where p, and g,; may be any positive integers proportional to p and q (if 


a =: ; 
p le} and 4="s, where a, f, r and are integers, then we may use, for 


example, p,; =a 6 and q, = 7). 


Accordingly, the inequality we seek to prove may be rewritten in the 
form 


xs gx'Piten /a + py ‘Pitan /Ps 
pt+q 


We now set 


x, = x'atalin 


n= yy Pateal/rs 


Then, using the theorem of arithmetic and geometric means (problem 268), 
we obtain 


xy = iil (Pitan) yPi/ (Pitas) = (x x,++-x ems 1/ (py +@)) 
‘y 1 Jy 1% Bie 2 Sees / 
q, times /p, times 


< [( ix + —_ | (rates) x, + Py: 
~ a + Pi - qt+p 


PED pisisenies — 1 1 
= + (py tay) /P1 — — xP 4. — 
q p+q pore 


We have equality only if x” = y7. 


302. We shall use the designations 
a +a, +---+a,=2a, 
Db, + b, +---+5,=5 


and divide the given inequality by a%b’. This yields the following 
inequality, which is equivalent to that of the problem: 


ORC IOmEOlG) 
(2) G) +2 GY + GY GY st 
From the theorem of arithmetic and geometric means (problem 268) it is 
possible to derive the result that, for every 4 = 1, 2,---,n, 


a by a+B 
(2) (STF) et eet 
a oy a+f8 ag b 
(compare with the solution of problem 301). 
If these inequalities are added for k= 1, 2,---,n, we have 


as\* (bP | (a2\*( ba)? |, (an\* (bn)? 
lees * :) ) + He) G) 
aa: , Bb, , a; Bh, adn | Bbs 
= fare eh ee a a 


which is what we set out to prove. 

Equality holds only if a): b; = ay: by =: + + =a,: by. 

Remark: This result can be derived from the inequality of Cauchy 
Buniakowski, but the proof is more complicated. 


303. Two proofs will be given for this inequality, which has frequent 
application in analysis. 
First Proof. If we substitute into the inequality of problem 302 


tt 


ale ole 


a ’ 


B= 


and, further, 
Q,= £f, ds = 4, °*', Qn, = 23 
b: = Yi, bp = Yi, +++ bn =n, 
we obtain Holder’s inequality. 


We arrive at equality only 1f xs: y= x: ye = +++ = aa Yn 
Second Proof. We write 


(xf + x9 +--+ +x5)/? =X, 
(Vitter + yve=Y . 


and divide both members of the inequality by XY. If we use the 
terminology, 


= Zk; 


te (k=1,2,-++,n) 


he >s|s 


9 


then the inequality we are considering becomes equivalent to 
Zit; + 2els +°+++ 2nln S1. (1) 
where the following conditions are to hold: 


atatees+z=1, 
H+ 8 +---+H=1, (2) 


By using the inequality of problem 301, we can write the inequalities: 


os oe 


- ~p 
1 1 
Zete = —z th 
ole eer ag 
D cu 1 


The sum of all these inequalities yields 
Zit; + Zl oy Siadalialie 2 pe 


SGal taht tat Sth te tty 


Now, using condition (2), and the fact that ate =1, we obtain 


inequality (1), which is equivalent to that of the problem. 
The equality holds only if 


RN, SH Hel Ne Ht HK In 


304. The proof is analogous to that of problem 302. We write 


Lt+hk+-:-+h=1 
If the inequality of the problem is divided by a%b’. - -/* an equivalent 


inequality is found: 
cf EY eons a) ()" ... (2) 
(9 GY Gen 


(2) (a) 
a} \b 
From the theorem of arithmetic and geometric means we obtain (compare 
with the solutions of problems 301 and 302) 


a be h $Bt.ce4A 
(#4 (ay | ater] 
a b l a+ B+---+A 
L 


Se ere | 
“a teh +45 


The sum of these inequalitites for k = 1, 2,---, n yields 
a;\* ny si (+) ins (=)(4) a0 (+) 
( a ) ( b l ™ + a b l 


= ee ee ae Ais. + 4h) 
a b l a ] 


= tart--+a)+ £6, + Dd, +-++-+ 6,) 


fone CELE Bae + +b) = 9 4 BB ssf et 
l b 1 : 
which is what we wished to show. 
Equality results only if 
ee ee fe ee) ee 2 oe ee oe 
Remark: If we write 
1 1 1 
= Pee jams 


and 


a=a2,b=yf,---,= us (= 1,2,-+,n) 


9 


; . ‘ ; 1 l l 
we derive a new form of Holder’s inequality: If > v7 cc hoe 1, 
then for arbitrary sets of positive numbers x1,°°°,X,3 Vp °° Vs US 


u,, we have 
iV “++ Uy + X2y2 "** Us + XnVn *'* Un 
S (eh + ah +--+ tak)? (yl + yh +--+ + yh) 
Kee X (uh + ws tess tus)! 


305. Use, in the inequality of problem 304, the m (two — number) 
sequences 


Lai lease a 


and in that problem let a= f=---= =. We then have 


1/n 


(1 + ay)'/™(1 + as)! +-(1 + @y)/™ 2 1 + ai!*ay!"+ ++ ay 


which proves the inequality of this problem. 
We have equality only for a; = a, =-*: a,. 
306. The inequality here is a special case of problem 304, with 
1 
Br=az=---=iA=—. 


n 
Equality holds only if 
Oy Dy ee thy H+ = An Bg: ee 2, 


307. In the inequality of problem 304 set 


ra 
II 
® 
II 
nn 
II 
| 


i 

a4=bh=a=1, 
1 
a=-—, 
x 
b=, 
hg 
—_ | 
= 


Then we have 


(a, + a2)/*(by + be)/*(c, + €2)*/* = at! *bY*c!® + a3!*by*c3!* 


(+ Z)(1+5)Q+3 Leite 


By the theorem of arithmetic and geometric means (see problem 263), we 
have 


9 


or 


—— e+y+z_ 1 
Vxyz 33 3 


from which we obtain 
1 


Vaz ** 


Therefore, 


3 
(1+—)(1+>)(1+ >) z1+3=4 
* y < ' 
If both sides of this inequality are cubed, the required inequality ensues. 


308. Designate by S' the right member of the inequality. We then have 


S* = (a, +b +--+ +h + (+b. +--- +h 
+-+-+(a, +b, +-+++ 1)? = [a,(a, + b, +--+ + h,) 
+ Gx(G2 + by +++ +h,) +++ + GalQn + bn +++++ I,)] 
+ [Bi(ai + dy +e++ + 1) + bolas + bp +++ + by) 
+++ + balan + by ++°++Es)) +--+ + (hGG + br +++- +4) 
+ [oa + bz +++* + be) +20*+ bln + bn ++++ + 1] 


Application of Hélder’s inequality (problem 303) for p = g = 2 to each of 
the expressions in brackets produces the inequality 


S's Va+at-+aS+VR+RF FES 
Hef YET RTOS «ss 


The required result follows immediately. 
We have equality only if a,: b) °° +11; =a9: bp ++ +t h=a,:b, +++: 1). 


309. (a) We have unyi—un=ao[( + 1)* — n*] + a, [(m +18 — n*] + 
-+*++ ay, |[(2 + 1)—n] . However, for arbitrary and 5 the following 
identity holds: 

a* — b& = (a — b)(a*"' + a**b + ---+ab** + BF) 


If this identity is applied to the difference (n + 1) — n*, we have 
(n + 1) —n* =(n+1)"' + (n+ 1 
deal i’. a, ail: ot, lied is. ls nT 


where the dots designate only terms of less than (k — 1) st degree in n. These 
terms can not increase the order of the sequence; it follows that the order of 


the sequence u,,) = u,,,, —u,, is equal to k— 1: 
Un’ = aok-n*-*+--- 


(b) Upon transition from the sequence u,,{°) to the sequence u,,°*"), 
the order of the sequence is decreased by |. Therefore u,” is a Sequence of 
zero order; that is, all the elements of the sequence u,) are the same 
number. This means that w,“*!) = 0 for all n which is what we wished to 
show. 


Remark: It also follows from the solution of this problem that a sequence 
of order & has sequences of first-order, second-order, and so on, differences, 
up to the Ath order, which do not include a sequence all of whose terms 


vanish [that is, u,,“*) is the first difference sequence comprising all zeros]. 


In fact, a sequence of differences of s-order of the sequence, where 8 < k, is 
a sequence of order k — 8 whose terms cannot all reduce to 0 (a polynomial 
of degree 4 — 8 can have value 0 for not more than k — 8 values of its 
variable). See problem 310 for the sequence of differences of order k. 


310. First Solution. In the solution of problem 309 (a) we saw that if u,, = 
agn* + aynk—!+--+++ a, is a sequence of order k, then u,,”) is a sequence of 
order k — 1 of form u," = ap kn’! + - - -. It follows that the sequence u,,?) 
has the form 

Un = aok(k — 1)n*-* + +s 
the sequence u,,°) has the form 
Un = aok(k — 1)(k — 2)n*-* +--- . 
and so on. Finally, the sequence u,,“~ has the form 
ok(k — 1)+++2em + vee 


where the final dots indicate only a constant. The assertion of the problem 
follows at once. 

Second Solution. By problem 309 (a), the sequence of differences of Ath 
order of the sequence of degree k is of zero order, that is, all terms are the 
same, independent of n. Hence it suffices to determine up. 

For u,, we have the formula 


ke. (k 
Un = Uy + Ciuld +--+ Cini 


(see problem 313). Equating this with the given polynomial, we have 
ayn*® + ayn*! +++++ ay = Uy + Cyuy? +++++Crua” 

The two members of this equation represent the same polynomial in n; but 

it is necessary to expand the C’s on the right to enable comparison of the 


coefficients of like — degree terms. The term agn', however, can be obtained 
from the term C*,u) alone: 


n(n — 1)(m — 2)---(n—k+1) y, 
i" 


Cou" = RI 


The coefficient of n* is equal to up/k!. Equating the coefficients for n, on 
both sides, we obtain 


_ to 
eH 
from which we obtain 
us = aah! . 


311. (a) We shall write the sum — sequence in the triangular form 
explained in the introduction preceding problem 309; each @ will be the 
sum of the two elements flanking it in the previous line: 


Uo uy, Ue Us ieee Un+i 
= (1) = (1) — (1) — (1) —(1) — (1) 
tio’ iy) tty tts sos ths iin 
= (2) = (2) = (2) — (2) — (2) — (2) 
Uo uy, Uo us eee Un Unii*** 
—(k) =k) tk) atk) —(k) = (k) 
iii ) ii ) Us U3 2 S)10' 68-9) 8 e288 ia a 
Note that @,,) depends only upon u,,, Uj+1, °° °5 U_+, and not upon any other 


numbers of the initial sequence comprising the first row. We shall now 
show by mathematical induction that 
Fr had = Clu, + Cites + Cithe+s + wit as + CiMerh ° 
The formula is valid for k = 1, since here it assumes the form 
— (1) 


us = Clu. + Cites _ u,, + Uast , 


which, by definition, is obvious. Now, assume the formula is valid for & — 1; 
we shall show that validity for & 1s implied: 


=(k) = (k—1) a(k—1) 
Un = Uy + Un+i 


= (Ch-yttn + Ch-rttats + Ci-wtente Hee + Cir teen te—1) 
+ (CR-sthasi + Ch—sttars + Ch-1Mass s piaiadiatee Car tmcia) 
= Cy-_-1y + (Ci-1 + Ci~1 asi + (Cpu: + Cra Mave 
tee (CHF + CE) tases + CEolatnse « 
From the definition of the symbol C”,,, it follows that 
Ci- = Ct ’ 
Ci + Ci-1 — Ci ’ 
Cis + Ci a Ci ’ 
and so on. Therefore, 


a" = Citta + Chttnss +2°-+ Co ttnsa-s + Cltese , 


which is what we set out to prove. 
(b) The proof here is entirely analogous to that of problem (a) and is 
left for the reader. 


312. The proof will be given by mathematical induction. (Refer to the 
terminology of the Pascal Triangle in the introduction to this series of 
problems.). The proposition holds for k = 1; that is, C!, = + in the first row 
of the triangular array. 

Assume validity for the (n — 1) st row; we must show that this holds for 
the nth row. From the definition of the Pascal triangle, we have 


Ca C+ Ce 


Therefore, for k > 1, we have 


CH= (nt —1)\(t — 2)---(m —k+1). (wm — 1)\(n —2)---(n —b) 
ie (kD)! r i! 
We can write this in the form 
meat oa mamas ( n—k 
C.= (k—D! oy ) 
_ n(n — 1)(n — 2)---(n—k + 1) 
= k! : 
which is the desired result. 
If k= 1, then we have 


Ch=Ct..+Ch.=l+@—De=n. 


Remark: It follows from this formula that the numbers standing in the (k 
+ 1)st row of Pascal’s triangle, are of degree x in n. In fact, if we take x fixed 
and let n vary, then 
t n(n —1)---(n—k +1) 
Ce = a 
is a polynomial in n of degree k. 


313. It suffices here to note that the number triangle 


(n) ({n—1) (n—2) (1) 


Uo Up Uo * es Uo 
my —2) -3 
uy” u;" ui” My 
one { —_ 
us” 2) us” | ls 
Un 


is an arithmetic triangle. That is, it can be written in the form 
Vo Vv; Ve * * * Un-t Vn 


(1) —(1) —(1) —(1) 
Vo Vv; Us * * © Dye} 


= (2) —(2) = (2) 
Uo Vi < 8 Oe 


—(n) 


Vo 


on which we can now use the result of problem 311 (a). 


314. If all the numbers of the Ath (and higher) sequence of differences are 
zeros, then the members of the (k — 1) st row of successive differences are 
all the same number (which is not zero, according to the conditions of the 
problem). Further, since 


(R+0) (+2) 
Uy = Uy axeesmQ, 


us” #0, 


we have 


Un = Uo + Crus? + Clue? +---+ Chud® = uy + nub? 


ne a ere ete ys 


(see problem 313). But this formula expresses u,, as a polynomial in n of 


oP 


degree k, and this proves the assertion of the problem. 


315. We consider the series 

up = 14+ 2+ 34+ 444+ 5'+---+ mn! 
and compute the first five difference sequences: 

0 Mu Uz Us My Us° 

1 16 81 256 625-.: - 
15 65 175 369--:- 
50 110 194--- 
60 oe 
O65: % 

We note that u,(”) = (n + 1)* is a fourth — degree polynomial; therefore, up) 
= 0, if only k > 5 [see problem 309 (b)]: 


Therefore, in view of problem 313, we have 
We =O+n+ 5s gg HH 


n(n — 1)(m — 2)(m — 3) n(n — 1)(n—2)(n — 3)(n—4 
+ a ac + 24 120 
This is the formula we seek. Simplification yields 


a nin + 1)(2n + 1)(3n? + 32 — 1) 


1! + 2¢ 4+ 36 + 4 +--+ ot 
gi a te a 30 


Remark: Analogous reasoning enables computation of the sum 
a ad lin ces oo 


where k is any positive integer. 


316. (a) The first row of differences of the sequence 
Ug = P+ Pt HP+e- +. 
such that all members of the (k + l)st row vanish, is the sequence of kth 


degree polynomials (n + 1)*. This means that u, “*?) = 0. If the initial 


sequence provides k + 1 sequences of differences before the zero row is 
reached, then it must have been of (4 + 1) st order, that is, of (A + l)st degree 
in w(see problem 314). 


(b) Set 
My = 1 + 2t + Stee + + tt = Agn*t) + Ayn + 
Then u,**) = Av, (k + l)!, (See probelm 310.) But u,“*) is the & th row of 





differences of the sequence of kth degree: = (ntJ)* = n* + - - -. It follows 
from problem 310 that u, “') — k!. Hence, we have k! — Ag (k + 1)!; 
A, = — is the coefficient of n* + / in the k + 1 summation of 


k+1 
Uy = 1E + 24+ B+--- + mt 
Determining the coefficient of n* is more involved. We refer to the 
formula derived in problem 313: 
Uy = an* + an! +++++ a& 
= tty + Clu? +--+ Chul? + Cond” 


Equating the coefficients of n~/ from both sides, we obtain 
1 ae _ 
— A$ te Dat! +5 1 a 


k— lk 1 
— a ule + Tes Toni 





ee (k) 1 (k—1) 


Ak — ist” + (k — 1)! 


(compare with the second solution of problem 310). Now, applying this 
formula to (n + 1)k=n* + Cy nk—-!+.-+-4+1, we obtain 


1. kt a tt 
C=-o¢-m"t+@-p” | 


us =(&-ni[e+So” |=« ae oa ——— 


Going over to the series 
Ny = Lt + 2! + 3t +--+ +t = Agutt! + Aut +---Aats ., 


of which the sequence of (n + 1)* is the first difference sequence, we obtain 


= 1 tay 1 Pa 
A=—sg-pi +a" 

7 1 iy 2 8, edt. 
“son on ¢ ee ee 


[Here, une and u) designate the quantities described above by up“) and 
ug* ~) respectively. ] 
Therefore, the coefficient A! of n* is + 


Remark: In the solution of problems 134 (a, b), we now have, in 
agreement with the above problem, 


42 p ata MAEVON ED 2 wt patton 
1 2 peep gt = MEI Te Set int, 
14 26 poet nt = MAF DEN t+ DCm tn =D 
=dnt + nt ond — an 
For x — 1, we obtain 
1+ 2+-tn= MOtD _ int + an 


In the same manner we obtain, for example, 


1800 $2100 of iO = i $5 iM pees ; 


] 1000 4. 21000 feeet mn 1000 = sor + 004+. 3 
317. If ao = 1, the problem has a simple solution. It was shown in 
problem 310 that in this case the integers of the kth row of differences were 
equal to k/. If all the numbers of a given row are divisible by d, then the 
numbers of all successive rows are divisible by d. Therefore, k/ is divisible 
by d. 
Consider now the more general case, dg # 1. We have, from problem 313, 


Un = Uo + nus” peep MED NEED De 


Since the integers u,, are all divisible by d, all the numbers u 0), uy”, oe 
Ug(k) are also divisible by d. If d is factored out and placed as a multiplier, 
we have 


= dl v. + nuvi +- os 4 Ma YH BtD wy | 


k! 


where vo, vo) - - -, vo designate the quotients obtained upon dividing Uo, 


uo) up respectively, by d. These v5 are integers. 


We have above, in the brackets, only Pascal numbers: mma)... 


n(n — 1)---(n—k +1) 
ki 
add, we arrive at the following form: 
ams a(7 + bn*-' +---+ me) 


. When we give these a common denominator and 





k! 
The numbers bp b,, : - -, 5; are integers, and we have 
db, = db, _ db, 
i Tir Er fale 
We divide d and k/ by their greatest common divisor and write £ “= 4 


where d, and m have no common factor: k! m 


or 


aim aqym 


nee 4, 








It follows that the integers dp, a), °° *, a, are all divisible by d,; Now, assume 


that the integers dp, a), - * *, a, do not have a nontrivial common divisor. 
; ; ! eee 
This means that that is, d; = 1, £ we or . = m; k\ 1s divisible by d. 
! om 


This completes the proof. 


318. We construct the sum triangle for the sequence CY. Cu C., mah 


Ce Ci Cs ve Cs 
att Cres ate al n+l 


Cia i ee Cass 


Cin. "1 Cin —§ 
Cin 
We have at the apex C”,,, inasmuch as we are dealing with Pascal triangles 
as elements. 
On the other hand, using the general addition formula for these elements 


[see problem 311 (a)], we arrive at the following expression for the apex 
element: 


(Cay + (Ch)* + (C2* +--+ (CD? 
Thus, we have 
(Cay? + (Ca)* + (Ca)? +--+ + (Cat = Can 


319. Consider the sequence I, — - , ***, for which we construct 


the sum triangle 


1 a @ a 
b 6 B 
ee BE 
142242 ++ +2242... 
143243242... 


Let u, designate the nth terms of the given sequence: #s = = . We then have 


FY hing =(1 + +) 


By induction, we can conclude that 


a , 
- =(1 + +) 


k 
This means that #)" = (1 +> +) . However, 


ui” 


= Ci + Cius + Cite ++-++ Chur 


minty MORDat | Mb= De Ba ot 
=> zl BF 


Hence, we have 


k _ ° k 
(144) a140$s Mk—Vat | Re—1)-+-2-1 at 


2 b k! oS 
If both members of the above equality are multiplied by b‘, we obtain 
(a + b)* 
= b* + kab k-! + READ ayes ose t k(k — ce 
= g* + kath + ———— ae” 1) qt-tht +.. (4 BAe 


9 


which proves the formula. 


320. Consider the following triangle: 


i ee es : 
C ye 3C3 4C3 
=k jl, 2 
2Ci : 4C3 
is 1 
ac 3 
1 “ee 
4c$ 


(The minus sign appears in the second, fourth, sixth, - - - rows.) 
We shall prove that this is the difference triangle for the sequence 
1 1 


1, .+,—, +++. It suffices to show that for any k sn — 1 the following 
n 
equation holds: 
a 1 a: 
nC. (n+ DC" 8+ DC. 
We have 
_: ee: 
nC*.. (n+1C8" 
- ieee ee _ 
~ n(n —1)(n—2):--(n—k) (n+ 1)n(n —1)---(n — k) 
7 k! (1 _k+ t) 
~ n(n — 1)(n — 2)-+-(n — k) n+1 
=) Ld A. nc. ee Sees 
~ n(n —1)(n— 2)---(n—k) n+1— (n+1)Ch 


Now, having shown that the triangle is the difference triangle of the 


1 
sequence 1, —, +++,—,°*": 


2 


we may carry out on it all the operations 


indicated by the conditions of the problem. The result is a Pascal triangle. 


t This statement has one obvious exception: If N = 2 and groups X and Y each contains 
one coin, then, of course, the counterfeit coin cannot be detected. 


TI¢N> 2, then x = 1, y = 1 is not an exception, because there are now, beyond the two 

y p Ba 
coins, some number of coins known to be genuine. Comparison of one of the genuine coins 
with either one of the doubtful coins will enable us to find the counterfeit by one weighing. 


t Clearly, if only two coins are involved, the counterfeit cannot be found by weighing. 


? The argument here would be carried out in American schools by the use of congruence 
arithmetic [Editor]. 


¥ In more familiar terminology, 10° is congruent to 10”, modulo 7, or 10V = 10" (mod 7) 
| Editor] 


t The “counter-example” displayed in the original Russion text is incorrect and so not 
given here [Editor]. 


+ Formulas (1) are obtained from the formula displaying the roots of a quadratic 


p* 


2 2 
equation. The roots are real if = + eo > 0; if = + 7 < 0 then we willbe involved with 


the cube roots of imaginary numbers, and a and b will be imaginary numbers. They may be 
found using the formula developed at the beginning of Section 9, which enables us to find 
the nth root of a complex number. For each of the three cube roots a, obtained from the 


number 4 + ¢ + p , the corresponding 6 can be obtained from the relation ab = 
2 ” ae 

¥ Continued fraction is the terminology usually used for this concept /Editor]. 

tT Literally, “twice as many stories” [Editor], 

¥ Elucidation for n = 3 is left to the reader; the proof for even n does not apply for odd n. 

¥ This is obvious for positive x; and x9, it is easily verified that this will hold even if one 
of the numbers is (or both are) negative. Also, it suffices to consider only positive x; and 
x2, since in any other event the inequality is emphasized. 

T Assume that P(x) — 7 has a remainder r when divided by x — a. Then 

P(x) -—-7=(x2—a)Q(z) +r. 

If we set x = a in this equality, we obtain 7 — 7 = 0 + r (that is, 7 = 0), and this means that 
P(x) — 7 = (x — a)Q(x) 1s divisible by x — a. 

T Ttis as easy to prove the more general theorem that if = (in lowest terms) is a zero of 


P(x), then p divides a, and q divides the leading coefficient [Editor]. 


* The quotient g) and the (nonnegative) remainder 7 resulting upon the division of a 
positive or a negative integer a by p are determined by the formula a = gp + r,) where 0 S 
r <p,) and the quotient q) is negative for negative a. 


¥ let x1 #0, and let r be rational, so that PR, 
* Let x , #9, and let 7 be rational, so that eo Cece. 


oF = + awe = + anemrry sf + Be] site ee, 


=] + Fa. 


ANSWERS AND HINTS 


1. First show that the total of all handshakes made up to any time is an 
even number. 


2. Calculate the number of moves which the knight must make in order 
to arrive at every square exactly once (this number is odd.) 


3. (a) Use mathematical induction. 


Answer: k = 2" — 1. 
(b) Designate by k(n) the number of moves needed to remove n rings 
from the loop, and express k(n) in terms of k(n — 2). 


Agnes — 2), if m is even; 
Answer: k(n) = 


san = i) ifs inoid. 


4. (a) For a first weighing, put 27 coins on each pan. 
(b) The number /, which we seek, can be determined from the 


inequality ge-1 < y < 3k - 


5. First, place one block on each pan of the balance. Then put both of 
these blocks on one pan, and put pairs of remaining blocks, successively, on 
the other pan. 


6. (a) Fora first weighing, put four coins on each pan. 


(b) A= 7. Prove that if the number 7 of coins does not exceed 7 
then it is always possible to detect the counterfeit by n weighings and 
simultaneously to determine whether it is light or heavy (of course, n > 2 is 


understood.) If >= — 





3 then n weight trials may not suffice. Then 


proceed by mathematical induction, in several stages. Specifically, prove 
the following propositions: 

(A) Divide N coins into two sets, X and Y; it is understood that the 
counterfeit coin is in one of these sets. If this coin is in set_X, it is light; and 
if it is in set Y, it is heavy. Then if NV s 3”, the counterfeit can be detected 
by N weight trials; and if NV > 3”, there is no procedure which can guarantee 
success in N trials. 

(B) Given N coins, among which there is one counterfeit which differs in 
weight from the others (although it is not known whether it is lighter or 
heavier than a genuine coin), then we know we have at least one genuine 
coin. Now, if Ns *—1 , then by N weight trials we can detect the 


2 
counterfeit and know whether it is light or heavy. But if V > $ > , then this 








number of weighings may not suffice. 
(C) See the suggestion given at the beginning of this hint. 


7. (a) One link. (b) Seven links. 
8. The second. 
9. Prove first that all the weights are even or odd. 


10. The evenness or oddness of the first four numbers of each row of the 
number triangle depends only upon the evenness or the oddness of the first 
four numbers of the preceding row. 


11. Change the order of the squares themselves in such a way that the 
problem becomes one of moving chips from one square to an adjoining one. 


12. 15,621. 
13. 2 roubles. 


14. (a) The rule for the alternation of the number of days in the year is 
as follows: Each year whose total number of days is divisible by 4 is a leap 
year (has an extra day), with the exception of those years divisible by 100 


but not by 400. It is easy to see that 400 years contain an integral number of 
weeks. Consequently, it remains to prove whether the new year begins most 
often with a Saturday or a Sunday for any 400-year period. 


Answer: With Sunday. 
(b) On Saturday. 
15. All numbers ending in 0, and also the two-digit numbers 11, 22, 33, 
44,55, 66, 77, 88, 99, 12, 24, 36, 48, 13, 26, 39, 14, 28, 15, 16, 17, 18, 19. 
6250 --- 0,” =0,1,2,--:. 
16. (a) =O 
n times 


(b) Try to solve the following: Find an integer beginning with a given 
digit and which is reduced to 3 its original value if the initial digit is 


deleted. 
17. (a) Prove the number can be reduced to } its value only on 
deleting the digit zero, which must stand in the second position. 


(b) 10,125, 2025, 30,375, 405, 50,625, 6075, 70,875 (to each of 
these numbers may be attached, at the end, an arbitrary number of zeros). 


18. (a) Numbers in which all but the first two digits are zeros. 


(b) Investigate separately the cases in which the first digit of the 
number sought is: 1, 2, 3, -- -, 9. There is a total of 104 numbers satisfying 
the conditions of the problem. To each may be attached (at the end) an 
arbitrary number of zeros. 


19. (a) The smallest possible number is 142,857. 


(b) The digits 1 or 2. The smallest number beginning with 2 is 
285,714. 


20. Recall that numbers which are divisible by 5 must end in 0 or 5, 
numbers divisible by 6 or 8 in an even number. 


21. Try to solve the following problem: Find a number with a given 
initial digit which is doubled upon transferring the initial digit to the end. 


22. This solution is analogous to that of problem 21. 


23. The smallest number satisfying the conditions of the problem is 7, 
241, 379, 310, 344, 827, 586, 206, 896, 551. 


24. (a) A number whose inversion exceeds it by a factor of 5, 6, 7, or 8 
must necessarily have | as its first digit; a number whose inversion exceeds 
it by a factor of 2 or 3 can begin only with digits 1, 2, 3, 4, or, respectively, 
1, 2, or 3. 


(b) Some numbers which are 4 of their inversions are: 0, 2178; 
21,978; 2, 199,978, - - - (*). All other such numbers are of form 


P,P;: vo] Li 5 n-i  PePy 
where P}, P>,° +, P,, represent numbers given by the (*)-display. 
25. (a) 142,857. 


(b) Set up the equations to be satisfied by an eight-digit number 
which is multiplied by 6 if we transfer the final four digits to the front 
(maintaining the same order for these). 


26. 142,857. 


27. Factor the given polynomials. See what remainders are possible 
upon dividing n by 3 (and, respectively, by 4, 5, 7, and so on). 


28. (a) Use the fact that the difference a~” — b*” is divisible by a + b. 


(b) See the hint to problem 27. 
(c) 56,786,730 = 2-3-5-7-11-13-31-61. Further, use the propositions 
of problem 27 (a—d) and also the results of Fermat’s theorem (problem 240). 


29. Note that n? + 3n+5=(n+7)(n—4) +33. 


30. Factor the given expression and compare the number of factors with 
the number of factors of 33. 


31. Use the fact that every integer not divisible by 5 can be represented 
in the form 54 + 1 or else 54 + 2. 


Answer: 0) or 1. 
32. Use the result of the problem 31. 
33. 625 and 376. 


34, Find the last two digits of n7’; and the three final digits of n?”. 


Answer: 7; 3. 


35. Pets t--+8= mnt Grouping separate terms of the 


sum 1* + 24+ 3*+---+n* show that this sum is divisible by = and by (n 
+1), or by n and nat. 


36. The sum of alternate digits of the second, fourth, and so on, places 
minus the sum of the alternate digits of the first, third, fifth, and so on, 
places must be a number divisible by 11. 


37. The number is divisible by 7. 


38. It 1s always possible to find an integer with first two digits 1, 0 and 
divisible by k. If the difference of this number and its inversion is again 
divisible by 4, then it can be shown that 9 is divisible by &. 


39. 26,460 = 2?-33-5-77. Show that the given expression is divisible by 
5-7? and also by 27:3°. 


40. Use the identity 

1119-1 =(11 —1)(119 + 118 + 117 +--+ 1141). 
41. Write the given number in the form 

(22225555 + 45555) 4 (55552222 — 42222) _ (45555 — 42222). 
42. Use mathematical induction. 


43. Use the facts that 10° — 1 = 999,999 is divisible by 7, and that any 
power of 10 yields a remainder of 4 when divided by 6. 


Answer: 5. 

44. (a) 9:2. (b) 88; 67. (c) Find the final two digits of 74 and 204", 
Answer: 36. 

45. (a) 7; 07. (b) 3; 43. 


46. Investigate the numbers 


Z, = 9, Zy = 971, Z, = 972, +++, Zi 991 = 971000 = N 
and determine the final digit of the number Z, the final two digits of Z), the 
final three digits of Z3, the final four digits of Z,, the final five digits of Z;, 
and the final five digits of Z¢, Z7, °°, Zjqo, = N. 
Answer: 45,289. 


— 


47. The 1000 digits sought will be ~~ where 


P = 020408 16326530612244897959 183673469387755 1 


is the periodic part of the fraction 1/49, and p is the number comprising the 
final 34 digits of the periodic part of P. For the proof, use the fact that 


_ 50000 — | = 5O1000 — 
= 50-1 49 


48. 24. 


49. (a) Compare the powers of any prime p in the product a! and in the 
product (¢ + l)(t + 2): - (t+ a). 


(b,c) Use the results of part (a). 

(d) First prove the existence of a number k such that kd, where d 1s 
the common difference of a progression, yields a remainder of | upon 
division by n!. 


50. Not divisible. 
51. (a) (n—1)! is not divisible by n if 1 is a prime number or if n = 4. 


(b) (n— 1)! is not divisible by n? if n is a prime or twice a prime, or 
ifn =8 orn =9. 


52. Prove that all such numbers are less than 77 = 49. 
Answer: 24, 12, 8, 6, 4, and 2. 


53. (a) Show that the sum of the squares of five consecutive integers is 
divisible by 5 but not by 25. 


(b) Determine the remainder obtained when the sum of the even 
powers of the three consecutive integers is divided by 3. 


(c) Find the remainder obtained when the sum of the same even 
power of nine consecutive integers 1s divided by 9. 


54. (a) Find the remainders upon division of each of the numbers A and 
Bby 9. 


(b) 192, 384, 576; or 273, 546, 819; or 327, 654, 981; or 219, 438, 
657. 


55. The square must end with four zeros. 


56. Use the Pythagorean theorem. Prove, separately, that the area of the 
rectangle is divisible by 3 and 4. 


57. Investigate what remainders are possible if b* — 4ac is divided by 8. 


58. Note that after the addition and reduction to lowest terms the 
denominator is divisible by 3 and by 2. 


59. To show that MV and N cannot be integers, it would suffice to show 
that after the indicated addition is made the denominator is divisible by a 
higher power of 2 than is the numerator. For the fraction K, use 3 instead of 
oe 


60. (a) The denominator of the sum of the fractions is (p — 1)!. The 
numerator is the sum of all possible products of the first (p — 1) integers 
taken (p — 2) at a time. Designate the sum of all possible products of n 
numbers 1, 2, -- -, n, taken k at a time, by 77%. It is to be shown that 7727} 


where p is a natural number, is divisible by p7. 
Using the formula (relation between roots and coefficients) 
(x — 1)(x — 2)(x — 3)---(x —p+)) 
= xP} — TPE pee 
and 
[(x — 1)(x — 2)(x — 3): -(x# —p + DI — p) 
= (x — 1)[(x — 2)(x — 3)---(x-—p + 1)(x— Dp), 


prove that the two polynomials, whose coefficients depend upon 
Ip-1, 1-1, -**, MR; are equal. Equating coefficients of like powers of the 


two polynomials produces a set of relationships between the values j7*_,, 


from which the result asked for in the problem emerges. 
(b) When the fractions are added we have the denominator [(p — 


1)!]? and the numerator : (7723)? — 2(p — 1)! 73-}. Refer to the hint for part 
(a). 

61. Use the fact that the fraction p/q is reducible to lower terms if and 
only if g/p 1s. 

62. Prove that for any integer b the number of differences a, — a, which 
are divisible by b is not less than the number of differences k — / which are 
divisible by b. Investigate first the case in which n is a multiple of D. 

63. Prove, first, the following equality: 

(1 + 10* + 10° +---+ 10*)-101 
= (1 + 10? + 10* +---+ 10**)(10***? + 1) | 


64. (a) a—b. (b)a—b. 


65. Show that (22' + 1) — 2 is divisible by all the preceding numbers of 


the given sequence. It then follows that 22" + 1 and those preceding 
numbers cannot have a common factor differing from 2. 


66. Investigate what remainders are possible upon division of 2” — 1 
and 2” + 1| by 3. 


67. (a) Investigate what remainders are possible if p, 8p — 1, and Sp + 1 
are divided by 3. 


(b) Consider the possible remainders if p, 8p” + 1, and 8p’ — 1 are 
divided by 3. 


68. Show that p* — 1 is divisible by 12. 
69. Consider the possible remainders upon division by 6. 


70. (a) Prove that the common difference of the progression must be 
divisible by 2:3-5-7 = 210. 
Answer: 199, 409, 619, -- -, 2089. 


(b) Prove that if the first number of the progression is not 11, then 
the common difference must be divisible by 2-3-5-7-11 = 2310; if the first 


number is 11, then the common difference is divisible by 210. 
For problems like problem 70 (a, 5) it is convenient to refer to a table of 
prime numbers. 


71. (a) This will be an odd number not divisible by 3. 


(b) It suffices to find a number not having a common factor of 2, 3, 
5, 7, 11, or 13 with respect to the other fifteen numbers of the sequence. 
22 --- 2177 --- 78. 
—_— —— 
665 times 665 times 
73. The quotient is 777 000 777 000 - - - 777 000 77 (there are 166 
repetitions of 777 000); the remainder is 700. 


74, 222, 222,674,025 = 471,405. 


72. The product is equal to 


; hes i 1 100 1 100 
75. Prove thatif Wa < 1-(35) , then @ 4 — (+5) 


76. 523,152 and 523,656. 
77. 1946. 


78. (a) Consider the sum of the arithmetic progression whose common 
difference is 1 and whose first term is 10”! and whose last term is 10” — 1. 


(b) 1,769,580. 
79. Consider, first, all the integers from 0 to 99,999,999, putting enough 


zeros before all those integers having fewer than eight digits to make them 
eight-digit “numbers”. 


80. 7. 
81. No. 
82. Use the fact that nine weights of magnitude n’, (n+ 1)’, ---, (n+ 8) 


can be divided into three groups, the first two of which total the same 
weight and the third set is lighter by 18 units. 


83. 240. 
84. (a) 147,258,369. (b) 941, 852, 763. 


85-86. Use the formula for the sum of an arithmetic progression. 


87. Put the expression n(n + 1) (n + 2) (n + 3) + 1 into the form of a 
quadratic polynomial. 


88. Show that among the considered numbers there cannot be more than 
four which are pairwise distinct. 


89. Prove, first, that no matter what numbers we begin with, after at 
most four steps we arrive at four even numbers. 


90. (b) Having made some arrangement of the numbers from | to 101, 
choose the longest increasing sequence starting with the first term of this 
arrangement. If fewer than eleven numbers can be found to make up such 
an increasing sequence, then cross out these numbers from the arrangement, 
and start over, beginning with the first remaining number. If again there are 
fewer than eleven numbers, then cross out also these numbers, and start 
over as before. Every sequence which has been deleted consists of fewer 
than eleven numbers, and, unless the problem is solved for this 
arrangement, we will obtain no less than eleven sequences. This 
circumstance will allow the construction of the desired sequence. 


91. Factor out of each of the selected numbers the greatest power of 2 
contained as a factor. 


92. (a) Consider that number which when divided by 100 yields the 
remainder of least absolute value. 

(b) let aj, ao, * * *, Ajo be the given numbers. Investigate the 

remainders, upon division by 100, of the numbers a, a, + a>, a, + a) + a3, ° 


93. Assume that the player, on some day, has played a, matches, and at 


the end of the following day he has played, along with the previous day’s 
games, a matches, and for three consecutive days he has played a total of 


a3 matches, and so on. Consider the 154 numbers a, a, - + *, a77, a, + 20, 
ay + 20, “8°, a77 + 20. 


94. Investigate the remainders, upon division by N, of the numbers 1, 
Ae 22% 


95. The final digit of the difference of two successive numbers of the 
sequence yields the final digit of the number which precedes those two. 


Show that there exist natural numbers n and & such that the final four digits 
of the (n + k)th and (n + k + 1)st terms of the Fibonacci sequence are the 
same, respectively, as the final four digits of the Ath and (k + 1)st terms. 
Then the last four digits of the (1 + k — 1) st term will be the same as those 
last four digits of the (k — 1) st term of the sequence, and so on. In this way 
it may be shown that it is possible to find a term of the Fibonacci sequence 
whose last four digits coincide with the first term, that is, zero. 


96. Investigate the fractional parts of the numbers 0, a, 2a, -- -, 1000a. 


97. Prove that an interval (0, 4) of the number axis (where A is an 
arbitrary natural number less than m + n) contains exactly A — 1 of these 
fractions. 

98. Designate by ki = 1, 2, 3, - - -) those of the numbers which are 
included between me and ae 
1000) which are multiples of at least one of the numbers a, a>, °--, a 


and select those numbers (less than 
a 

99. The length & of the period of 4 can be determined as the least 
power k for which 10“ — 1 is divisible by g. If k = 2/, then it follows that 10! 


{ 
+ 1 1s divisible by q; that is, ie is an integer. From this, it is possible to 





show that in the period gq +++, @y, Qi+1, Qi+2,** + Gy Of the fraction = 
we have 

Ay + Any = Ay + Ayg = = ay + ay, = 9. 

100. Use the fact that the number of digits in the period of each of the 


. a 
fractions => and 


m Gn+1 
p" Fae 
and / such that 10 — 1 is divisible by p” and, respectively, 10/ — 1 is 
divisible by p”*!. 


is equal to the smallest of the natural numbers k 


101. Every number x can be represented in the form [x] + a, where 0 Ss 
a<l. 


102. Investigate all points in the plane, with integer coordinates, located 
inside the rectangle 0 < x < g, 0 < y < p, (where x, y are coordinates of 
points in the plane) and under the diagonal, excepting the point (0, 0). 


103. Use mathematical induction. (The problem can also be solved 
geometrically. To do this, investigate all points of the first quadrant with 
integer coordinates under the hyperbola xy = n.) 


104-106. In solving problem 104, we must use the fact that 
(2+V2y1=2+V2"+2-V2y"-1. 
Similar comment holds for problems 105 (a, b) and 106. 

107. In the set of p consecutive integers, n,n —1,n-—2,:°°-,n—- 
one (and only one) is divisible by p. If this integer is N, then i - 
Then the difference C2 — [+] can be written 

n(n — 1)---(N+ DNN—1})-:-(n—p+}) WN 
p! p 


108. Prove, first, that if the number n of elements in the sequence [a], 
[2a], [3a], -- does not exceed N, then na = N+ /, where 1—as/<\1. 


109. Prove that (5) is equal to the number of integers, not exceeding 
N, which are divisible by 2*~/ but not by 2“. 
110. (a) 7744. (b) 29, 38, 47, 56, 65, 74, 83, 92. 


111. Ifa is the number made up of the first two digits of the number 
sought, and if b is the number made up of the last two digits, then 99a = (a 


+ by —(a+b)=(a+b)(at+b-1). 
Answer: 9801, 3025, 2025. 
112. (a) 4624, 6084, 6400, 8464. (b) There are no such numbers. 
113. (a) 145. (b) Only the number 1. 
114. (a) 1,81. (b) 1, 8,17, 18, 26, 27. 
115. (a) x cannot be greater than 4. 


Answer: x =1,y=+1;x=3,y=+3. 
(b) x=1,y=+ 1,2 1s any even number; x = 3, y=+43,z=2;x=l1,y= 
1, zis any odd number; x is any positive integer, 


yHllt+2l+---tx z=. 


116. Find out by what powers of 2 it is possible to divide the four 
numbers sought. 


Answer: For odd n, the representation is not possible. For even n, there 
exists just one representation: 


2" _ [2 n/2)—t}2 + [2‘9/2)—2}8 + [2‘*/2) ds 
+ [2 i=/2)—1}2 


117. See the hint to problem 116. In part (b), the solution of which is 
analogous to that of part (a), there is only the answer x = y=z=v=0. 


118. (a) It is possible to show that if x, y, and z satisfy the given 
equality, and if z > ae , then these numbers can be reduced in such a way as 
to continue to satisfy the equality. If x ae, ys ae zs ae andxsys 
z, then it must follow that 2 s kx Ss 3. 


Answer: k= 1 and k = 3. 
(b) All such triples of integers can be obtained by using substitutions 
of the form x, =x, y) =, Z; = kxy —z in one of the triples 1, 1, 1 and 3, 3, 3. 
In all, there are (considering integers less than 1000) 23 number triples 
satisfying the conditions of the problem. 


119. Let x and y be a pair of numbers satisfying the conditions of the 


x#+125_ | yt +125 _ 
y x 


problem. Then and v, where wu and v are 


integers. Show that the number pairs (x, uv) and (y, v) also satisfy the 
condition that the square of one number when increased by 125 is divisible 
by the other. It follows that if one pair of prime numbers is found to satisfy 
the condition, it is possible to construct an infinite chain of numbers in 
which adjacent numbers have this property. To find all such chains, prove 
that every chain contains a number not exceeding 1/125 < 12 . 


There are 31 number pairs which satisfy the conditions of the problem. 


120. Investigate the cases in which all four numbers are different, two 
numbers are the same but the other two are different, two pairs of equal 
numbers appear, and so on. 


Answers: 96, 96, 57, 40; 11, 11, 6, 6; A(3k + 2), k(3k + 2), k(3k + 2), 1, [k 
is an arbitrary integer, but such that (3k + 2) is positive]; 1, 1, 1, 1. 


121. 2,2 and 0, 0. 


1 l 1 1 l l l 
122, L=—~—4+—4+— = = 4-5-4 Se et t+. 
a°¢' a aS" so" 3s" 3 
123. (a) Reduce the problem to the following: To find two numbers 
whose product is a multiple of their sum. 


1 1 


(b) x =m(m +n) t, y =n(m + n)t, z = mnt, where m, n and y are 
arbitrary whole numbers. 


124. (a) Let y>x; prove that then y is divisible by x. 


Answer: x =2,y =4. 








(b) ea (Pe ty, an ae where p is an arbitrary 


integer differing from 0 and — 1. 
125. 7 or 14. 


126. By comparing the number of points won by the ninth graders with 
the number of games played by them, it is possible to conclude that all the 
ninth grade students won every match played by them. It follows from this 
that only one ninth-grade student could have participated in the tournament. 


127. Use Heron’s formula for the area of a triangle. Let p-—a=x, p—b 
=y, and p — c =z, where a, b, and c are the sides of the triangle and p is its 
semi-perimeter. Then the problem reduces to the solution in integers of xyz 
=4(x+y + z),or gn ES 

é yz—A4 
squared inequality in y (with coefficients in terms of z); this enables us to 
found bounds for z and y. 


Answer: The sides of the triangle can be equal to 6, 25, 29; 7, 15, 20; 9, 
10, 17; 5, 12, 13; or 6, 8, 10 (all five solutions). 


. Assumezing x 2 y, we can investigate the 


128. (a) The problems lead to the solution of the equation x* + y? = z?. 


If x,y, and z are not relatively prime, then the equation can be divided 
through by the greatest common factor; hence we may consider the case for 
which x, y, and z are pairwise relatively prime. Then z is odd, and one of x 
or y is even and the other odd. Write the equation in the form 


ZV ety s-9 z+y ES 
(=) = a , and use the fact that 5 and 5 


prime. 








are relatively 


Answer: x = 2tab, y = t(a? — b*), z = t(a2 + b?), where a and b are 
arbitrary relatively prime numbers (a > 5), and ¢ is any natural number. 
(b) The problem leads to the solution in integers of the equation z? = 
x? + y* — xy, or [4z + (x +p)? = [2x + 2 + y)]? + [3(x — y)]?. Now use the 
result of problem (a). 


Answer: x = = th(2a —b),y= + tal2b —a),z= = t(a? + 6? — ab) » 


where a and b are relatively prime (F <b< 2a) , and at least one of the 


numbers ¢ or a + bis divisible by 3; otherwise, ¢ is arbitrary. 
(c) The solution is analogous to that of problem (b). 
Answer: x = ta(a — 2b), y = th(2a — b), z = t(a? + b? — ab), where a and b 
are relatively prime (a > 2b), and at least one of the numbers ¢ or a + b 1s 
divisible by 3. 


; ; b sinnA c sin(n+lLA 
129. B th the fe aS —— seg Sees oe le B 
9 egin with the formulas ar We in A sangle 


= nA), where n = 2, 5, or 6. The right members of these equations can be 
expressed in terms of 2 cos A; use the fact that 2 cos A is rational. 

Answers: (a)a=4,b=6, c= 5. (b) a= 1024, b = 1220, c= 231. (c)a= 
46,656, b = 72,930, c = 30,421. 

130. Use the results of problem 128 (a) to show that if x+ + y4 = z?, where 
x, y, and z are natural numbers, then there must exist positive integers x), Vj, 
z,, where z, < z, such that xi + yi =i. But this allows us to prove the 
impossible equation x* + y* = ], where x and y are positive integers. 


131. Multiply both sides of the equation by n! (factorial n; see note to 
problem 28). 


1 
132, (@i-+. 


%2l2 mn) 


fe | l 
(3 E ~ = oe 
133. Use mathematical induction. 


134. (a) min + Den +) . 


n*(n + 1) 
>) 


(c) n(n + 1)(2n + 1)(3n? + 3n — 1) 
30 


(d) 2*(2n? — 1). 
135. Transfer the | to the left side. 
136. (a) @+DI—-1, 

(b) Caren — 1, 


137. Use the fact that = log.b . 





log.a 


138. | 


4,42"**Qn ‘ 





3 1 
139. (a) +(1 “ ae) 


sin 2"*'a 
(0) deetgina ° 





140 31. 


els 


141. (a) Compare the given product with + . 


on| 


pie evi 
7 


square the given inequalities. 


(b) Prove by mathematical induction that 
1 3 5... 2na—-1 1 


2°4 6 In ~V antl 
142. Use the inequalities of problem 141 (a). 





143. 99”+ 100” exceeds 101” ifn Ss 48 and 1s less than 101” ifn > 48. 
144. 300! 
145. Prove, first, that for any positive integer k < n 


cs 2 
1ets(i+t) siete 
n n nn 


146-147. Use the results of problem 145. 
148. Use mathematical induction. 
149. Use the binomial theorem. 
150. Use mathematical induction. 
151. Use the inequalities 
(k+ I)xk(x— lI >t —1>R+1)e—-)) . 


from which it is possible to derive the following result for all positive 
integers p: 


(p + 1)*+! — pr! > (k + 1)p* > pt om (p- 1)F+! 


152. These inequalities may be obtained by using “majorizing series”” — 
that is, by replacing terms by larger (or, respectively, smaller) terms, and 
possibly using convenient new groupings, and comparing the sums of the 
new series with the bounding values. 


153. Prove first that 
2V RFT 20 < me <a BVT 
Answers: (a) 1998. (b) 1800. 
154. First show that 
5 YOFIF — Vi) < pes SMF — YENI 
Answer: 14,996. 


155. (a) 0. 105. 
(b) Use the fact that 


fc og PE BOs BE ng OE 
10! «il! ~~ so12! 1000! 9 \ 10! ll! © 12! a 


Answer: 0.00000029. 
156. Use the result of problem 152 (a). 


157. First determine the sum of the undeleted terms between 


a 
10* 10*+! © 

158. (a) Solve in a manner analogous to that used for problem 156. 
(b) Use the result of problem 132 a). 


159. Prove that for all integers k and primes p 2 2 


pee ve eee a ee cd 
log (1+ + +75 + +73)< a: 


Using this result, deduce that 





1 1 1 1 1 
log(l+p+g+q+-"+5-7+q) 


s2log3(F+g+>+ see +=) 


where p, is the greatest prime between | and n. 
160. 9. 


161. Ifa+b+c=0, then0=(at+b+ch=a+b3 +3 -3abc. 


162. (a) 
a+b +c — 3abe = (a +b + 0)(a? +8? + c? — ab—ac— be). 


(b)(a+b+cP—a—B—c=3a+b)(a+c)(b+c) 
163. Use the result of problem 162 (a). 
164. Use the result of problem 162 (b). 


165. Use the fact that a’ + a8 +1 = wa , and that a!° — 1 = (a?) 
= 


Answer: a!°+ a8 +1=(a2+at+1)(a2-al+a@-a4+a-atl). 

166. Prove that the difference (x??7? + x8888 +--+ x! + 1)? +38 
+++++x+ 1) is divisible by x? +x8+---+x41. 

167. 


x, = —a—b, x, =24%4 a= VS 5, 5, = ast oo 3 i 


168. Square to eliminate radicals and solve the resulting equation for x 
in terms of a 





Answer: 
1 
X12 = os a + ‘ . 
] 
A. = = a-— o . 
169. Use the fact that if x? + 2ax + = = y, then 


r= —at/ary—+, 


and investigate the graphs of the functions y = x* + 2ax + = and 


16 
E% 
=-—-a@at 2 yes 
” fe - 18 
oo aa 2 
Answer: X1,2 = 5} +/(45%) -= ; 


170. (a) Prove that, necessarily, 3x = x? 





Answer: X; = 3,X7= 0. 
(b) Prove that, necessarily, ae = x. 
ines a 
Answer: X, = itv, a= inys ; 


171. The roots of the equation are all the numbers between 5 and 10 (5 
<=x= 10). 


172. The roots are —2 and all numbers not less than 2 (x =— 2 andx 2 
2). 


173. For a = +1, the system has three solutions; if @ = +7/2 , the 
system has two solutions. 


174. (a) If a=— 1, the system has no solutions; if a = 1, the system has 
an infinite number of solutions. 


(b) If a=+1, the system has an infinite number of solutions. 
(c) If a = 1, the system has infinitely many solutions; if a = — 2, 
there are no solutions. 


175. For the system to have solutions it is necessary that three of the 
four numbers @,, @, G3, G4 be equal to each other. If a, = a, = a3 = a, and 
2 2 

176. The only real solution is x= 1, y=1,z=0. 


2 a 
a4 = f, then x; =x, =x, =< and * =a(a-+). 


177. (a) The number of real roots of the equation is the number of 
points of intersection of the straight line » = a and the curve y = sin x. 


Answer: 63 roots. 
(b) The number of points at which y = sin x and y = log x will meet 
is 3. 


178. That x} °+.x3°° is a whole number can be shown by 


mathematical induction. Show, further, that if x} * + x3~° is divisible by 5, 


then also x} *+ x3°° is divisible by 5. 


179. The square of the first polynomial cannot contain the same number 
of positive and negative terms which are products aja;, but the second 
polynomial can. 


180. Use mathematical induction; investigate separately the even and 
odd cases. 


181. If99,999 + 111,111Y 3 =(A+ BY 3), then 


99,999 — 111,111/ 3 =(A-—BY 3} . 
182. Prove that if ¥2 =p+q/~7. then¥2 would have to be 
rational. 


183. The second number is the larger. 


Q, + Gz +°*+ tap 
ain” ime d 


184. x= 


185. (a) a1, 42, A4, 3. 


(b) Prove that if a; and a;, are any two of the given numbers (a < 
lq 1g Ly g 


fyand a; 4 ie 
and ere: di , then 


, are numbers standing in the desired positions before a; 
a 


(Gig — Gigi, ~ Gin.) > 0. 


Answer: @1, A, 44, 4g °° * 5 An—25 Ans An—1> Ip—3o Un—5, °° * » As, Az, If n IS 





EVEN; Ay, Ay, 4, Ag, °° * 5 Ap 1s Ans Ap —-25 Ap-4, °° * 5 As, Az, If nis Odd. 


186. (a) Investigate in the plane the broken line 494 ,A) - - - A, such that 


the projections of 494,, 4,4, ° + :, A,_;A4, on the x-axis are, respectively, 

equal to aj, d>, °° *, d,, and = the y-axis are, respectively, equal to b,, bo, - - 
i 

, 5, The equality holds if “ b b, ; San 


(b) Use the inequality of problem 186(a). 


187. For even n, the problem can be solved geometrically, in a manner 
analogous to that used for problem 186 (a). The case in which v is odd can 
be reduced to the case for even n. The equality holds, for even n, if a; = 1 — 
a7 =a =~l-—a=:+:=a,_, = 1-a,, and for odd n, only if 
Q, = G2 >—***= 4, = ae 


2 
188. Square both sides of the inequality. 


189. For all x, cos sin x exceeds sin cos x. 


190. (a) If log, =a and logsn = b, then 2/ * (1/4) = 19, 


(b) If log, z= a and log, 2=5, then = — 


191. (a) Use the facts that for every angle x in the first quadrant six x < 
x COS x = 1, 


(b) Use the fact that for every angle x in the first quadrant tan x > 


192. Employ the geometric construction of the tangent concept as the 
ratio of two line segments on the “trigonometric circle”; also, there is a 
construction in which the tangent is the doubled area of a certain triangle. 


193. arc sin [cos(arc sin x)] + arc cos [sin (are cos x)] = i 


194. Substitute for x, in cos 32x + a3, cos 31x +--+ +a, cos x, the angle 
x + 1, and add the resulting expression to the original expression. 


195. Calculate, successively, 
2 sin a,-45° , 
2 sin (a + $i). -45° 


: a\Q2 “Q\Q,Q3 ° 
2sin(a, + 9 +: 4 Sits) 45° , 


2sin(a, ++. saa a eel 


using the formula 
2 sin - = +1/2-—2cosa. 
196. 1. 


197. Use the fact that the given polynomials have the same coefficients 
for x7° as does (1 + x? + x)! and (1— x7 — x3)!°, respectively. 


198. Employ the identity (a + b)(a— b) = a? — b’. 


1001! 
199. (a) C%, = 501951! 





51,050- 1001! 
52!950! 


200. Designate the given expression by //;. 


(b) 1000 Cia = Creo = 


Ty = (Tk-1 — 2 . 


47%-1 mos 4*-! 
Answer: 3 


201. (a) 6. (b) 6x. 
202. —x+3. 


203. Use the fact that the polynomial x4 + x? + 2x7 + x + 1 divides the 


binomial x!? — 1. 


Answer: 1. 
204. (a)x*- 10x? +1=0. 
(b) x° — 6x4 — 6x3 + 12x? - 36x +1 =0. 


205. Transform the expression (a — y) (6 — y) (a + 0) (6 + 0), using the 
facts thata+fP=-—p,ap=1;yt+od=-q, yo=1. 


206. 0? + q?—pP(Q+4q) + gP*+ Op’ — 20g. 
207. a=l,a=—2. 
208. a=8,a=12. 


209. b=1,c=2,a=3;b=-1,c=-2,a=-3;b=2,c=-la=1;b 
=l1,c=-2,a=-1. 


210. (a) Never. 


(b) Only ifn =2,a,=a, +2 andn=4, a, =a,—-1,a,;=a,+ 1, a4 
=a, 2: 


211. Use the fact that if 
(x — a,)°(x — a9)?" * (x — a,)? + 1 = p(x)q(x), 


then p(x) and g(x), as well as (x — a,)*(x — a)* ++ - (x—a,)? + 1, will not 
vanish (become zero) for any x, and therefore cannot change sign. For the 
rest, the solution is similar to that of problem 210 (a). 


212. Use the fact that 14 —7 = 7 cannot be factored in integers. 


213. If a polynomial is expressible as a product of two polynomial 
factors with integral coefficients, then for those values of x for which the 
polynomial takes on value +1 the factors also have value +1. Also use the 
fact that a third-degree polynomial cannot take on the same value for more 
than three values of x. 


214. Ifpandq are distinct integers, then P(p) — P(q) is divisible by p — 


215. Prove that if P(+) =o, then k-pl=+1 andk-—q/=41. 


216. (a) Equate coefficients of like powers of x from both members of 

the equation 
(Qo + QiX + Qox* +--+ + GnX")(Bo + Dix + B2x® +--+ + Bmx™) 
= Co + OX + CeX* +9 + Cap t*t™ 

and use the resulting relations to show that if the polynomial is factored into 
the product of two polynomial factors, then all the coefficients of one of 
these factors must be even (but this is impossible because the leading 
coefficient—the coefficient of the greatest power of x—of the first 
polynomial is 1). 


(b) Make the substitutions x = y + 1 and then, as in part (a), show that if 
the new polynomial is factored into two polynomial factors, all the 
coefficients of one of these factors are divisible by the prime number 251. 


217. Use the same formula as in problem 216 (a) (see the hint to that 
problem). 


218. Prove that P(£) , where = is in lowest terms, cannot be an integer. 


219. Let P(N) = M™; prove that PV + kM) — P(N) is divisible by M for 
all k. 


220. Represent the polynomial P(x), which takes on integral values for 
integral x, in the form of a sum P(x) — bg Po(x) + b, P(x) +--+ +b, P(x), 
where the coefficients bo, b), - - -, 6, are to be determined, and find these 


coefficients by successively substituting in the latter equation x = 0, 1, 2, °° 
Pee 


221. (a) See the hint to problem 220. 

(b) Make the substitution y = x — k. 

(c) Investigate the polynomial O(x) = P(x’). 
222. Use De Moivre’s formula. 
223. Use the results of problem 222 (b). 


224. Ifx+ + =2 cos a, then x = cos a+isin a. 


225. Use De Moivre’s formula. 


226. Use the result of problem 225. 


Answer: cos2a + cos?2a +--+ +cos2na 


m—1_. sin(n + ljacos na 

4 eee 
2 2sina 

sinta + sin’?2a +---+ sin'na 
_n+1__ sin(n + l)acos na 

Cg 2sina 





227. Use De Moivre’s formula and Newton’s binomial theorem. 


Answer: The given expressions are, respectively, equal to 


meet 8 n+2 pe Oa M2 
2” cos*-5- cos 3 a, and 2*cos 9 sin 5 








a 


228. Use the identity sin Asin B= > [cos (A — B) — cos (A + B)] 
and the result of problem 225. 

229. Investigate the roots of the equation x7”*!—1=0. 

230. Use the formulas of problem 222 (b). 

231. Use the result of problem 230 (b). 

Answer: (a) ee 


(b) a 1) 


232. Use the result of problem 230 (a). 





Answer: (a) Va and ae 


(b) + and Y*. 


233. Use the fact that if a is an angle in the first quadrant, then sin a <a 
< tan a. 
234. (a, b) Use the formula of problem 225. 
(c) Use the result of problem (b). 
235. (a) Use the proposition of problem 234(a). 
(b) Use the formula of problem 225. 
236. (a) Use the proposition of problem 234 (a). 


(b) See the hint to problem 235 (b). 
(c) Use the result of problem 232 (a). 


237. Use De Moivre’s formula, representing sin*? @ in the form of a sum 


of cosines of angles (multiples of a)with suitable coefficients. 
5000 - 50! 


Answer: 5000 CioR** = (251 


R* 


_ F+c—-—a 
238. Use the fact that 2 cos A = te rational, and 2 cos nA 1s, 


for any n, a polynomial of degree n in 2 cos A; also use the theorem of 
problem 218. 


239. (a) In the second formula of problem 222 (b) substitute 0 = 


2"180°, cos 0 = i sin 0 cea 
n p p 


(b)If@ = 7180", then (1 + itan 6)" = (1—itané). 


Putting here tan@ = - DP #q, leads to an impossible equality. 


240. Use the fact that if a is not divisible by p, then the numbers a, 2a, 
3a,°- +,(p — 1)a all yield different remainders when divided by p. 


241. Use the fact that if k, k,,---, k, are integers less than N, 


and are relatively prime to N, then the integers k,a, koa, +: -, k, a yield 
different remainders when divided by N. 


242. Use mathematical induction. 
243. Use Euler’s theorem (problem 241). 


244. Prove by induction that, no matter what the integer N is, there 
exists a power of 2 whose last N digits are all ones or twos. To prove this, 
use Euler’s theorem (problem 241) and the proposition of problem 242. 

245. See the hint to problem 240. 

246. Use Wilson’s theorem (problem 245). The conditions of the 
problem are satisfied by the number x = (* = *)! . 

247. (a) Show that the product (a? + b®)(a} + bf) can be represented as 
the sum of the squares of two polynomials. 

(b) Prove that if the product mp, where p is a prime number, and m 
is not | and is less than p, can be represented as a sum of squares of two 
integers, then m can be reduced by some factor. That is, a number n < m can 
be found such that np also can be represented as a sum of squares of two 
integers. Also, use the proposition of problem 246. 

(c) Use the results of parts (a) and (b) and the proposition given in 
the hint to part (b). 

248. Prove that for every odd prime number p it is possible to find two 
numbers x and y, each less than =. such that x* and — y” — 1 yield the same 


remainder upon division by p. 
249. (a) Show that the product 
(xp + xa + x + x4)(yi + y2 + YE + YA) 
can be represented as a sum of squares of four polynomials. 


(b) The solution is similar to that of problem 247 (see the hint to that 
problem). Instead of using the proposition of problem 246 in that solution, 
we must use that of problem 248. 


250. Investigate what remainders can be obtained when the sum of three 
squares is divided by 8. 


251. First, show that if a number is representable as the sum of four 
squares of integers, then six times its square can be represented as the sum 
of twelve fourth powers of integers. Further, use the fact that every integer 
yields a remainder of at most 5 when divided by 6, and apply twice the 
theorem of problem 249 (b). 


252. The idea of the solution is as follows. It is necessary to find some 
solution in positive rational numbers for the equation 


++ =a, 


where a is a given rational number. We have here one equation and three 
unknowns. If we assume that two of these unknowns are functionally 
related in some way, then the equation may be greatly simplified—for 
example, if we let. y = — z, then we have simply x° = a. From the simplified 
equation it is sometimes possible to express one of the unknowns in terms 
of a; in this instance, for example, we obtained x = $/q@ . Here x is 
irrational, which will generally be the case with such a procedure. We must 
try to find a functional dependence between two of the unknowns such that 
the third unknown comes out of the simplified equation with rational value 
(without the radical). If this can be done, it remains only to find suitable 
rational solutions for the two other unknowns, and these are related by the 
function which was set up between them. To do this, it 1s convenient to 
change the unknowns x, y, and z to new unknowns. For the determination of 
the new variables, it is useful to begin with the identity of problem 162 (b). 


253. Let p\,P2,° °°, p, ben primes. Find an integer not divisible by any 
of these primes and larger than any of them. 


254. (a) Let p), p>,° °°, p, be n primes of form 44 — 1 (or 6k — 1). Find 


an integer of form 4n — | (or 6n — 1) which is not divisible by any of the 
primes Pp; P, °° *, P, and is larger than any of them. 


(b) The idea of the solution is somewhat similar to that of problem 
(a). The proof involves the result of problem 247 (c). 
(c) The proof is quite similar to that of problem (a). 
255. Apply the inequality y/gp < = - b . (See Section 11.) 








2 2 2 
256. Use the inequality (‘ = >) S a 


2 2 
257. Use the inequality of the hint to problem 255. 
258. See the hints to problems 255 and 256. 

259. See the hint to problem 255. 

260. See the hint to problem 255. 

Answer: x =*#/ajb . 


261. See the hint to problem 255. 


. (See Section 11.) 


262. (a) Apply the expressions for the arithmetic, geometric, and 
harmonic means to the numbers. (See Section 11.) 


(b) This follows from part (a). 
263. Use the result of problem 162 (a). 
264. Apply the inequality of problem 263. 
265. Apply the inequality of problem 263. 
Answer Sx=ypaz=q. 
266. Use the inequality of problem 263. 
267. Apply the inequality of the hint to problem 255 (m times). 


268. First Proof. Prove that if the proposition holds for n + 1 numbers, 
then it is valid also for n numbers; further, use the result of problem 267. 

Second Proof. Use mathematical induction, using the fact that if a, + 1 1s 
the greatest of the m + 1 numbers a), a>, °° -, a, 44, then 


Q, + QA. +--+ t+An 
n 


An+i = 


Third Proof. Prove, by mathematical induction, that 
by + br + +n = nb,b,-- +b, 


is equivalent to the theorem of the arithmetic and geometric means. (See 
Section 11.) 


269. Use the theorem of the arithmetic and geometric means (problem 
268). 


270. See the hint to problem 269. 

271. Use the inequality of problem 268. 

272. Use problems 268 and 270. 

273-275. Use inequality of problem 268. 

276. Put the left side of the inequality into the form 
(1922"-1422"-1.. + Q”)i/2n 

277-278. Use the inequality of problem 268. 

Answer: To problem 278: If x = 0. 


’ 


279. Use the proposition of problem 269 (a). 
280. See the hint to problem 279. 
Answer: b = = 


281. (a) Proof is similar to that of the theorem of arithmetic and 
geometric means (problem 268). 


(b) For n = 2 the inequality is proven by induction. The proof is 
analogous to the solution of problem (a). 


282. Apply the theorem of arithmetic and geometric means (problem 
268). 


283. For rational a , the problem reduces to the theorem of arithmetic 
and geometric means (problem 268). If r is an irrational number then a 
limiting process is required. 

284. Use the theorem of the power means (problem 283). 

Answers: (a) 12, 24. (b)18Y% 6,36. 

285. Use mathematical induction. 

286. Use the result of the preceding problem. 


287. Apply the theorem of symmetric means (problem 286). 


Answer: 8, 16. 
288. Use the theorem of symmetric means. 
Answer: (a) V3. 
vs 
(b) Fig 


289. First Proof. Use the inequality 
(xa, + b,)* + (xa, + b:)? +++++ (Xdn +b, 20 | 


which holds for all real numbers x, and in particular if 


a,b, + Azb. +++++ ayb, 
Qi + ap+--+ay 


Second proof. Write 


where 
A=Vai+..-+2?, 
B=Vbi+--+h., 


and use the obvious inequality 
7 loa, In , 
OS i i lt) a 
ab: s pai t+ 5b (@=1,2 mn) 


Prove, first, that 
a,b, $++0-+ Gb, 8 | . 


Third Proof. Use mathematical induction. 
Fourth Proof. Prove, first, the equality 


(S.)(S)- (Zam) = 


k=l k=1 


y -y (abi — aiby)* 


k=ll=1 


290. Use the Cauchy-Buniakowski inequality on the two sets 


V G:,Va2,°*'; Van 


1 ft, -« Ay 

Vy a Fee y ae. 

291. Substitute into the Cauchy-Buniakowski inequality 
5, =b =---=),=1., 


and 


292. Use the Cauchy-Buniakowski inequality. 
293. Substitute into the Cauchy-Buniakowski inequality 
GQ, =X + V1, A, = Xo = Xo + No, ***, An =Xn + Vn} 
b=, Bi = Ke DB, = we 
and, 
Gy =X + Vi, Ap = Xe + Yo, ++, An = Xn t+ Yn} 
b; = V1, b: = Yo, +++, On =n. 
294 — 296 Use the Cauchy-Buniakowski inequality. 
297. Compare the given inequality with that of Cauchy-Buniakowsk1. 
298. Apply the Cauchy-Buniakowski inequality twice. 
299. If the sequence of numbers a; is an increasing sequence, a, S a) S ° 
- Ss a,, then the relationship being examined is maximal when the 
sequence of b; is decreasing: b;2 b)2 -- -2 b,. Write 
ai = aja; + B,a? 
bi = a,bi + B,b. 
and use inequalities (2), after problem 288, and (1) of Section 11. 
300. Consider the difference 


(¢ = 2,3, ---,a — 1) 


n(a,b,; + adobe +++++ andy) — (a, + ay +++++ a,)(b, + dy +.---+6,) ; 


301. Use the theorem of arithmetic and geometric means (problem 268). 


302. See the hint to problem 301. 


303. First Solution. Use the inequality of problem 302. 
Second Solution. Use the inequality of problem 301. 

304. The solution is analogous to that of problem 302. 

305. Use the inequality of problem 304. 

306. Compare the given inequality with that of problem 304. 


307. Use the inequality of problem 304 and the theorem of arithmetic 
and geometric means (problem 263). 


308. Use Holder’s inequality (problem 303). 

309. (a) Use the formula 

a* — b* = (a — b)(a*-! + a*-*b + a*-*b? +--+ + abt-* + bE) | 

(b) Apply the result of problem (a). 

310. First calculate the greatest coefficient of the series u,"!) = bin) + °° 
- [see problem 309 (a)]. 

311. Use mathematical induction. 

312. See the hint to problem 311. 

313. Use the formula of problem 311 (a). 

314. Use the formula of problem 313. 

315. See the hint to problem 314. 


_ n(n + 1)(2n + 1)(3n? + 3n — 1) 


Answer: 1* + 24 + 34 +.---+ m* 30 


316. (a) Investigate the series 


u, = 1+ 24+ 3*+---+nt 


’ 


and use the results of problems 309 (b) and 314. 
(b) Apply the result of problem 310 to the series u,, = 1* + 2* + 3% + 
--- +n , and to the series u,,!) = (n + 1)*. Using the formula of problem 313, 


determine the numbers of the (k — 1)st difference of the Ath degree 
sequence. 


Answer: The coefficient of nk*! 
1 


2 


is equal to mn ; the coefficient of n* is 


317. Use the formula of problem 313. 


318. Construct an addition triangle for the numbers CY, Cy, C2, ++ -,C. 


Answer: Cty. 


319. Investigate the addition triangle for the numbers of the sequence 
a @ a" 
1 











’ “b’ re pe * ee 
320. Prove that the difference triangle of the sequence 
; 2 1 
| ee ee 
9° 3 = has the form 
1 41 41 
rs 2C} 3Cz 4C3 
eee eee ee 
2c;  3C, 4C3 
ae 
3C; 4C; 
l 


